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   Preface   

This book is a living document. Feedback, questions, comments, and edits are
welcome at open.optimization@gmail.com.

 
   This book is being written and compiled using a number of open source
materials. We will strive to properly cite all resources used and give references
on where to find these resources. Although the material used in this book
comes from a variety of licenses, everything used here will be CC-BY-SA
4.0 compatible, and hence, the entire book will fall under a CC-BY-SA 4.0
license.
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   Sources and Attribution   


This book adapts material from several open-source textbooks and lecture notes.
Every source listed here uses a license that is compatible with the Creative Commons
Attribution-ShareAlike 4.0 International (CC BY-SA 4.0) license under which this
book is distributed. Each entry records the original author, source URL,
original license, and how the material was used. Modifications to all adapted
material were made by Robert Hildebrand and other contributors to this
book.
   
 

   Adapted Open-Source Textbooks and Notes 

A First Course in Linear Algebra 
   
     
 
	
     
Author: 
 

	
     Ken Kuttler, with adaptations by Lyryx Learning
     
 

	
     
Source: 
 

	
     https://lyryx.com/first-course-linear-algebra/
     
 

	
     
License: 
 

	
     Creative Commons Attribution 4.0 International (CC BY 4.0)
     
 

	
                                                                  

                                                                  
     
Local copy: 
 

	
     external-sources/aFirstCourseLinearAlgebra/
     
 

	
     
Used in: 
 

	
     Appendix  on  Linear  Algebra  (vectors,  dot  product,  cross  product,
     projections,  Gram–Schmidt,  planes,  parametric  lines).  The  book  also
     reuses Lyryx’s chapter and theorem formatting templates.
     
 

	
     
Compatibility: 
 

	
     CC BY 4.0  material  may  be  incorporated  into  a  CC BY-SA 4.0
     work  with  attribution.  The  adapted  material  here  is  relicensed  under
     CC BY-SA 4.0 as part of this book.
 



Foundations of Applied Mathematics: Volume 2 – Algorithms,
Approximation, and Optimization 
   
     
 
	
     
Authors: 
 

	
     Jeffrey  Humpherys,  Tyler  Jarvis,  and  contributors  at  Brigham  Young
     University (full contributor list at the source repository below; a compact
     acknowledgment appears in the back matter)
     
 

	
     
Source: 
 

	
     https://github.com/Foundations-of-Applied-Mathematics
     
 

	
     
License: 
 

	
     Creative    Commons    Attribution    3.0    United    States    License
     (CC BY 3.0 US)
                                                                  

                                                                  
     
 

	
     
Local copy: 
 

	
     external-sources/foundationsAppliedMathematicsLabs/
     
 

	
     
Used in: 
 

	
     Selected sections, code formatting templates, and references to associated
     lab code throughout the book.
     
 

	
     
Compatibility: 
 

	
     CC BY 3.0  permits  adaptation  under  any  compatible  license;  the
     adapter’s license here is CC BY-SA 4.0. Attribution is retained for all
     adapted material.
 



Linear Inequalities and Linear Programming 
   
     
 
	
     
Author: 
 

	
     Kevin Cheung, Carleton University
     
 

	
     
Source: 
 

	
     https://github.com/dataopt/lineqlpbook
     
 

	
     
License: 
 

	
     Creative     Commons     Attribution-ShareAlike     4.0     International
     (CC BY-SA 4.0)
     
 

	
     
Local copy: 
 

	
     external-sources/lineqlpbook/
                                                                  

                                                                  
     
 

	
     
Used in: 
 

	
     Substantial  portions  of  Part I  (Linear  Programming):  notation,  basic
     feasible  solutions,  the  Fundamental  Theorem  of  LP,  Farkas’  lemma,
     complementary   slackness,   duality,   the   Fourier–Motzkin   elimination
     method, and the graphical example. License is documented via headers in
     every .tex source file.
     
 

	
     
Compatibility: 
 

	
     CC BY-SA 4.0 source content is directly compatible with CC BY-SA 4.0
     adaptation; no version transition.
 



Optimization Notes (Linear Programming Notes) 
   
     
 
	
     
Author: 
 

	
     Douglas Bish, Virginia Tech
     
 

	
     
License: 
 

	
     Creative     Commons     Attribution-ShareAlike     4.0     International
     (CC BY-SA 4.0)
     
 

	
     
Local copy: 
 

	
     external-sources/Opt_Notes/
     
 

	
     
Used in: 
 

	
     Substantial portions of Part I (Linear Programming), including modeling,
     the  simplex  method  exposition,  and  sensitivity  analysis.  License  is
     documented in external-sources/Opt_Notes/README.md.
                                                                  

                                                                  
     
 

	
     
Compatibility: 
 

	
     CC BY-SA 4.0 source content is directly compatible with CC BY-SA 4.0
     adaptation.
 



Math in Society, Graph Theory chapter 
   
     
 
	
     
Author: 
 

	
     David Lippman, Pierce College Ft. Steilacoom
     
 

	
     
Source: 
 

	
     http://www.opentextbookstore.com/mathinsociety/
     
 

	
     
License: 
 

	
     Creative    Commons    Attribution-ShareAlike    3.0    United    States
     (CC BY-SA 3.0)
     
 

	
     
Used in: 
 

	
     The  Graph  Algorithms  chapter  (Book  1):  the  lawn  inspector  and
     Königsberg motivating examples, the basic graph definitions, the Dijkstra
     and  minimum  cost  spanning  tree  worked  examples,  and  many  of  the
     chapter exercises, all with edits and additions.
     
 

	
     
Compatibility: 
 

	
     CC BY-SA 3.0  material  may  be  adapted  and  redistributed  under
     CC BY-SA 4.0,  which  Creative  Commons  lists  as  a  compatible  later
     license version for adaptations. Attribution is retained here and in the
     chapter source file.
 



                                                                  

                                                                  
Applied Finite Mathematics, Chapter 1: Linear Equations 
   
     
 
	
     
Authors: 
 

	
     Rupinder Sekhon and Roberta Bloom
     
 

	
     
Source: 
 

	
     https://math.libretexts.org/Bookshelves/Applied_Mathematics/Applied_Finite_Mathematics_(Sekhon_and_Bloom)
     
 

	
     
License: 
 

	
     Creative  Commons  Attribution  4.0  International  (CC BY 4.0),  via
     LibreTexts
     
 

	
     
Local copy: 
 

	
     external-sources/applied-finite-mathematics/  (with   LICENSE
     file)
     
 

	
     
Used in: 
 

	
     Appendix A (Linear Equations), including text and figures adapted from
     LibreTexts Chapter 1.
     
 

	
     
Compatibility: 
 

	
     CC BY 4.0 material may be incorporated into a CC BY-SA 4.0 work
     with attribution. A visible attribution paragraph appears at the start of
     the appendix chapter.
 




   
 

   Image Attributions 

                                                                  

                                                                  
Bridges of Königsberg. 
   The historical engraving of the seven bridges (used in the Graph Theory
chapter) is in the public domain. The line-drawing variant included here
is by Bogdan Giusca (Wikipedia user Bogdang) and is licensed under
Creative Commons Attribution-ShareAlike 3.0 (CC BY-SA 3.0). Source:
https://commons.wikimedia.org/wiki/File:Konigsberg_bridges.png.
   
 

All other figures. 
   All TikZ figures, plots, and diagrams in this book are original works by Robert
Hildebrand and contributors, created specifically for this text. Earlier versions
of some Wikipedia-derived figures (e.g., generic linear-programming and
integer-programming illustrations) have been replaced with original TikZ versions.
The four multi-objective optimization figures in Chapter 13 are original works by
Robert Hildebrand.
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We thank Laurent Poirrier and Diego Moran for contributing notes on linear and
integer programming, and Jamie Fravel for editing, contributing chapters, and
contributing example code. We also thank Irma Adams for researching and writing
the “pioneer spotlight” biographical sidebars that appear throughout the book
(including the profiles of George Dantzig and other founders of the field). Joshua
Emmanuel provided early guidance on graphical-method exposition during course
development; the current text on the graphical method is original to this
book.

 

   
 

   License Compatibility Summary 




 

 	 Source license  	 Compatibility  	 Mechanism                                              

	 CC BY-SA 4.0   	 Direct               	 Same license; attribution retained                         

	 CC BY 4.0        	 Direct               	 Adapted into CC BY-SA 4.0 with attribution        

	 CC BY 3.0 US   	 Indirect            	 Adapter’s-license provision permits CC BY-SA 4.0  

	 Public Domain    	 Direct               	 No restriction; attribution provided                       


	                




                                                                  

                                                                  
The full text of the CC BY-SA 4.0 license under which this book is distributed is
available at https://creativecommons.org/licenses/by-sa/4.0/ and in
the file LICENSE-Content in the book’s source repository. Code released
with this book is licensed separately under the MIT License, with text in
LICENSE-Code.
                                                                  

                                                                  
                                                                  

                                                                  
   
 



    

   


   Use of Generative AI   


In keeping with current best practices for open educational resources, this chapter
discloses how generative artificial intelligence (AI) was used in the preparation of this
book.
   
 

   Authorship 

The mathematical content, structure, examples, exercises, proofs, and pedagogical
decisions in this book are the work of Robert Hildebrand and the contributors
named in the Acknowledgements and Sources and Attribution sections. AI
was used as a writing-assistance and production tool, not as an author.
The author has reviewed, verified, and edited all material that AI assisted
with.

 

   
 

   What AI Was Used For 

Generative AI assistants (primarily large language models) were used during
preparation of this book for the following kinds of tasks:
   
 

     
     	
     Editing and copy-editing of expository prose for clarity, grammar, and
     consistency of voice.
     
 


     	
     Drafting  boilerplate  text  such  as  license-compatibility  summaries,
     attribution notices, accessibility metadata, and chapter-opening framing
     paragraphs, which the author then revised.
                                                                  

                                                                  
     
 


     	
     Generating draft alt-text descriptions for figures, which the author
     reviewed and edited for mathematical accuracy.
     
 


     	
     Formatting assistance with LaTeX: generating tikz skeletons, fixing
     macro definitions, restructuring tables, debugging compilation errors.
     
 


     	
     Code-comment and example-code drafting in Python and Excel. All
     numerical examples and code were independently verified by running the
     code and checking results.
     
 


     	
     License-audit assistance: cross-checking source license compatibility,
     drafting license notices, identifying figures or text passages that needed
     re-attribution or rewriting.
     
 


     	
     Proofreading and consistency checks across notation used in different
     chapters.
 




   
 

   What AI Was Not Used For 

Generative AI was not used to:
   
 

     
     	
     Generate or fabricate mathematical claims, proofs, theorems, or numerical
     results that were not independently verified by the author.
     
 


     	
     Produce final figures used in the published book without review. All TikZ
     figures were authored by hand or generated by AI and then reviewed and
     corrected.
                                                                  

                                                                  
     
 


     	
     Generate exercise solutions without verification.
     
 


     	
     Make pedagogical decisions about scope, sequencing, or emphasis. Those
     decisions are the author’s.
 




   
 

   Example Prompt Types 

To give readers and reviewers a concrete sense of how AI was engaged, the following
are representative prompt patterns that were used during preparation:
   
 

     
     	
     “Rewrite   this   paragraph   to   improve   clarity   without   changing   its
     mathematical content.”
     
 


     	
     “Generate a one-sentence alt-text description of the following TikZ figure
     that conveys both its visual layout and its mathematical meaning.”
     
 


     	
     “Verify  that  this  CC BY 3.0  source  can  be  incorporated  into  a
     CC BY-SA 4.0 work and explain the compatibility mechanism.”
     
 


     	
     “Draft a Python example using the pyomo package that solves the following
     linear program; do not invent solver options you are not certain exist.”
     
 


     	
     “Identify any LaTeX macros referenced but not defined in this file and
     propose corrections.”
 



                                                                  

                                                                  

   
 

   Verification and Accountability 

All AI-assisted contributions were reviewed by the author. Numerical examples were
verified by running code and, where appropriate, by independent computation in
tools such as scipy.optimize and Gurobi. The mathematical correctness of every
statement, proof, and example in this book is the author’s responsibility.

 
   Readers who suspect an error (whether it was AI-introduced or not) are
encouraged to report it via the project’s GitHub issue tracker or by emailing
open.optimization@gmail.com. Errata will be acknowledged in the book’s revision
history.

 

   
 

   Disclosure Standard 

This disclosure follows the principles set out by Virginia Tech Publishing’s open
educational resources program and is consistent with emerging norms across the OER
community: AI assistance is acceptable in production of open educational materials
when (i) the human author remains responsible for content and accuracy, (ii) AI is
not listed as an author, and (iii) the use of AI is disclosed transparently in the
published work.
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   Notation   


This book uses consistent notation throughout. Below is a reference guide for the
symbols and conventions used.
   
 

   Sets and Number Systems 

    	 ℝ                                                                                                                      	 Real numbers                                                                                                                            
	 ℝn
                                                                                                                 	  n-dimensional real vectors     

	 ℝ+,  ℝ+n  	 Non-negative reals / non-negative real vectors                                                                                  

	 ℤ                                                                                                                        	 Integers                                                                                                                                    

	 ℤ+,  ℤ+n  	 Non-negative integers / non-negative integer vectors                                                                          

	 ℚ                                                                                                                        	 Rational numbers                                                                                                                       

	 {0,1}n                                                                                                               	 Binary vectors of dimension  n

	                                                                                                                                        





   
 

   Vectors and Matrices 

    	 x,y,z  	 Decision variable vectors (bold lowercase)                                                                                                                                                                                                                                                                                                                  

	 a,b,c  	 Parameter vectors (bold lowercase)                                                                                                                                                                                                                                                                                                                           

	 0  	 Zero vector                                                                                                                                                                                                                                                                                                                                                          

	 A,B  	 Matrices (capital italic)                                                                                                                                                                                                                                                                                                                                          

	 xi   	  i-th component of vector  x                                                                                                        

	 aij   	 Element in row  i, column  j of matrix  A

	 x⊤ ⁡  	 Transpose of vector  x                                                                                                                                                                                                        

	 A⊤ ⁡  	 Transpose of matrix  A                                                                                                                                                                                                  

	 c⊤ ⁡x  	 Dot product (inner product) of  c and  x                                                                                          

	 ∥x∥ 	 Norm of vector  x                                                                                                                                                                                                             

	                                                                     





                                                                  

                                                                  
   
 

   Optimization Problems 

A standard linear program is written as: 
 
	
 
     
 
     
  max ⁡ c⊤ ⁡x
  s.t. Ax ≤b
       x ≥0
                                                                                           

    



    	 max ⁡ ,   min ⁡                                                                                                            	 Maximize, minimize              

	s.t.                                                                                                                                                                                                                                                                                                                           	 Subject to (constraints follow)

	  ≤,   ≥,   =  	 Constraint types                  

	 x∗                                                                                                                    	 Optimal solution                  

	 z∗                                                                                                                    	 Optimal objective value         

	                                                                                                                                                                                                            





   
 

   Summation and Indexing 

    	 ∑ ⁡
  i=1nxi  	 Sum of  x1 + x2 + ⋯ + xn                                                                                                                    

	 ∑ ⁡
  i∈Ixi   	 Sum over all indices in set  I                                                                          

	 ∏ ⁡
  i=1nxi   	 Product  x1 ⋅ x2⋯xn                                                                                                                  

	 ∀ ⁡i ∈ I  	 For all  i in set  I

	 ∃ ⁡ 	 There exists                                                                                                                                                                                                                    
	  





   
 

   Functions and Operators 

                                                                  

                                                                  
    	 f(x)  	 Function of  x                                                                                                       

	 ∇ ⁡f  	 Gradient of  f                                                                                                       

	 ∇ ⁡2f  	 Hessian matrix of  f                                                                                                

	 argmin ⁡ xf(x)   	 Value of  x that minimizes  f

	 conv ⁡ (S)   	 Convex hull of set  S                                                                                                

	 dom ⁡ (f)   	 Domain of function  f                                                                                              

	                                                                     





   
 

   Complexity Classes 

    	Polynomial time (P)  	 Polynomial-time solvable

	NP-complete         	 NP-Complete problem   

	NP-hard               	 NP-Hard problem         

	                    




   
 

   Common Abbreviations 

    	LP       	 Linear Programming                        

	IP         	 Integer Programming                       

	ILP       	 Integer Linear Programming              

	BIP       	 Binary Integer Programming             

	MILP    	 Mixed-Integer Linear Programming    

	NLP      	 Nonlinear Programming                   

	MINLP  	 Mixed-Integer Nonlinear Programming

	        



                                                                  

                                                                  

                                                                  

                                                                  
                                                                  

                                                                  
   
 



    

   


   Introduction   

   Letter to instructors 

This is an introductory book for students to learn optimization theory, tools, and
applications. The two main goals are (1) students are able to apply the tools of
optimization in their future work or research, and (2) students understand the
concepts underlying optimization solvers and use this knowledge to use solvers
effectively.

 
   This book was based on a sequence of courses at Virginia Tech in the Industrial
and Systems Engineering Department. The courses are Deterministic Operations
Research I and Deterministic Operations Research II. The first course focuses on
linear programming, while the second course covers integer programming and
nonlinear programming. As such, the content in this book is meant to cover 2 or
more full courses in optimization.

 
   The book is designed to be read in a linear fashion. That said, many of the
chapters are mostly independent and could be rearranged, removed, or shortened as
desired. This is an open source textbook, so use it as you like. You are encouraged
to share adaptations and improvements so that this work can evolve over
time.
   
 

On the simplex method. 
   This book presents the simplex method three ways, in three chapters: the
dictionary version, the algebraic (matrix) version, and the tableau version. As a
teacher, you may choose to teach all of these, some of them, or even just one. I have
always felt that the dictionary version is the clearest picture of what is actually
happening; some of that understanding just doesn’t seem to translate to students
when working through tableaus. On the other hand, students tend to like
the simpler row operations of the tableau. The matrix version supplies the
linear algebra underneath both and connects most directly to how solvers are
implemented. Any one of the three is enough to continue through the rest of the
book.
                                                                  

                                                                  
   
 

On software. 
   Excel is a nice tool for solving simple linear programs, and it can be a comfortable
place for students to set up and solve their first few models. But since the arrival of
AI assistants, modeling and coding in Python has become so much easier, and AI is
transforming modeling itself, toward communicating constraints in plain text.
Unfortunately, it is difficult to use AI to build these models in Excel. So, candidly, it
is unclear to me at this time what the most useful tool to teach is. The
book provides examples in both, so you can weight them however suits your
course.

 

   
 

   Letter to students 

This book is designed to be a resource for students interested in learning what
optimization is, how it works, and how you can apply it in your future career. The
main focus is being able to apply the techniques of optimization to problems using
computer technology while understanding (at least at a high level) what
the computer is doing and what you can claim about the output from the
computer.

 
   Quite importantly, keep in mind that when someone claims to have optimized a
problem, we want to know what kind of guarantees they have about how good their
solution is. Far too often, the solution that is provided is suboptimal by 10%, 20%, or
even more. This can mean spending excess amounts of money, time, or energy that
could have been saved. And when problems are at a large scale, this can easily result
in millions of dollars in savings.

 
   For this reason, we will learn the perspective of mathematical programming (a.k.a.
mathematical optimization). The key to this study is that we provide guarantees on
how good a solution is to a given problem. We will also study how difficult a
problem is to solve. This will help us know (a) how long it might take to solve
it and (b) how good of a solution we might expect to be able to find in a
reasonable amount of time. We will later study heuristic methods - these
methods typically do not come with guarantees, but tend to help find quality
solutions.

 
   Note: Although there is some computer programming required in this work, this is
not a book on programming. Thanks to the fantastic modeling packages
available these days, we are able to solve complicated problems with little
programming effort. The key skill we will need to learn is mathematical
modeling: converting words and ideas into numbers and variables in order to
communicate problems to a computer so that it can solve a problem for
you.

 
   As a main element of this book, we would like to make the process of using code
and software as easy as possible. Attached to most examples in the book, there will
be links to code that implements and solves the problem using several different tools
                                                                  

                                                                  
from Excel and Python. These examples should make it easy to solve a similar
problem with different data, or more generally, can serve as a basis for solving related
problems with similar structure.

 

   
 

   How to use this book 

Skim ahead. We recommend that before you come across a topic in lecture, you skim
the relevant sections ahead of time to get a broad overview of what is to come.
This may take only a fraction of the time that it may take for you to read
it.

 
   Read the expected outcomes. At the beginning of each section, there will be a list
of expected outcomes from that section. Review these outcomes before reading the
section to help guide you through what is most relevant for you to take away from
the material. This will also provide a brief look into what is to follow in that
section.

 
   Read the text. Read carefully the text to understand the problems and techniques.
We will try to provide many examples; depending on your understanding of a topic,
you may need to go carefully over all of the examples.

 
   Do the exercises. Each chapter ends with a graded exercise section: Warm-ups drill
one skill and name the worked example they mirror, Core problems are full modeling
and computation problems, Concepts and connections ask you to explain why things
work, and Challenge problems stretch beyond the chapter. Difficulty is marked with
stars (  ⋆
to   ⋆ ⋆⋆),
and each exercise ends with a small gray tag pointing to the section or example to
review if you get stuck. Selected solutions appear at the end of each exercise section;
try the problem before reading them.

 
   Explore the resources. Lastly, we recognize that there are many alternative
methods of learning given the massive amounts of information and resources online.
Thus, at the end of each section, there will be a number of superb resources that are
available on the internet in different formats. There are other free textbooks,
informational websites, and also a number of fantastic videos posted to YouTube. We
encourage you to explore the resources to get another perspective on the material
or to hear/read it taught from a different point of view or in presentation
style.

 

   
 

   Outline of this book 

This book is divided into 3 Parts:

 

                                                                  

                                                                  
     
 
	
Part I 
	Linear Programming,
     
	
Part II 
	Discrete Algorithms,
     
	
Part III 
	Introduction to Integer Programming.


There are also a number of chapters of background material in the Appendix. Additional
topics, including advanced integer programming and nonlinear programming, are
covered in Book 2.
                                                                  

                                                                  
   
 



    

   


   Chapter 1
Mathematical Programming   

Learning Outcomes
   
 

     
     	
     Consider an introductory problem
     
 


     	
     Identify reasons for studying operations research
     
 


     	
     Define “Mathematical Programming”
     
 


     	
     Learn about different applications of the tools in this book
     
 


     	
     Explore the different types of optimization models and what types we will
     see in this book
 



   1.1    Warm-Up Scenario 

Imagine you’re starting a new clothing company and decide to sell shirts. You’ve
opened a store in Roanoke and, based on market research, you estimate the demand
for the upcoming weekend:
   
 

     
     	
     Friday: 5 shirts
     
 


     	
     Saturday: 10 shirts
     
 


     	
     Sunday: 7 shirts
 



                                                                  

                                                                  
   Your supplier can deliver shirts in one day, meaning an order placed on Thursday
will arrive on Friday, and so on. As a business owner, you need to decide
how many shirts to order and when to place each order to ensure you meet
the daily demand without overstocking. Figure 1.1 shows the timing: each
order arrives one day after it is placed, so Thursday’s order covers Friday’s
customers.
   
 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Timeline of four days, Thursday through Sunday, drawn as rounded boxes with orange arrows from each day to the next labeled 'order arrives next day'. Friday, Saturday, and Sunday are marked with demands 5, 10, and 7.] 


 
Figure 1.1: Orders placed one day arrive the next, so ordering decisions and
demands are linked across the weekend.                                 
                                                                  

                                                                  
   
   Defining the Problem

 
   To tackle this challenge, you’ll need to think strategically about two main
factors:
   
 

     
     	
     Ordering Quantities: How many shirts to order on each day.
     
 


     	
     Inventory Levels: How many shirts to keep in stock at the end of each
     day.
 



   You can define these decisions using variables: 
 

     
     	
     Let the number of shirts you order on a specific day be a decision variable.
     For example, you could track the number of shirts ordered on Thursday,
     Friday, and Saturday.
     
 


     	
     Define variables to represent the number of shirts you have in stock at the
     end of each day.
 



   Your goal is to meet the projected demand while managing costs. Costs could
include: 
 

     
     	
     The expense of ordering shirts.
     
 


     	
     The cost of holding inventory.
     
 


     	
     Penalties for running out of stock.
 



   Refining the Scenario

 
   As your business grows, additional complexities may arise. For instance:

 

                                                                  

                                                                  
     
     	
     The cost of ordering shirts might vary by day due to supplier pricing.
     
 


     	
     Holding inventory could incur storage costs.
     
 


     	
     A budget might limit how much you can spend on orders.
     
 


     	
     You might expand your product line to include pants and socks, each with
     its own demand and costs.
 



   By clearly defining variables and constraints for these decisions, you can
systematically approach the problem and develop an optimal strategy. This
step-by-step process of defining the problem, incorporating real-world details, and
refining the solution is a fundamental aspect of optimization.
   
 

   Model Development Cycle 

This multi-stage example illustrates the iterative cycle of modeling:

 

     
 
	
  1. 
	Initial Problem: Determine ordering quantities to meet demand.
     
	
  2. 
	Modeling:   Formulate   an   optimization   model   based   on   available
     information.
     
	
  3. 
	Solution: Solve the model to find the optimal ordering plan.
     
	
  4. 
	New   Information:   Incorporate   additional   real-world   complexities
     (varying costs, inventory costs, budget constraints, additional products,
     fixed ordering costs).
     
	
  5. 
	Refinement:  Update  the  model  to  reflect  new  information  and  solve
     again.


                                                                  

                                                                  

   
 

   Further Extensions 

Looking ahead, there are several ways to expand this scenario:
   
 

     
     	
     Expanding  to  New  Stores:  Opening  additional  stores  introduces
     location-based   demand,   transportation   costs,   and   coordination   of
     inventory across multiple sites.
     
 


     	
     Hiring New Staff: Incorporate labor costs, scheduling constraints, and
     productivity rates into the model.
     
 


     	
     Producing   Clothing   In-House:   Transitioning   to   manufacturing
     involves   modeling   production   processes,   including   purchasing   raw
     materials, machine capacities, and processing times.
     
 


     	
     Uncertain Demand: In reality, demand may be uncertain. Advanced
     models can incorporate stochastic elements or use probabilistic methods
     to handle randomness.
 



   In this book, we will focus on deterministic models where all data is known and
fixed. Building a strong foundation with these models will prepare us to tackle
more complex problems involving uncertainty and randomness in future
studies.

 

   
 

   1.2    Why Study Operations Research? 

You already interact with optimization many times a day without noticing. The route
your phone suggests, the price of your plane ticket, the fact that the store had what
you wanted in stock, the schedule of your favorite sports league, and which kidney
patients get matched with which donors: behind each one is an optimization model of
the kind this book teaches. Even the AI assistants making headlines are trained by
optimization; fitting a large language model is a nonlinear programming problem
with billions of variables.
                                                                  

                                                                  

 
   Operations Research (OR) is, in the words of the professional society INFORMS,
a discipline that applies advanced analytical methods to help make better decisions.
In a world where resources are limited and organizations face complex challenges, OR
provides the tools and methodologies to model, analyze, and solve problems
involving the optimal allocation of scarce resources. Studying OR equips
individuals with a systematic and quantitative approach to decision-making,
which is invaluable in industries such as logistics, finance, healthcare, and
manufacturing.

 
   By understanding OR, you gain the ability to construct mathematical models of
real-world systems, allowing for the simulation and optimization of different
scenarios. This leads to improved efficiency, reduced costs, and enhanced
performance. The skills developed through studying OR, such as critical thinking,
problem-solving, and data analysis, are highly transferable and sought after in
today’s data-driven economy.

 
   Operations Research also bridges the gap between theory and practice. It
transforms abstract mathematical concepts into actionable strategies that can have a
tangible impact on organizational success. Whether it’s optimizing supply
chains, scheduling flights, or managing portfolios, the applications of OR are
vast.

 

     
 

     These are not hypothetical savings. A few documented examples:
     
 

    
    	
    Finalist projects for the INFORMS Franz Edelman Award, the
    field’s top prize for applied work, have documented cumulative
    benefits exceeding $446 billion since 1972 [?].
    
 


    	
    UPS’s  ORION  system  optimizes  delivery  routes  for  tens  of
    thousands of drivers; it cuts roughly 100 million miles of driving
    per year, worth $300–400 million annually, and about 100,000
    metric tons of CO 2 [?].
    
 


    	
    American   Airlines’   yield-management   system,   an   early
    large-scale optimization success, generated an estimated $1.4
    billion over three years in the early 1990s [?].
    
 


    	
                                                                  

                                                                  
    Netherlands  Railways  rebuilt  its  national  timetable  with
    optimization, with a projected additional annual profit of about
    40 million euros, and won the 2008 Edelman Award for it [?].
 



     Every one of these is, at its mathematical center, the kind of model you
     will learn to build in this book.
 



   
 

   1.3    What is Mathematical Programming? 

Mathematical Programming is a core area within Operations Research that focuses
on the formulation and solution of optimization problems. It involves creating
mathematical models that represent the decision-making process of a system, where
the goal is to find the best possible outcome under given constraints. The term
“programming” in this context refers to planning or scheduling, not computer
programming.
   
 
[image: Four-step flowchart: Real decision problem (what to make, ship, schedule) leads to Mathematical model (max c-transpose x subject to Ax <= b), then to Solver, then to Decision plus guarantee (a plan, and how good it is).] 

Figure 1.2:               The
mathematical
programming workflow.    

   At the heart of Mathematical Programming is the objective function: a
mathematical expression that defines the criterion to be optimized, such as
minimizing costs or maximizing profits. The decision variables represent the choices
available, and the constraints reflect the limitations or requirements of the problem,
such as resource capacities or regulatory conditions.

 
   There are various types of mathematical programming, each suited to different
kinds of problems:
   
 

     
     	
     Linear  Programming  (LP):  Deals  with  problems  where  both  the
     objective function and constraints are linear.
     
 


     	
     Integer Programming (IP): Involves decision variables that must take
     on integer values.
     
 


     	
     Nonlinear  Programming  (NLP):  Handles  problems  with  nonlinear
     objective functions or constraints.
                                                                  

                                                                  
     
 


     	
     Dynamic  Programming  (DP):  Breaks  down  problems  into  simpler
     subproblems and is particularly useful for multistage decision processes.
 



   Mathematical Programming provides a powerful framework for optimizing
complex systems and making informed decisions. It combines elements of
mathematics, economics, and computer science to develop solutions that are both
efficient and effective.

 

   
 

   1.4    Applications 

Operations Research and Mathematical Programming have a wide range of
applications across various industries and sectors:
   
 

     
     	
     Transportation and Logistics: Optimizing routing and scheduling for
     delivery  vehicles,  reducing  transportation  costs,  and  improving  supply
     chain efficiency.
     
 


     	
     Manufacturing: Streamlining production processes, managing inventory
     levels, and scheduling machinery to maximize productivity and minimize
     waste.
     
 


     	
     Finance: Portfolio optimization, risk assessment, and capital budgeting
     to enhance financial performance and manage uncertainties.
     
 


     	
     Healthcare: Allocating resources such as staff and equipment, scheduling
     surgeries, and managing patient flow to improve service quality and reduce
     wait times.
     
 


     	
     Energy Sector: Optimizing power generation and distribution, planning
     for renewable energy integration, and managing energy consumption.
                                                                  

                                                                  
     
 


     	
     Telecommunications:  Network  design  and  optimization,  bandwidth
     allocation, and improving the reliability and efficiency of communication
     systems.
     
 


     	
     Agriculture: Planning crop rotations, optimizing the use of fertilizers
     and water, and managing supply chains for agricultural products.
     
 


     	
     Public Sector: Urban planning, emergency response logistics, and policy
     analysis to enhance public services and resource utilization.
     
 


     	
     Artificial Intelligence: Training machine learning models, including the
     large language models behind ChatGPT and Claude, by minimizing loss
     functions with nonlinear programming techniques.
 



    

                                                                  

                                                                  
                                                                  

                                                                  
[image: Mind map with Optimization in a central circle connected to six application areas: Manufacturing, Finance, Logistics, Healthcare, Energy, and Public sector.] 


 
Figure 1.3: The same modeling toolkit shows up across sectors; only the words
in the story change.                                                 
                                                                  

                                                                  
   
     
     Throughout the book, case-study boxes tell the stories of real deployed
     optimization models, each with the published model and its citation:
     
 

    
    	
    Preference-based     housing     assignment     in     Uruguayan
    cooperatives (assignment MIP), page 168.
    
 


    	
    The UN World Food Programme’s food baskets (diet LP +
    network MILP), page 85.
    
 


    	
    Amazon’s fulfillment-network regionalization (network design
    MIP), page 214.
    
 


    	
    Wildfire  airtanker  basing  in  Ontario  (coverage  location  IP),
    page 867.
    
 


    	
    Kidney  exchange  in  the  US  and  UK  national  programs
    (cycle-selection IP), page 883.
    
 


    	
    Walmart’s  truck  load  planning  (packing  IP;  2023  Edelman
    Award), page 910.
 



     Each box states what kind of model was used, what was assumed, and
     where to read the original paper.
 


   These applications demonstrate the versatility and impact of OR and
Mathematical Programming. Using these tools, organizations can make data-driven
decisions that lead to significant improvements in performance, cost savings,
and competitive advantage. As global challenges become more complex,
the importance of skilled professionals in Operations Research continues to
grow.
                                                                  

                                                                  
   
 

   1.5    Types of Optimization Problems 

We will state the main general problem classes to be associated with in these notes.
These are Linear Programming (LP), Mixed-Integer Linear Programming (MILP),
Non-Linear Programming (NLP), and Mixed-Integer Non-Linear Programming
(MINLP).
   
 




 
[image: A hierarchical classification of optimization models showing Convex models and Non-convex models as subcategories.]



 
Figure 1.4: Tree diagram classifying optimization models.                  


   Along with each problem class, we will associate a complexity class for the general
version of the problem. Complexity classes are discussed in a later portion of the
book. Although we will often state that input data for a problem comes from 
ℝ (as a real
number), when we discuss complexity of such a problem, we actually mean that the data is
rational, i.e., from  ℚ
(rational numbers that are encoded in the computer typically), and is given in binary
encoding.

 
Warning

 
   In the following subsections, we will use advanced notation that may be
unfamiliar at this point. These mathematical notations will be developed throughout
the book.

 
   Also, don’t be too concerned about the specific definitions of the complexity
classes at this point. For now, you can read that Polynomial time (P) means it
should be relatively easy to solve, while the other classes might be much more
difficult to solve.

 

   
 

   1.6    Linear Programming (LP) 

Some linear programming background, theory, and examples will be provided in
Part I of this book.

 
Linear Programming (LP)

 
   Polynomial time (P)

 
   Given a matrix  A ∈ ℝm×n,
                                                                  

                                                                  
vector  b ∈ ℝm and
vector  c ∈ ℝn,
the linear programming problem is 
 
	
 
     

     
  maxc⊤x
  s.t. Ax ≤b
       x ≥ 0
                                                                                                       
    	(1.1)


   Linear programming can come in several forms, whether
we are maximizing or minimizing, or if the constraints are 
 ≤,= or 
 ≥. One
form commonly used is Standard Form given as

 
Linear Programming (LP) Standard Form

 
   Polynomial time (P)

 
   Given a matrix  A ∈ ℝm×n,
vector  b ∈ ℝm and
vector  c ∈ ℝn,
the linear programming problem in standard form is 
 
	
                                                                  

                                                                  
 
     

     
  maxc⊤x
  s.t. Ax = b
      x ≥ 0
                                                                                                       
    	(1.2)


    

                                                                  

                                                                  
                                                                  

                                                                  



 
[image: A linear programming visualization showing a light blue hexagonal feasible region with labeled vertices, an objective direction arrow, and a red objective function line.]
 




Figure 1.5: Linear programming constraints and objective.

                                                                  

                                                                  
   
   1.7    Mixed-Integer Linear Programming (MILP) 

Mixed-integer linear programming will be introduced in chapter 15,
with additional topics covered in Book 2. Recall that the notation 
ℤ means the set of
integers and the set  ℝ
means the set of real numbers. The first problem of interest here is a binary integer program
(BIP) where all  n
variables are binary (either 0 or 1).

 
Binary Integer programming (BIP)

 
   NP-complete

 
   Given a matrix  A ∈ ℝm×n,
vector  b ∈ ℝm and
vector  c ∈ ℝn,
the binary integer programming problem is 
 
	
 
     

     
  maxc⊤x
  s.t. Ax ≤ b
      x ∈{0,1}n
                                                                                                          
     	(1.3)


   A slightly more general class is the class of Integer Linear Programs (ILP). Often
this is referred to as Integer Program (IP), although this term could leave open the
possibility of non-linear parts.
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Figure 1.6: Comparing the LP relaxation to the IP solutions

                                                                  

                                                                  
   
Integer Linear Programming (ILP)

 
   NP-complete

 
   Given a matrix  A ∈ ℝm×n,
vector  b ∈ ℝm and
vector  c ∈ ℝn,
the integer linear programming problem is 
 
	
 
     

     
  maxc⊤x
  s.t. Ax ≤b
       x ∈ ℤn
                                                                                                          
     	(1.4)


   An even more general class is Mixed-Integer Linear Programming (MILP). This is where we
have  n integer
variables  x1,… ⁡,xn ∈ ℤ and 
d continuous variables
 xn+1,… ⁡,xn+d ∈ ℝ. Succinctly, we
can write this as  x ∈ ℤn × ℝd,
where  ×
stands for the cross-product between two spaces.

 
   Below, the matrix  A
now has  n + d columns,
that is,  A ∈ ℝm×(n+d).
Also note that we have not explicitly enforced non-negativity on the variables. If there are
non-negativity restrictions, this can be assumed to be a part of the inequality description
 Ax ≤b.

 
Mixed-Integer Linear Programming (MILP)

 
   NP-complete

 
   Given a matrix  A ∈ ℝm×(n+d),
vector  b ∈ ℝm and
vector  c ∈ ℝn+d,
                                                                  

                                                                  
the mixed-integer linear programming problem is 
 
	
 
     

     
  maxc⊤x
  s.t. Ax ≤ b
      x ∈ ℤn × ℝd
                                                                                                          
     	(1.5)


   1.8    Non-Linear Programming (NLP) 

NLP

 
   NP-hard

 
   Given a function  f(x): ℝd → ℝ
and other functions  fi(x): ℝd → ℝ
for  i = 1,… ⁡,m,
the nonlinear programming problem is 
 
	
                                                                  

                                                                  
 
     

     
  minf(x)
  s.t. fi(x) ≤ 0 for i = 1,…,m
      x ∈ ℝd
                                                                                                          
     	(1.6)


Nonlinear programming can be separated into convex programming and non-convex
programming. These two are very different beasts and it is important to distinguish
between the two.
   
 

   1.8.1    Convex Programming 

Here the functions are all convex!

 
Convex Programming

 
   Polynomial time (P)  (typically)

 
   Given a convex function  f(x): ℝd → ℝ
and convex functions  fi(x): ℝd → ℝ
for  i = 1,… ⁡,m,
the convex programming problem is 
 
	
 
     

     
  minf(x)
  s.t. fi(x) ≤ 0 for i = 1,…,m
      x ∈ ℝd
                                                                                                          
     	(1.7)


                                                                  

                                                                  
   Observe that convex programming is a generalization of linear programming. This can be
seen by letting  f(x) = c⊤ ⁡x
and  fi(x) = Aix − bi.

 

   
 

   1.8.2    Non-Convex Non-linear Programming 

When the function  f
or functions  fi
are non-convex, this becomes a non-convex nonlinear programming problem. There
are a few complexity issues with this.
   
 

IP as NLP 
   As seen above, quadratic constraints can be used to create a feasible region with
discrete solutions. For example

 
 
                                            x(1 − x) = 0

 has exactly two solutions:  x = 0,x = 1.
Thus, quadratic constraints can be used to model binary constraints.

 
Binary Integer programming (BIP) as a NLP

 
   NP-hard

 
   Given a matrix  A ∈ ℝm×n,
vector  b ∈ ℝm and
vector  c ∈ ℝn,
the binary integer programming problem is 
 
	
                                                                  

                                                                  
 
     

     
  maxc⊤x
  s.t. Ax ≤ b
      [1.5pt]x ∈{0,1}n
        xi(1 − xi) = 0 for i = 1,…,n
                                                                                        
    	(1.8)


   Alternatively, consider the transformation where 
xi ∈{−1,1}.

 
 
 min ⁡  c⊤ ⁡x          
 s.t. Ax ≤ b
     x ∈{−1,1}n
                                                                                                          

 This can be reformulated with a single nonconvex constraint as
                                                                  

                                                                  

 
 
     min ⁡     c⊤ ⁡x                              s.t.     Ax ≤ b
            − 1 ≤ xj ≤ 1,1 ≤ j ≤ n, 
           ∥x∥2 ≥ n.                   



 

   
 

   1.8.3    Machine Learning 

Machine learning is, at its mathematical center, learning functions from data.
Instead of a person writing down the rule, we choose a family of functions 
f(x;𝜃) with tunable
parameters  𝜃
and let an optimization algorithm pick the parameters that fit the data best. The
learned function might categorize data (is this email spam? does this scan show a
tumor?), predict a number (tomorrow’s demand, a house price), or group
similar things together without labels (customer segments, related news
articles).

 
   This is why machine learning belongs in an optimization book: training a model is
solving an optimization problem, usually a continuous and often nonconvex one. The
same recipe runs everywhere: 
 

     
     	
     Spam filtering and fraud detection: classify a message or transaction
     as legitimate or not.
     
 


     	
     Demand forecasting: predict next month’s sales from history, weather,
     and promotions.
     
 


     	
     Image recognition: label the content of a photo, from unlocking your
     phone to reading medical scans.
     
 


     	
     Recommendations: predict which movie, song, or product a user will
     like next.
                                                                  

                                                                  
     
 


     	
     Large language models: systems like ChatGPT and Claude are trained
     by minimizing a loss function over billions of parameters, using nonlinear
     programming techniques (variants of gradient descent) run at enormous
     scale. The mathematics of training the most talked-about technology of the
     decade is the mathematics of this book’s nonlinear programming chapters.
 



Below are the two most common mathematical shapes these problems take. We will see
both in greater detail later in the book.

 

   
 

   Loss Function Minimization 

In supervised learning, this objective is typically a loss function 
L
that quantifies the discrepancy between the predictions of a model
and the true data labels. The aim is to adjust the parameters 
𝜃 of the
model to minimize this loss. Mathematically, this can be represented as:

 
	
 
                        min ⁡ 𝜃L(𝜃) = min ⁡ 𝜃 1 
N∑
  i=1Nl(y
i,f(xi;𝜃))
	(1.9)


   where  N is the
number of data points,  l
is a per-data-point loss (e.g., squared error for regression or cross-entropy for classification), 
yi is the true label for the
i-th data point, and  f(xi;𝜃)
is the model’s prediction for the i-th data point with parameters 
𝜃.
   
 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Scatter plot of data points with a blue fitted line f(x; theta); short red vertical segments connect each point to the line, labeled as the per-point losses l(y_i, f(x_i; theta)).] 


 
Figure 1.7:   Supervised   learning   as   loss   minimization:   the   parameters   
𝜃
slide                and                tilt                the                curve                
f(x;𝜃)
until the total mismatch with the data (the red residuals) is as small as possible.
                                                                  

                                                                  
   
   Clustering Formulation 

Clustering, on the other hand, learns structure with no labels at all: group the data
so that points in the same group are similar and points in different groups are not. A
retailer might cluster customers into segments for targeted offers; a biologist might
cluster genes by expression pattern. One popular method is the k-means
clustering algorithm. The objective of k-means is to partition the data into 
k
clusters by minimizing the within-cluster sum of squares (WCSS). The mathematical
formulation can be given as: 
 
	
 
                           min ⁡ c1,… ⁡ ,ck ∑
  j=1k ∑
   xi∈Cj  ∥xi −cj∥ 2
	(1.10)


   where  Cj represents
the j-th cluster and  cj
is the centroid of that cluster.
   
 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Scatter plot of three colored point clusters (blue, orange, green), each with an X marking the cluster centroid c_j.] 


 
Figure 1.8: Clustering: with no labels given, the optimization chooses centroids
(and the assignment of points to them) to make each group as tight as possible.
                                                                  

                                                                  
   
   This encapsulation presents a glimpse into how ML problems are framed
mathematically. In practice, numerous algorithms, constraints, and regularizations
add complexity to these basic formulations.
   
 

   1.9    Mixed-Integer Non-Linear Programming (MINLP) 

MINLP

 
   NP-hard

 
   Mixed Integer Nonlinear Programming (MINLP) combines elements of integer
programming and nonlinear programming. In MINLP, some or all of the
decision variables are constrained to be integers, and the objective function or
constraints are nonlinear. A general MINLP problem can be formulated as:

 
	
 
     

     
  minf(x,y)
  s.t. gi(x,y) ≤ 0 for i = 1,…,m
      hj(x,y) = 0 for j = 1,…,p
      x ∈ ℝn,y ∈ ℤk
                                                                                                          
     	(1.11)


   where  f is the
objective function,  gi
and  hj are constraint
functions,  x is a vector of
continuous variables, and  y
is a vector of integer variables.

 
MINLP is particularly challenging due to the nonlinearity in the objective and/or
constraints and the discrete nature of some decision variables. It finds applications in
various fields such as industry for process optimization, computational geometry, and
machine learning for hyperparameter tuning.
                                                                  

                                                                  

 

   
 

   1.9.1    Convex MINLP 

In the convex case, both the objective function and the constraints are convex
functions. This subclass is easier to solve compared to its non-convex counterpart.

 
Convex MINLP

 
   NP-hard, but Polynomial time (P) in fixed dimension (typically)

 
   For a convex MINLP, the problem is defined as: 
 
	
 
     

     
  minf(x,y)(convex)
  s.t. gi(x,y) ≤ 0(convex constraints)
       x ∈ ℝn,y ∈ ℤk
                                                                                                          
     	(1.12)


   Convex MINLPs, while still challenging, are typically more tractable
due to the properties of convexity, which allow for more efficient solution
methods.

 

   
 

   1.9.2    Non-Convex MINLP 

Non-convex MINLPs are significantly harder due to the presence of non-convex
functions, which can lead to multiple local minima.

 
Non-Convex MINLP

 
   NP-hard(in fact, undecidable)

 
   The non-convex MINLP problem is formulated as: 
 
	
                                                                  

                                                                  
 
     

     
  minf(x,y)(non-convex)
  s.t. gi(x,y) ≤ 0(possibly non-convex constraints)
       x ∈ ℝn,y ∈ ℤk
                                                                                                          
     	(1.13)


   Non-convex MINLPs pose significant computational challenges due to the
possibility of multiple local optima and the inherent complexity of integer
constraints. These problems are common in real-world applications where decisions
are discrete, and the system behavior is non-linear and complex.

 

   
 

   Complexity and Applications 

MINLP problems are known for their computational complexity, primarily due to the
combination of non-linearity and integrality. The non-convex variants, in
particular, are NP-hard, making them some of the most challenging problems in
optimization.

 
   In practice, MINLP models find extensive applications across various domains. In
industry, they are used for complex decision-making processes like supply chain
optimization and production planning. In computational geometry, MINLP
techniques help in solving problems like optimal packing or layout design.
In machine learning, MINLPs are used for tasks like feature selection and
hyperparameter optimization where discrete choices and nonlinear relationships are
involved.

 
   The versatility of MINLP models, combined with their inherent complexity,
makes them an important area of study in optimization.

 
   A comprehensive list of optimization software organized by problem type
(including free solvers, commercial solvers with academic licenses, and modeling
interfaces) is provided in Appendix E.

 

   
 

                                                                  

                                                                  
   1.10    Optimization Under Uncertainty 

Optimization problems often involve uncertainty in their parameters, whether due to
measurement errors, variability in input data, or unpredictable future events.
Addressing uncertainty is crucial for developing solutions that are effective in
real-world settings. Two primary approaches to optimization under uncertainty are
stochastic optimization and robust optimization.

 

   
 

   1.10.1    Stochastic Optimization 

Stochastic optimization deals with problems where some parameters are uncertain
but can be described probabilistically. In this framework, the optimization process
incorporates the expected values, variances, or other statistical characteristics of
uncertain parameters. Solutions are often evaluated based on their performance over
a distribution of possible scenarios.

 
   For example, in supply chain management, uncertain demand can be modeled
using probability distributions. A company may aim to minimize costs while ensuring
a high service level under varying demand conditions. Similarly, in finance, portfolio
optimization often accounts for uncertain future returns by maximizing expected
returns while managing risk.

 

   
 

   1.10.2    Robust Optimization 

Robust optimization, on the other hand, focuses on creating solutions that perform
well across the worst-case realizations of uncertainty. Rather than assuming a specific
probability distribution, robust optimization works with uncertainty sets, which
define the range of possible values that uncertain parameters can take. The goal is to
find solutions that are feasible and effective for all possible scenarios within the
uncertainty set.

 
   Applications of robust optimization include power grid operations, where
uncertainties in demand and renewable energy generation need to be managed, and
scheduling problems, such as airline crew scheduling, where disruptions must be
minimized under varying operational conditions.

 

   
 

   1.10.3    Applications 

Optimization under uncertainty has a wide array of applications across industries:

 

                                                                  

                                                                  
     
     	
     Healthcare: Designing  vaccination  strategies  to  minimize  the  spread
     of  diseases  while  accounting  for  uncertain  infection  rates  and  patient
     behaviors.
     
 


     	
     Transportation: Managing traffic flow or public transit schedules under
     uncertain demand and travel times.
     
 


     	
     Energy: Planning renewable energy investments and operations under
     uncertain weather conditions and energy prices.
     
 


     	
     Manufacturing: Ensuring production schedules are resilient to supply
     chain disruptions and variability in raw material quality.
 



   Addressing the complexity of uncertain data typically makes these problems much
harder than their deterministic counterparts. While these methods are powerful and
applicable to a wide range of real-world scenarios, we will not focus on optimization
under uncertainty in this textbook.

 

   
 

   1.11    Exercises 

Warm-ups


 
Exercise 1.1: Classify It: Production Plan

 
    ⋆ 
A juice company decides how many liters of apple juice 
x1 and orange juice
 x2 to produce.
Each liter of apple juice earns $2 and each liter of orange juice earns $3. Pressing capacity gives
 x1 + 2x2 ≤ 800, bottling
capacity gives  x1 + x2 ≤ 600,
and both quantities are non-negative. The company maximizes earnings.
Classify this model as LP, ILP/BIP, MILP, NLP, or MINLP. Point to the two
features of the model (type of functions, type of variables) that justify your
answer.
                                                                  

                                                                  

 
   [§1.6, Problem (1.1)]


 
Exercise 1.2: Classify It: Choosing Projects

 
    ⋆ 
A city can fund any subset of five park projects. Project 
i costs 
ai dollars and benefits
 ci residents, and
the budget is  b
dollars. Let  xi = 1
if project  i is
funded and  xi = 0
otherwise, and consider 
 
	
 
                     max ⁡  {∑
  i=15c
ixi : ∑
i=15a
ixi ≤ b,xi ∈{0,1} }.



   Classify this model as LP, ILP/BIP, MILP, NLP, or MINLP, and justify your
answer. What changes about the classification if the city can also fund a fraction of a
project?

 
   [§1.7, Problem (1.3)]


 
Exercise 1.3: Classify It: Fitting a Line

 
    ⋆  Given
data points  (t1,y1),… ⁡,(tN,yN), we
choose slope  m
and intercept  q
to minimize 
 
	
                                                                  

                                                                  
 
                                    ∑
  i=1N (y
i − (mti + q) )2,



   with  m,q ∈ ℝ
unrestricted. Classify this model as LP, ILP/BIP, MILP, NLP, or MINLP, and
justify your answer. Is the objective function linear in the decision variables 
m and 
q?

 
   [§1.8, Problem (1.6), §1.6]


 
Exercise 1.4: Classify It: Warehouses with Congestion

 
    ⋆  A retailer decides
which of  k candidate
warehouses to open ( yj ∈{0,1})
and how much product  xj ≥ 0
to route through each open warehouse. Handling cost at warehouse 
j
grows quadratically with volume, so the objective includes terms 
xj2, and product can flow
through warehouse  j
only if  yj = 1.
Classify this model as LP, ILP/BIP, MILP, NLP, or MINLP, and justify your answer
by naming which ingredient rules out each simpler class.

 
   [§1.9, Problem (1.11)]

 
Core problems


 
Exercise 1.5: Shirt Store: Variables and One Constraint

 
     ⋆ ⋆ 
Return to the shirt store of Section 1.1: demand is 5 shirts Friday, 10 Saturday, and
7 Sunday, orders arrive one day after they are placed, and the store starts Thursday
with no shirts.
     
 
	
  1. 
	Define decision variables for the shirts ordered on Thursday, Friday, and
     Saturday, and for the inventory held at the end of Friday and Saturday.
                                                                  

                                                                  
     
	
  2. 
	Using your variables, write one linear equation that relates Thursday’s
     order, Friday’s demand, and Friday’s ending inventory.
     
	
  3. 
	Which constraint in your model prevents the store from running out of
     shirts on Friday?


   [§1.1, Figure 1.1]


 
Exercise 1.6: Spot the Pieces: Food Truck

 
     ⋆ ⋆ 
A food truck owner must decide how many tacos and how many burritos to prepare
tomorrow. Each taco uses 0.1 kg of meat and each burrito uses 0.25 kg, and only 30
kg of meat will be available. Prep labor is limited to 10 hours. Tacos earn $2 profit
and burritos $3.50. Without writing the full model, identify in words: the decision
variables, the objective function, and each constraint. State the units of every
quantity you name.

 
   [§1.3, Figure 1.2]


 
Exercise 1.7: Spot the Pieces: Tutoring Center

 
     ⋆ ⋆ 
A tutoring center schedules tutors for next week. It may hire each of 12 tutors for a
whole number of one-hour sessions, at most 8 sessions per tutor. The center
needs at least 40 total sessions covered, and its weekly budget is $900; tutor 
i charges 
pi
dollars per session. The center wants maximum total sessions within budget. Identify
the decision variables, objective, and constraints in words. Then explain which
model class from Section 1.5 fits this problem and why it is not simply an
LP.

 
   [§1.3, §1.5]

 
Concepts and connections


 
Exercise 1.8: Half a Bus

 
     ⋆ ⋆ 
A school district’s model says the optimal fleet is 12.5 buses. A shirt store’s model
says the optimal order is 2361.4 shirts.
     
 
	
  1. 
	In which of the two cases is rounding the LP answer to a nearby integer
     likely acceptable, and why?
                                                                  

                                                                  
     
	
  2. 
	Explain what the divisibility issue means for choosing between the LP and
     MILP problem classes, and what price we pay (in computational difficulty)
     for insisting on integer variables.


   [§1.5, §1.7]


 
Exercise 1.9: Why “Programming”?

 
     ⋆ ⋆ 
The word “programming” in mathematical programming predates modern software.
Explain in one or two sentences what the term refers to in this subject, and
why “linear programming” does not mean writing computer code in a linear
fashion.

 
   [§1.3]


 
Exercise 1.10: Reading a Success Story

 
     ⋆ ⋆ 
Pick one of the documented successes in the box “What is optimization worth?” in
Section 1.2 (UPS ORION, American Airlines yield management, or the
Netherlands Railways timetable). For your chosen system, describe: (a) what
the decision variables likely were, (b) what objective was likely optimized,
and (c) one constraint the model must have respected. You do not need
to be exactly right; the goal is to translate a news-style claim into model
components.

 
   [§1.2, §1.3]

 
Challenge problems


 
Exercise 1.11: Shirt Store: The Full Model

 
     ⋆ ⋆⋆ 
Formulate the complete shirt-ordering problem of Section 1.1 as a linear program.
Demand is 5 shirts Friday, 10 Saturday, and 7 Sunday. Orders placed Thursday,
Friday, and Saturday arrive the next day and cost $8, $9, and $10 per shirt
respectively. Every shirt still in the store at the end of Friday or Saturday incurs a
$0.50 holding cost for that night. The store starts with no inventory, all demand
must be met on time, and leftover shirts after Sunday are allowed but earn
nothing.
     
 
	
  1. 
	Write the LP: decision variables, objective, inventory-balance equations
     for Friday, Saturday, and Sunday, and non-negativity.
                                                                  

                                                                  
     
	
  2. 
	Solve it (software or by reasoning about the costs) and report the optimal
     ordering plan and total cost.
     
	
  3. 
	The variables should really be integers. Does that matter here? Explain.


   [§1.1, §1.6, Figure 1.1]

 

   
 

   Selected Solutions 

Solution

 
   (Exercise 1.2) This is a binary integer program (BIP): the objective
and the budget constraint are linear, and every variable is restricted to 
{0,1}. If fractions of projects
may be funded, replace  xi ∈{0,1}
with  0 ≤ xi ≤ 1;
all constraints are then linear over continuous variables and the model becomes an
LP.

 
Solution

 
   (Exercise 1.5) Let  xT,xF,xS
be the shirts ordered on Thursday, Friday, and Saturday, and let 
sF,sS be the
inventory at the end of Friday and Saturday. Thursday’s order is all the store has on
Friday, so Friday’s balance is 
 
	
 
                                        xT = 5 + sF.



   The constraint  sF ≥ 0
(together with this balance equation) is what forbids a Friday stockout: it forces 
xT ≥ 5.
                                                                  

                                                                  

 
Solution

 
   (Exercise 1.9) Here “programming” means planning or scheduling: a “program”
was a plan of activities, as in a military logistics program or a concert program.
Linear programming is the construction of an optimal plan using linear relationships,
and the term was coined before computer programming was common.

 
Solution

 
   (Exercise 1.11) Let  xT,xF,xS ≥ 0
be the orders placed Thursday, Friday, Saturday, and 
sF,sS,sSun ≥ 0 the
end-of-day inventories. The LP is

 

       min ⁡        8xT + 9xF + 10xS + 0.5sF + 0.5sS                                     
        s.t.        xT = 5 + sF                                 (Friday)                              
                  sF + xF = 10 + sS                            (Saturday)                            
                  sS + xS = 7 + sSun                           (Sunday)                              
                  xT,xF,xS,sF,sS,sSun ≥ 0.                                           
   
Covering a Saturday shirt by ordering Thursday costs 
8 + 0.5 = 8.50,
cheaper than the $9 Friday order; covering a Sunday shirt from Thursday costs 
8 + 0.5 + 0.5 = 9,
cheaper than $9.50 (order Friday, hold one night) and $10 (order
Saturday). So the optimal plan orders everything on Thursday: 
xT = 22, 
xF = xS = 0, with 
sF = 17, 
sS = 7, 
sSun = 0 and total
cost  22 ⋅ 8 + 0.5(17 + 7) = $188.
Integrality is not a concern in this instance: the demands are integers and
the optimal LP solution is already integer, so the LP and integer models
                                                                  

                                                                  
agree.
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   Chapter 2
Modeling: Linear Programming   

Learning Outcomes
     
 
	
  1. 
	Define what a linear program is
     
	
  2. 
	Understand how to model a linear program
     
	
  3. 
	View many examples and get a sense of what types of problems can be
     modeled as linear programs.


Resources
   
 

     
     	
     Youtube! - Modeling with Linear Programming - Watch 0:00 - 4:19
     
 


     	
     Youtube! - Watch 0:00 - 1:43
 



Try it out visually!

 
   From Words to Math: a step-by-step interactive modeling tutorial.

 
Linear Programming, also known as Linear Optimization, is the starting point for
most forms of optimization. It is the problem of optimizing a linear function over
linear constraints.

 
   In this chapter, we will define what this means, how to set up a linear program,
and discuss many examples. Examples will be connected with code in Excel and
Python (using PuLP or Gurobipy modeling tools) so that you can easily start
solving optimization problems. Tutorials on these tools will come in later
chapters.

 
   As a warm-up, consider the following word problem.
Question: A movie theater sells adult tickets for 
$10 each and child tickets
for  $6 each. On Saturday,
the theater sold  120 tickets
total and collected  $1,000
in ticket sales. How many adult and child tickets were sold?
                                                                  

                                                                  

 
Solution: Let  x
and  y
denote the number of adult and child tickets sold, respectively. Then 
 
	
 
                                            x + y = 120                                        (1)



   	
 
                                        10x + 6y = 1,000.                               (2)



   Substituting  x = 120 − y from
(1) into (2) gives  10(120 − y) + 6y = 1,000,
which simplifies to  4y = 200,
so  y = 50
and  x = 70.

 
   In optimization, we follow a similar process of assigning variables and writing
mathematical expressions from a word problem. However, instead of equations that
pin down a unique answer, we typically have inequalities that bound the variables in
different ways, and an objective function we wish to maximize or minimize.
Thus, there can be many feasible solutions, and the goal is to find the best
one.
   
 

   2.1    Introductory LP Example 

We begin with a simple example. 
                                                                  

                                                                  

 
Example 2.1: Screen Printing Shop

 
   [Excel] [PuLP] [Gurobipy]

 
   A screen printing shop prints custom t-shirts and tote bags and must decide how many
of each to make this week. Here is what the owner knows. On the revenue side, t-shirts sell
for  $15 against 
$5 of materials, and
tote bags sell for  $12
against  $4
of materials. On the production side, two resources are scarce: the printing press (at
most  150
hours this week) and the drying/packaging station (at most 
60 hours). A t-shirt occupies
the press for  2 hours
and a tote bag for  3;
each item then spends  1
hour in drying and packaging. One more piece of information
limits the plan: local demand for t-shirts tops out around 
45 per
week, so making more than that would be wasted effort. What production plan earns
the most profit?

 
   To turn this story into mathematics, we need decision variables, an
objective, and constraints. The decisions are the production quantities: let 
x1 be the number
of t-shirts and  x2
the number of tote bags made this week. Since each t-shirt nets 
$15 − $5 = $10 and each tote
bag nets  $12 − $4 = $8,
the quantity the owner wants to maximize is the weekly profit: 
 
	
 
                                     z(x1,x2) = 10x1 + 8x2
	(2.1)


   Next, each scarce resource becomes an inequality. Printing 
x1 shirts and 
x2 totes ties up 
2x1 + 3x2 press hours, which
cannot exceed the  150
available: 
 
	
                                                                  

                                                                  
 
                                         2x1 + 3x2 ≤ 150
	(2.2)


   The drying and packaging station tells the same kind of story, one hour per item against
a  60-hour
budget: 
 
	
 
                                           x1 + x2 ≤ 60
	(2.3)


   The demand ceiling is the simplest constraint of all: 
x1 ≤ 45.
Assembling the objective and the constraints, and remembering that production
cannot be negative, gives the complete linear program: 
 
	
 
 
    max   z(x1,x2) = 10x1+8x2            
     s.t.                     2x1+3x2 ≤150 
                                x1+  x2 ≤ 60 
                                x1         ≤ 45 
                                x1         ≥ 0 
                                       x2 ≥ 0  	(2.4)


                                                                  

                                                                  

   
 

   2.2    Modeling and Assumptions in Linear Programming 

Learning Outcomes

 

     
 
	
  1. 
	Address key assumptions when choosing to model a problem with linear
     programming.


A Generic Linear Program (LP) 
   Linear programming (LP) is a mathematical optimization framework widely used
in decision-making and resource allocation. In its most basic form, an LP seeks to
optimize (maximize or minimize) a linear objective function subject to a set
of linear constraints. These constraints typically represent limitations or
requirements in real-world scenarios, such as budgets, capacities, or resource
availability.

 
Variables:
The decision variables represent the quantities we want to determine. For example:

 

     
     	
      xi:
     Continuous variables ( xi ∈ ℝ,
     i.e., a real number),  ∀ ⁡i = 1,… ⁡,n.
 



These variables could represent amounts of products to produce, resources to allocate, or
investments to make. We can use any letters to represent these variables. Typically we use 
xi, but frequently
will use  yi
or other letters depending on the context and what makes reading the problem most
convenient.

 
Parameters:
Parameters are the given data in the problem, which are assumed to be known in
advance: 
 

     
     	
      ci:
     Cost coefficients for each decision variable,  ∀ ⁡i = 1,… ⁡,n.
     These values represent the contribution of each variable to the objective
     function.
                                                                  

                                                                  
     
 


     	
      aij:
     Constraint coefficients,  ∀ ⁡i = 1,… ⁡,n
     and  j = 1,… ⁡,m.
     These define the relationships between decision variables and the constraints.
     
 


     	
      bj:
     Right-hand side values of the constraints,  ∀ ⁡j = 1,… ⁡,m.
     These represent limits or requirements for each constraint.
 



   The general form of a linear program can be written as follows:
   
 
	
 
                                                                                     maxz = c1x1 + ⋯ + cnxn
 s.t.  a11x1 + ⋯ + a1nxn    ≤ b1
                     ⋮            
      am1x1 + ⋯ + amnxn  ≤ bm
       xi                         ≥ 0∀i = 1,…,n.
    
	(2.5)


Features of a Linear Program 
   
 

     
     	
     Objective Function: The linear function  z = c1x1 + ⋯ + cnxn
     represents  the  goal  to  optimize.  This  could  involve  maximizing  profit,
     minimizing cost, or achieving some other measurable outcome.
     
 


     	
     Constraints: The system of inequalities (or equalities) restricts the values
     of the decision variables. Each constraint reflects a real-world limitation,
     such as resource availability or capacity limits.
                                                                  

                                                                  
     
 


     	
     Feasibility: The set of all possible solutions that satisfy the constraints is
     called the feasible region. The optimal solution must lie within this region.
     
 


     	
     Linear  Relationships:  Both  the  objective  function  and  constraints
     are linear, meaning the relationships between variables are additive and
     proportional.
     
 


     	
     Sets: For specific optimization problems, it can be useful to define sets
     of variables or parameters to help write down the problem in a generic
     formulation.
 




Example 2.2: Example of a Linear Program

 
   To illustrate, consider a specific example with three decision
variables and four constraints, including a mix of constraint types (
 ≤, 
 ≥, and 
 =):

 
Variables:
 xi: Continuous
variables ( xi ∈ ℝ, i.e.,
a real number),  ∀ ⁡i = 1,… ⁡,3.

 
Parameters:

 

     
     	
      ci:
     Cost coefficients,  ∀ ⁡i = 1,… ⁡,3.
     
 


     	
      aij:
     Constraint coefficients,  ∀ ⁡i = 1,… ⁡,3
     and  j = 1,… ⁡,4.
     
 


     	
      bj:
     Right-hand side values for each constraint,  ∀ ⁡j = 1,… ⁡,4.
 



                                                                  

                                                                  
Model:

 

                 min ⁡                   z = c1x1 + c2x2 + c3x3                                         
                  s.t.                  a11x1 + a12x2 + a13x3 ≥ b1                                      
                                      a21x1 + a22x2 + a23x3 ≤ b2                                      
                                      a31x1 + a32x2 + a33x3 = b3                                      
                                      a41x1 + a42x2 + a43x3 ≥ b4                                      
                                      x1 ≥ 0,x2 ≤ 0,x3 unrestricted.                                  
   
   A key feature of linear programming is the use of linear functions, defined as
follows:


 
Definition 2.3: Linear Function

 
   A function  z : ℝn → ℝ is linear
if there are constants  c1,… ⁡,cn ∈ ℝ
such that: 
 
	
 
                                z(x1,… ⁡,xn) = c1x1 + ⋯ + cnxn.
	(2.6)


   Linear functions are characterized by their simplicity and additivity, making them
well-suited for optimization problems where proportionality is assumed. This
simplicity allows linear programs to be solved efficiently, even for large-scale
                                                                  

                                                                  
problems.

 

   
 

   2.2.1    Assumptions 

When we wrote down the model in Example 2.1, we quietly made four modeling
assumptions. They are worth stating out loud, because they tell you when a linear
program is the right tool and when it is not.
     
 
	
     
Proportionality 
 

	
     Doubling a variable doubles its effect. If one t-shirt earns $8 and consumes
     15  minutes  of  press  time,  then  50  shirts  earn  $400  and  consume  750
     minutes. No quantity discounts, no economies of scale, no setup costs:
     every unit behaves like the first one.
     
 

	
     
Additivity 
 

	
     Effects add up across variables, with no interactions. The press time used
     by t-shirts and the press time used by posters simply sum; producing
     one product does not make another product cheaper, more profitable, or
     harder to make.
     
 

	
     
Divisibility 
 

	
     Variables may take fractional values. The model is allowed to recommend
     printing half a shirt, whether or not that makes physical sense.
     
 

	
     
Certainty 
 

	
     Every number in the model (the profit per shirt, the minutes per press
     run, the hours available) is treated as known exactly, not as an estimate
     or a random quantity.
 



   Proportionality and additivity together say exactly that the objective
and constraint functions are linear in the sense of Definition 2.3. If your
problem has quantity discounts, interaction effects, or fixed setup charges, a
plain linear program does not capture it, though we will see in the integer
programming chapters that some of these features can be recovered with clever
modeling.
                                                                  

                                                                  

 
   Divisibility deserves a closer look. Some quantities divide naturally: ounces of ink,
hours of labor, dollars of budget. Items like t-shirts do not; nobody sells six tenths of
a shirt. In practice this matters less than it first appears. When production
quantities are large, an optimal plan calling for, say, several hundred shirts plus a
fraction can be rounded to whole units with only a tiny effect on profit. When
whole-number answers truly matter, we add the integrality requirement explicitly,
and the model becomes an integer program, the subject of Part III of this
book.

 
   Certainty is the assumption most often violated in the real world: demand
forecasts miss, prices move, machines run slow. Fields such as stochastic programming
and robust optimization extend linear programming to handle uncertain
data, and sensitivity analysis (Chapter 10) lets us ask how much the data
could change before our optimal plan changes. For now, we take the data as
given.


 
Learning Checkpoint 2.2.1

 
   In a short sentence or two, discuss whether the problem in Example 2.1 meets all
assumptions of a linear programming model.

 
   Hint: Can you print  2
3 of a
t-shirt? Can you run a process for  1
3
of an hour?

 

   
 

   2.3    Examples 

Learning Outcomes

 

     
 
	
  1. 
	Identify decision variables and parameters
     
	
  2. 
	Learn how to format a linear optimization problem.
     
	
  3. 
	Identify and understand common classes of linear optimization problems.


We will begin with a few examples, and then discuss specific problem types that
occur often.


 
Example 2.4: Production Planning

 
   [Excel] [PuLP] [Gurobipy]

 
   A manufacturing firm seeks to optimize its production schedule over a two-day planning
                                                                  

                                                                  
horizon to meet daily demand while minimizing costs. The firm starts with an initial
inventory of  s0
units. The costs associated with production and inventory are as follows:
   
 

     
     	
     Production costs: $10 per unit on Day 1, and $16 per unit on Day 2.
     
 


     	
     Inventory cost: $5 per unit for carrying excess inventory from one day
     to the next.
 



   [image: Schematic of a two-period production planning network: two gray circles labelled 1 and 2. Up-arrows show production x_1, x_2; down-arrows show demands 10 and 4; horizontal arrows show inventory s_0 in, s_1 between nodes, s_2 out. Rows labelled Production, Inventory, Demand.]



 
Figure 2.1: Schematic of a two-period production planning network: two gray
circles labelled 1 and 2.

The goal is to determine the number of units to produce each day and the
inventory levels to minimize total costs while satisfying the demand for each
day.
Solution

 
Sets: 
 

     
     	
     Days of production   = {1,2}.
 



Parameters: 
 

     
     	
      cp1:
     Per unit production cost on Day 1 ($10).
     
 


     	
      cp2:
     Per unit production cost on Day 2 ($16).
     
 


     	
      cinv:
     Per unit inventory cost ($5).
                                                                  

                                                                  
     
 


     	
      d1:
     Demand on Day 1 (10 units).
     
 


     	
      d2:
     Demand on Day 2 (4 units).
     
 


     	
      s0:
     Inventory at the start of Day 1.
 



Variables: 
 

     
     	
      x1:
     Number of units produced on Day 1.
     
 


     	
      x2:
     Number of units produced on Day 2.
     
 


     	
      s1:
     Inventory at the end of Day 1.
     
 


     	
      s2:
     Inventory at the end of Day 2.
 



Model:
                                                                  

                                                                  

 

          min ⁡           z = 10x1 + 16x2 + 5s1 + 5s2                                 (Total cost)
           s.t.           s0 + x1 = 10 + s1                                   (Day 1 balance)
                        s1 + x2 = 4 + s2                                    (Day 2 balance)
                        x1,x2,s0,s1,s2 ≥ 0.                           (Non-negativity constraints)
   

Definition 2.5: Optimization model components

 
   When defining an optimization model, it is essential to identify and clearly
articulate the following five components:
   
 

     
     	
     Sets: What lists of data do you need to write down? These could include
     indices, categories, or groups relevant to the problem.
     
 


     	
     Parameters (Data): What is the actual data for the problem? These
     are  the  fixed  numerical  values  such  as  costs,  capacities,  or  resource
     availabilities.
     
 


     	
     Decision  Variables: What  decisions  need  to  be  made  to  provide  a
     solution? These variables represent the quantities that can be controlled
     or adjusted, such as production levels or resource allocations.
     
 


     	
     Objective  Function: The  expression  that  we  want  to  maximize  or
     minimize. This is the goal of the optimization, such as minimizing cost or
     maximizing profit.
     
 


     	
     Constraints: Certain rules that those decision variables should satisfy.
     These include limitations or requirements, such as resource capacities or
     demand fulfillment.
 



                                                                  

                                                                  
   Each of these components plays a key role in formulating a well-structured
optimization model that accurately represents the problem and provides actionable
solutions. The role of Sets will become more important as we get into more
complicated optimization models.

 

                                                                  

                                                                  


 
Example 2.6: Bakery Production

 
   [Excel] [PuLP] [Gurobipy]

 
   A small bakery produces three products each day: cakes, cookies, and
muffins. Each item requires a specific amount of ingredients and baking time,
and each contributes to the bakery’s profit. The bakery operates with daily
limits on flour, sugar, and baking time due to ingredient supply and staffing
constraints.

 
   Each cake earns a profit of $6.00, requires 500 grams of flour, 200 grams of sugar,
and 60 minutes of baking time. Each cookie earns a profit of $1.50, requires 100
grams of flour, 50 grams of sugar, and 10 minutes of baking time. Each muffin earns a
profit of $2.50, requires 200 grams of flour, 80 grams of sugar, and 20 minutes of
baking time.

 
   The bakery has at most 4,800 grams of flour, 2,060 grams of sugar, and 480
minutes of baking time available each day.

 
   Determine how many cakes, cookies, and muffins the bakery should produce each
day in order to maximize its total profit, while staying within the limits on flour,
sugar, and baking time.
   
 

   Linear Programming Model 

   	
 
Maximize6x1 + 1.5x2 + 2.5x3                                            
subject to500x1 + 100x2 + 200x3 ≤ 4800(Flour)
             200x1 + 50x2 + 80x3 ≤ 2060(Sugar)
             60x1 + 10x2 + 20x3 ≤ 480(Baking time)
             x1,x2,x3 ≥ 0
             x1,x2,x3 ∈ ℤ(if integer production is required)
                                                                                                        




                                                                  

                                                                  
Example 2.7: Production with welding robot

 
   [Excel] [PuLP] [Gurobipy]

 
   You have 21 units of transparent aluminum alloy (TAA), LazWeld1, a joining
robot leased for 23 hours, and CrumCut1, a cutting robot leased for 17 hours of
aluminum cutting. You also have production code for a bookcase, desk, and cabinet,
along with commitments to buy any of these you can produce for $18, $16, and $10
apiece, respectively. A bookcase requires 2 units of TAA, 3 hours of joining, and 1
hour of cutting, a desk requires 2 units of TAA, 2 hours of joining, and 2 hours of
cutting, and a cabinet requires 1 unit of TAA, 2 hours of joining, and 1 hour of
cutting.

 
   Formulate an LP to maximize your revenue given your current resources.

 
Solution

 
Sets: 
 

     
     	
     The types of objects   = {
     bookcase, desk, cabinet }.
 



Parameters: 
 

     
     	
     Purchase cost of each object
     
 


     	
     Units of TAA needed for each object
     
 


     	
     Hours of joining needed for each object
     
 


     	
     Hours of cutting needed for each object
     
 


     	
     Hours of TAA, Joining, and Cutting available on robots
 



Variables: 
 xi : number of
units of product  i
to produce, 
for all  i =bookcase, desk, cabinet.


 
Model:

 

                    max ⁡                     z = 18x1 + 16x2 + 10x3                                        (profit)
                     s.t.                     2x1 + 2x2 + 1x3 ≤ 21                                          (TAA)
                                            3x1 + 2x2 + 2x3 ≤ 23                                          (LazWeld1)
                                            1x1 + 2x2 + 1x3 ≤ 17                                          (CrumCut1)
                                            x1,x2,x3 ≥ 0.                                                
   

Example 2.8: The Diet Problem

 
   [Excel] [PuLP] [Gurobipy]

 
   In the future (as envisioned in a bad 70’s science fiction film) all food is in tablet
form, and there are four types, green, blue, yellow, and red. A balanced, futuristic
diet requires at least 20 units of Iron, 25 units of Vitamin B, 30 units of Vitamin C,
and 15 units of Vitamin D. Formulate an LP that ensures a balanced diet at the
minimum possible cost.
   
 

                                                                  

                                                                  
   
 

                                                                  

                                                                  



 
 	
	
	
	
	
	

	 Tablet  	 Iron  	 B  	 C  	 D  	 Cost ($)  

	
	
	
	
	
	

	 Chem 1  	  6    	 6  	 7  	 4  	   1.25     
	 Chem 2 	 4 	 5 	 4 	 9 	 1.05

	 Chem 3  	  5    	 2  	 5  	 6  	   0.85     

	 Chem 4  	  3    	 6  	 3  	 2  	   0.65     

	
	
	
	
	
	

	         






Table 2.1: Units of each nutrient in, and cost of, each tablet type.

                                                                  

                                                                  
   
   

Solution

 
Sets: 
 

     
     	
     Set of tablets  {1,2,3,4}
 



Parameters: 
 

     
     	
     Iron in each tablet
     
 


     	
     Vitamin B in each tablet
     
 


     	
     Vitamin C in each tablet
     
 


     	
     Vitamin D in each tablet
     
 


     	
     Cost of each tablet
 



Variables: 
 xi : number of tablets
of type  i to include
in the diet,  ∀ ⁡i ∈{1,2,3,4}.


 
Model:
                                                                  

                                                                  

 

        min ⁡                 z = 1.25x1 + 1.05x2 + 0.85x3 + 0.65x4                                    
         s.t.                 6x1 + 4x2 + 5x3 + 3x4                      ≥ 20                                
                            6x1 + 5x2 + 2x3 + 6x4                      ≥ 25                                
                            7x1 + 4x2 + 5x3 + 3x4                      ≥ 30                                
                            4x1 + 9x2 + 6x3 + 2x4                      ≥ 15                                
                            x1,x2,x3,x4                              ≥ 0.                                
   

Example 2.9: The Next Diet Problem

 
   [Excel] [PuLP] [Gurobipy]

 
   Progress is important, and our last problem had too many tablets, so we are going
to produce a single, purple, 10 gram tablet for our futuristic diet requirements, which
are at least 20 units of Iron, 25 units of Vitamin B, 30 units of Vitamin C, and 15
units of Vitamin D, and 2000 calories. The tablet is made from blending 4 nutritious
chemicals; the following table shows the units of our nutrients per, and cost of, grams
of each chemical.

 
   Formulate an LP that ensures a balanced diet at the minimum possible
cost.
   
 

                                                                  

                                                                  
   
 

                                                                  

                                                                  



 
 	
	
	
	
	
	
	

	 Tablet  	 Iron  	 B  	 C  	 D  	 Calories  	 Cost ($)  

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	 Chem 1  	  6    	 6  	 7  	 4  	   1000    	   1.25     
	
	
	
	
	
	
	

	 Chem 2 	 4 	 5 	 4 	 9 	 250 	 1.05

	
	
	
	
	
	
	

	 Chem 3  	  5    	 2  	 5  	 6  	   850     	   0.85     

	
	
	
	
	
	
	

	 Chem 4  	  3    	 6  	 3  	 2  	   750     	   0.65     

	
	
	
	
	
	
	

	         






Table 2.2: Units of each nutrient per gram, calories, and cost of each chemical.

                                                                  

                                                                  
   
   

Solution

 
Sets: 
 

     
     	
     Set of chemicals  {1,2,3,4}
 



Parameters: 
 

     
     	
     Iron in each chemical
     
 


     	
     Vitamin B in each chemical
     
 


     	
     Vitamin C in each chemical
     
 


     	
     Vitamin D in each chemical
     
 


     	
     Cost of each chemical
 



Variables: 
 xi : grams of chemical
 i to include in the
purple tablet,  ∀ ⁡i = 1,2,3,4.
Model:
                                                                  

                                                                  

 

        min ⁡                 z = 1.25x1 + 1.05x2 + 0.85x3 + 0.65x4                                      
         s.t.                 6x1 + 4x2 + 5x3 + 3x4                      ≥ 20                                  
                            6x1 + 5x2 + 2x3 + 6x4                      ≥ 25                                  
                            7x1 + 4x2 + 5x3 + 3x4                      ≥ 30                                  
                            4x1 + 9x2 + 6x3 + 2x4                      ≥ 15                                  
                            1000x1 + 250x2 + 850x3 + 750x4              ≥ 2000                                
                            x1 + x2 + x3 + x4                          = 10                                  
                            x1,x2,x3,x4                              ≥ 0.                                  
   
   The diet problem might feel like a toy. It is not.

 
Case Study: Feeding Millions: The World Food Programme’s Optimization
Engine

 
   The United Nations World Food Programme (WFP) is the world’s largest
humanitarian organization, assisting roughly 100 million people a year in
places like Iraq, Yemen, and South Sudan. Every operation must answer the
same questions: what food basket to provide, where to buy it, and how to
move it. WFP built an optimization tool, Optimus, that answers all three
at once, and the team won the 2021 INFORMS Franz Edelman Award for
it.
   
 

   The Challenge 

A food basket must meet nutritional requirements (energy, protein, fat, micronutrients)
for a beneficiary, using commodities that can actually be procured and delivered
through a network of suppliers, ports, warehouses, and distribution points, each with
costs and capacities. Cheaper baskets can be less nutritious; more nutritious baskets
can be undeliverable. Before Optimus, these decisions were made separately by
different teams.

 

   
 

   The Solution: The Diet Problem Meets Network Flow 

Model type: mixed-integer linear program. The core is the classical diet
LP joined to a min-cost flow model; integer variables handle choices
such as transfer modality (food vs. cash). No machine learning
                                                                  

                                                                  
inside the optimization; demand and price inputs come from WFP
assessments.

 
   A simplified version with the two key ingredients:

 
Variables: 
 

     
     	
     Let  xk ≥ 0
     be the amount of commodity  k
     (grams per person per day) in the food basket.
     
 


     	
     Let  fka ≥ 0
     be the flow of commodity  k
     on arc  a
     of the supply network.
 



Model:

 

 min ⁡  ∑
   kckprocx
k + ∑
   k,acatranspf
ka                             (procurement + transport cost) 
  s.t.   ∑
   knjkxk ≥ Rj                            for each nutrient j    
(nutritional requirements) 
      flow conservation linking fka to deliveries of xk                   
(the basket must actually arrive) 
       ∑
   kfka ≤ ua                              for each arc a        
(port/route capacities) 
      xk ≥ 0,fka ≥ 0,                                             
   
                                                                  

                                                                  
where  njk is the amount
of nutrient  j per
gram of commodity  k
and  Rj
is the daily requirement. The published model adds palatability rules (e.g.,
the basket cannot be all lentils), sourcing decisions, multi-period planning,
and the food-vs.-cash modality choice, which is where the integer variables
enter.

 

   
 

   Assumptions and Simplifications 

     
     	
     Nutritional  needs  are  modeled  per  “average  beneficiary”;  the  paper
     discusses requirements by demographic profile.
     
 


     	
     Prices and lead times are taken as data; the paper describes how WFP
     updates them per operation.
 




   
 

   Implementation and Results 

In Iraq, the tool cut operating costs by 17 percent, and the resulting food baskets
met 98 percent of the nutrition requirements; WFP has since applied it
across its major operations. The full MILP is printed in the paper, which is
open access, so students can read exactly what was modeled and what was
assumed.
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Example 2.10: Work Scheduling Problem

 
   [Excel] [PuLP] [Gurobipy]

 
   You are the manager of LP Burger. The following table shows the minimum
number of employees required to staff the restaurant on each day of the week. Each
employee must work for five consecutive days. Formulate an LP to find the minimum
number of employees required to staff the restaurant.
   
 

                                                                  

                                                                  
   
 

                                                                  

                                                                  



 
 	
	

	 Day of Week     	 Workers Required  

	
	

	
	

	 1 = Monday      	 6                        

	
	

	 2 = Tuesday      	 4                        

	
	

	 3 = Wednesday  	 5                        

	
	

	 4 = Thursday    	 4                        

	
	

	 5 = Friday        	 3                        

	
	

	 6 = Saturday     	 7                        

	
	

	 7 = Sunday       	 7                        

	
	

	               






Table 2.3: Minimum number of workers required at LP Burger each day of the
week.

                                                                  

                                                                  
   
   

Solution

 
   This problem has multiple optimal solutions for which days workers begin working
on, all of which result in 8 total workers hired.

 
Variables: 
 xi :
the number of workers that start 5 consecutive days of work on day 
i, 
i = 1,… ⁡,7

Model:

 

               min ⁡                z = x1 + x2 + x3 + x4 + x5 + x6 + x7                              
                s.t.                x1 + x4 + x5 + x6 + x7 ≥ 6                                      (Mon)
                                  x2 + x5 + x6 + x7 + x1 ≥ 4                                      (Tue)
                                  x3 + x6 + x7 + x1 + x2 ≥ 5                                      (Wed)
                                  x4 + x7 + x1 + x2 + x3 ≥ 4                                      (Thu)
                                  x5 + x1 + x2 + x3 + x4 ≥ 3                                      (Fri)
                                  x6 + x2 + x3 + x4 + x5 ≥ 7                                      (Sat)
                                  x7 + x3 + x4 + x5 + x6 ≥ 7                                      (Sun)
                                  x1,… ⁡,x7 ≥ 0.                                                  
   
One solution is as follows. The LP relaxation gives 
zLP = 7.333 with fractional values
 (x1,… ⁡,x7) = (0,0.333,1,2.333,0,3.333,0.333). Rounding to an
integer solution yields  zIP = 8
with  (x1,… ⁡,x7) = (0,0,0,3,0,4,1).

 

                                                                  

                                                                  


 
Example 2.11: LP Burger - extended

 
   [Excel] [PuLP] [Gurobipy]

 
   LP Burger has changed its policy, and allows, at most, two part-time workers,
who work for two consecutive days in a week. Formulate this problem.

 
Solution

 
Variables: 
 xi :
the number of workers that start 5 consecutive days of work on day 
i, 
i = 1,⋯,7

 yi :
the number of workers that start 2 consecutive days of work on day 
i, 
i = 1,⋯,7.

 
Model:

 

        min ⁡                 z = 5(x1 + x2 + x3 + x4 + x5 + x6 + x7)                                   
                             + 2(y1 + y2 + y3 + y4 + y5 + y6 + y7)                                    
         s.t.                 x1 + x4 + x5 + x6 + x7 + y1 + y7               ≥ 6                                
                            x2 + x5 + x6 + x7 + x1 + y2 + y1               ≥ 4                                
                            x3 + x6 + x7 + x1 + x2 + y3 + y2               ≥ 5                                
                            x4 + x7 + x1 + x2 + x3 + y4 + y3               ≥ 4                                
                            x5 + x1 + x2 + x3 + x4 + y5 + y4               ≥ 3                                
                            x6 + x2 + x3 + x4 + x5 + y6 + y5               ≥ 7                                
                            x7 + x3 + x4 + x5 + x6 + y7 + y6               ≥ 7                                
                            y1 + y2 + y3 + y4 + y5 + y6 + y7               ≤ 2                                
                            xi ≥ 0,yi ≥ 0,∀ ⁡i = 1,⋯,7.                                               
   
                                                                  

                                                                  

                                                                  

                                                                  
   
 

   2.3.1    Knapsack Problem 

We consider now a simple example where the variables can only take the values of 0
or 1. We call these binary variables. 

 
Example 2.12: Camping Trip

 
   [Excel] [PuLP] [Gurobipy]

 
   Imagine you are preparing for a week-long camping trip to the mountains. You
have a backpack with a weight capacity of 20 kilograms. Your goal is to
pack the most valuable items to ensure a comfortable and safe trip without
exceeding the backpack’s weight limit. Each item has a weight and a value
associated with it, representing its importance and utility for the trip. The table
below lists the potential items you can take, their weights in kilograms,
and their values on a scale from 1 to 10 (with 10 being the most valuable).

Formulate an Integer Program to find the optimal items you should bring on your
trip with you.
   
 

                                                                  

                                                                  
   
 

                                                                  

                                                                  



 
 	
	
	
	

	 Item                   	 Index  	 Weight (kg)  	 Value  

	
	
	
	

	
	
	
	

	 Tent                    	 A       	 4                	 10      
	
	
	
	

	 Stove 	 B 	 2 	 9

	
	
	
	

	 Sleeping Bag         	 C       	 3                	 8        

	
	
	
	

	 First Aid Kit         	 D       	 1                	 7        

	
	
	
	

	 Food Supplies        	 E       	 5                	 9        

	
	
	
	

	 Water Filter          	 F       	 1                	 6        

	
	
	
	

	 Clothes                	 G       	 4                	 5        

	
	
	
	

	 Map and Compass  	 H       	 0.5              	 7        

	
	
	
	

	                  






Table 2.4: Weights and values of the candidate items for the camping trip.

                                                                  

                                                                  
   
   

Solution

 
Variables: 
 xi : whether to
include item  i in the
backpack, where  i ∈{A,B,C,D,E,F,G,H},
 xi = 1 if item 
i is included,
and  xi = 0
otherwise.

 
Model:

 

      max ⁡       z = 10xA + 9xB + 8xC + 7xD + 9xE + 6xF + 5xG + 7xH             
       s.t.       4xA + 2xB + 3xC + 1xD + 5xE + 1xF + 4xG + 0.5xH ≤ 20            
                xA,xB,xC,xD,xE,xF,xG,xH ∈{0,1}.                            
   
   2.3.2    Capital Investment 

We next see a similar application of binary variables. 

 
Example 2.13: Capital Allocation Problem

 
   [Excel] [PuLP] [Gurobipy]

 
   You are a financial planner for an investment firm. The firm has $100,000 to
invest in a portfolio of projects. Each project has a projected return and requires an
initial investment. The goal is to maximize the total return of the portfolio while not
exceeding the available capital. The following table lists potential projects, their
required investments, and their projected returns.

 
   Formulate an LP to maximize the total return of the portfolio while not exceeding
the available investment capital.
                                                                  

                                                                  
   
 

                                                                  

                                                                  
   
 

                                                                  

                                                                  



 
 	
	
	

	 Project  	 Investment Required ($)  	 Projected Return ($)  

	
	
	

	
	
	

	 A          	 20,000                          	 30,000                     

	
	
	

	 B          	 30,000                          	 40,000                     

	
	
	

	 C          	 50,000                          	 75,000                     

	
	
	

	 D          	 10,000                          	 15,000                     

	
	
	

	 E          	 40,000                          	 60,000                     

	
	
	

	         






Table 2.5: Required investment and projected return for each candidate project.

                                                                  

                                                                  
   
   

Solution

 
Sets: 
 

     
     	
     Projects:  P = {A,B,C,D,E}
 



Parameters: 
 

     
     	
      invi:
     investment required for project  i
     
 


     	
      reti:
     projected return from project  i
     
 


     	
      B = 100,000:
     total available capital
 



Variables: 
 xi ∈{0,1}: 1 if
project  i
is selected, 0 otherwise

 
Model:
                                                                  

                                                                  

 

  max ⁡   z = 30,000xA + 40,000xB + 75,000xC + 15,000xD + 60,000xE         
   s.t.   20,000xA + 30,000xB + 50,000xC + 10,000xD + 40,000xE ≤ 100,000    
        xA,xB,xC,xD,xE ∈{0,1}                                      
   
Compact Form:

 


 

           max ⁡            ∑
   i∈Preti ⋅ xi                                                            
            s.t.             ∑
   i∈Pinvi ⋅ xi ≤ B                                                       
                           xi ∈{0,1}                              for all i ∈ P                                            
   
   2.3.3    Transportation problem 


Example 2.14: Solar Panel Shipping

 
   [Excel] [PuLP] [Gurobipy]

 
   SolTranz Inc. manufactures high-efficiency solar panels at three factories located
in Reno (R), Boulder (B), and Tucson (T). The maximum production at
each facility is 4,500, 5,500, and 7,000 panels, respectively. These panels
must be shipped to five warehouses (labeled 1 through 5), each with a fixed
demand.
                                                                  

                                                                  

 
   The cost of producing a solar panel depends on the factory, and the shipping costs
to each warehouse are also known. However, no more than 2,000 panels can be
shipped from a factory to a single warehouse. The table below summarizes the
data.

 
   Formulate a linear program that minimizes the total cost of production and
shipping to satisfy all warehouse demands.
   
 

                                                                  

                                                                  
   
 

                                                                  

                                                                  



 
 	
	
	
	
	
	
	

	   Factory    	 Prod. Cost ($)  	 WH1  	 WH2  	 WH3  	 WH4  	 WH5  

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	  Reno (R)    	      150         	  60    	  70    	  75    	  65    	  50    

	
	
	
	
	
	
	

	 Boulder (B)  	      140         	  80    	  55    	  65    	  70    	  60    

	
	
	
	
	
	
	

	 Tucson (T)  	      130         	  85    	  60    	  55    	  50    	  65    

	
	
	
	
	
	
	

	            






Table 2.6: Production cost at each factory and shipping cost to each warehouse
(in $ per panel).

                                                                  

                                                                  
   
   

   Warehouse Demands: 
 
	
 
WH1: 3000WH2: 3500WH3: 2500WH4: 4000WH5: 3000                               



Solution

 
Sets: 
 

     
     	
     Factories:  F = {R,B,T}
     
 


     	
     Warehouses:  W = {1,2,3,4,5}
 



Parameters: 
 

     
     	
      Cf:
     production cost per panel at factory  f
     
 


     	
      Sf:
     supply capacity of factory  f
     
 


     	
      Dw:
     demand at warehouse  w
                                                                  

                                                                  
     
 


     	
      Tf,w:
     shipping cost per panel from factory  f
     to warehouse  w
     
 


     	
      M = 2000:
     max panels shipped from any factory to any warehouse
 



Variables: 
 xf,w: number of solar panels
shipped from factory  f
to warehouse  w

 
Model:

 

      min ⁡       ∑
   f∈F ∑
   w∈W(Cf + Tf,w) ⋅ xf,w                                         
       s.t.       ∑
   w∈WxR,w ≤ 4500                                                     (Reno capacity)
                 ∑
   w∈WxB,w ≤ 5500                                                     (Boulder capacity)
                 ∑
   w∈WxT,w ≤ 7000                                                     (Tucson capacity)
                 ∑
   f∈Fxf,1 = 3000                                                      (WH1 demand)
                 ∑
   f∈Fxf,2 = 3500                                                      (WH2 demand)
                 ∑
   f∈Fxf,3 = 2500                                                      (WH3 demand)
                 ∑
   f∈Fxf,4 = 4000                                                      (WH4 demand)
                 ∑
   f∈Fxf,5 = 3000                                                      (WH5 demand)
                0 ≤ xf,w ≤ 2000                            for all f ∈ F,w ∈ W                        
                                                                                
   
                                                                  

                                                                  
   2.3.4    Assignment Problem 

Consider the assignment of  3
employees to  3
tasks, where each employee has a cost to do each task. How to figure out the best
assignment to the tasks?


 
Example 2.15: Hiring for tasks

 
   [Excel] [PuLP] [Gurobipy]

 
   In this assignment problem, we need to hire three people (Person 1, Person 2,
Person 3) to three tasks (Task 1, Task 2, Task 3). In the table below, we list the
cost of hiring each person for each task, in dollars. Since each person has a
different cost for each task, we must make an assignment to minimize our total
cost.

 

 




 
 	
	
	
	

	 Cost      	 Task 1  	 Task 2  	 Task 3  
	
	
	
	

	 Person 1 	 45 	 38 	 60

	
	
	
	

	 Person 2  	 52       	 41       	 33       

	
	
	
	

	 Person 3  	 27       	 49       	 56       

	
	
	
	

	         





Table 2.7: Cost of assigning each person to each task, in dollars.



   Given the specific costs of assigning three people to three tasks, we can write out
the mathematical model explicitly using the given numbers.

 
Solution

 
Sets: 
 

     
     	
     Persons:  {1,2,3}
     
 


     	
     Tasks:  {1,2,3}
 



                                                                  

                                                                  
Parameters: 
 

     
     	
      cij:
     cost for person  i
     to complete task  j
 



Variables: 
 xij = 1 if person 
i is assigned
to task  j,
and  0
otherwise.

 
Model:

 

min ⁡ z = 45x11 + 38x12 + 60x13 + 52x21 + 41x22 + 33x23 + 27x31 + 49x32 + 56x33                 
 s.t. x11 + x12 + x13 = 1                                                                (Person 1)
    x21 + x22 + x23 = 1                                                                (Person 2)
    x31 + x32 + x33 = 1                                                                (Person 3)
    x11 + x21 + x31 = 1                                                                (Task 1)
    x12 + x22 + x32 = 1                                                                (Task 2)
    x13 + x23 + x33 = 1                                                                (Task 3)
    xij ∈{0,1}                                                      for all i,j ∈{1,2,3}.
   
                                                                  

                                                                  

   
 

   2.4    Exercises 

Work through the following problems to practice formulating linear
programs.1

 
 
   

  1Some exercises in this section were adapted from content by Rupinder Sekhon and Roberta
Bloom, shared under CC BY 4.0 via LibreTexts.
 
 
                                
 
Warm-ups


 
Exercise 2.16: Identify Linear Functions

 
    ⋆ 
Which ones are linear functions?
     
 
	
  1. 
	 x2 + 3y + 2z
     
	
  2. 
	 x1   x2   x3
     
	
  3. 
	  ∑ ⁡
  i=1nai2xi,where a1,a2,… ⁡,an are constant
     
	
  4. 
	  ∑ ⁡
  i=1naixi,where a1,a2,… ⁡,an are constant


   [§2.2, Definition 2.3]


 
Exercise 2.17: Identify Linear Function

 
    ⋆ 
Which one is a linear function?

 

     
 
	
  1. 
	 2x1 + x2x3 − 7x3
     
	
  2. 
	 2x1 + x2 + 31.6x3


   [§2.2, Definition 2.3]


 
Exercise 2.18: Hoodies and Posters

 
    ⋆ 
A print shop produces custom hoodies and posters. Each hoodie sells for $30
and costs $18 in materials, while each poster sells for $8 and costs $3 in
                                                                  

                                                                  
materials. A hoodie requires 3 hours of printing time and 1 hour of finishing,
while a poster requires 1 hour of printing time and 1 hour of finishing. The
shop has at most 120 hours of printing time and 70 hours of finishing time
available per week, and it will sell no more than 35 hoodies per week. Following
the structure of Example 2.1, define decision variables, compute the profit
coefficients, and write out the complete linear program that maximizes weekly
profit.

 
   [§2.1, Example 2.1]


 
Exercise 2.19: Smoothie Powders

 
    ⋆ 
A smoothie stand blends three supplement powders into its daily mix. Per scoop,
powder A costs $1.20 and provides 6 g of protein, 3 g of fiber, and 2 mg of iron;
powder B costs $0.80 and provides 4 g of protein, 2 g of fiber, and 3 mg of iron;
powder C costs $0.60 and provides 2 g of protein, 4 g of fiber, and 1 mg of iron. The
daily mix must contain at least 24 g of protein, 18 g of fiber, and 12 mg of
iron. Following the structure of Example 2.8, formulate an LP that meets
the requirements at minimum cost. Then solve it with software and verify
that the optimal mix uses exactly 2 scoops of each powder, at a cost of
$5.20.

 
   [§2.3, Example 2.8]

 
Core problems


 
Exercise 2.20: Chemical Manufacturing

 
     ⋆ ⋆ 
A specialty coatings plant makes three additives, labeled A, B, and C, as joint
outputs of two continuous production lines. Each hour that Line 1 runs costs $5 in
energy and labor and outputs 2 drums of A, 3 drums of B, and 1 drum of C. Each
hour that Line 2 runs costs $2 and outputs 1 drum of A and 2 drums of C (Line 2
cannot make B). Contracts require the plant to deliver at least 8 drums of A, 6
drums of B, and 5 drums of C each day. The plant manager wants a daily
operating schedule for the two lines that meets the contracts at the lowest
cost.

 
   Formulate a linear program for the manager’s problem. State your decision
variables clearly, including their units.

 
   [Hint: the decisions are how long to run each line, not how much of each chemical
to make. Once you choose those variables, both the cost and the output of each
chemical are linear expressions in them.]

 
   [§2.3, Example 2.8]

                                                                  

                                                                  

 
Exercise 2.21: E-Bike Showroom

 
     ⋆ ⋆ 
A showroom sells three e-bike models: commuter, cargo, and mountain. Each
commuter, cargo, and mountain bike on display requires, respectively, 2, 4, and 3
square meters of floor space; the showroom has 60 square meters available.
Selling one bike takes 2, 3, and 2 hours of staff time respectively, and 120
staff hours are available per month. Each sold bike also needs 1, 3, and 2
hours respectively in the assembly bay, which has 75 hours available per
month.

 
   If the profit (in dollars) per commuter, cargo, and mountain bike is 150, 300, and
240 respectively, how many of each model should the showroom plan to sell each
month to maximize profit, and what is the maximum profit?

 
   [§2.3, Example 2.6]


 
Exercise 2.22: Manufacturing Profit Problem

 
     ⋆ ⋆ 
A furniture workshop builds bookcases, desks, and cabinets. Every piece passes
through two workstations: a CNC router and a finishing station. The router is
available 200 hours per month and the finishing station 240 hours per month. The
table below shows the time requirements (in hours per unit) and profit per unit for
each product.
   
 
	
 
   ̲   ̲   ̲   ̲                          Bookcase    Desk    Cabinet    ̲   ̲   ̲   ̲     Router    1    2    3
  ̲   ̲   ̲   ̲        Finishing            2           2          4      
  ̲   ̲   ̲   ̲    Profit (dollars)        25         40        55       ̲   ̲   ̲   ̲      





Table 2.8: Time requirements (hours per unit) and profit per unit for each
product.

How many units of each product should be built to maximize profit, and what is the
maximum profit?
[§2.3, Example 2.7]
                                                                  

                                                                  


 
Exercise 2.23: Juice Bottling Plants

 
     ⋆ ⋆ 
A beverage company bottles three juices (apple, orange, and grape) at two
plants. The number of cases each plant bottles per day of operation is listed
below:
   
 
	
 
   ̲   ̲   ̲                Plant 1    Plant 2    ̲   ̲   ̲     Apple    30    10
  ̲   ̲   ̲    Orange       20          20     
  ̲   ̲   ̲     Grape       10          30       ̲   ̲   ̲      





Table 2.9: Cases of each juice bottled per day of operation at each plant.

A distributor has ordered at least 300 cases of apple, 320 cases of orange, and 180
cases of grape juice. If operating Plant 1 costs $3000 per day and operating Plant 2
costs $4500 per day, how many days should each plant operate to fill the order at
minimum cost, and what is the minimum cost?
[§2.3, Example 2.8]


 
Exercise 2.24: Quiz Grading Minimization

 
     ⋆ ⋆ 
Professor Wright gives three types of quizzes (objective, recall, and recall-plus) and
decides to give at least 20 quizzes next quarter. Each type of quiz requires the
students to spend extra preparation time: 
 
	
                                                                  

                                                                  
 
Objective: 10 minutes per quiz,  
Recall: 30 minutes per quiz,
Recall-plus: 60 minutes per quiz.
                                                                                        



   He wants students to spend at least 12 hours (720 minutes) in total preparation
for these quizzes (beyond normal study time).

 
   Average quiz scores are: 
 
	
 
                            Objective: 5,Recall: 6,Recall-plus: 7.



   He wants the total of all quiz scores to be at least 130 points.

 
   It takes the professor: 
 
	
 
1 minute to grade each objective quiz,  
2 minutes to grade each recall quiz,
3 minutes to grade each recall-plus quiz.
                                                                                        



   How many of each type should he give in order to minimize his own grading
time?

 
   [§2.3, Example 2.8]
                                                                  

                                                                  


 
Exercise 2.25: Campus Café Scheduling

 
     ⋆ ⋆ 
A campus café is open seven days a week. Each barista works four consecutive days
and then has three days off. The minimum number of baristas needed each day is:

 
	
 
   ̲   ̲   ̲   ̲   ̲   ̲   ̲   ̲    Day                     Mon    Tue    Wed    Thu    Fri    Sat    Sun  
  ̲   ̲   ̲   ̲   ̲   ̲   ̲   ̲     Baristas required      5       4       3       4      6      8      7     ̲   ̲   ̲   ̲   ̲   ̲   ̲   ̲      





Table 2.10: Minimum number of baristas needed each day of the week.

     	
  1. 
	Let  xi
     be  the  number  of  baristas  who  start  their  four-day  stretch  on  day  
     i
     (with the week wrapping around). Formulate an LP that minimizes the
     total number of baristas hired.
     
	
  2. 
	Solve the LP relaxation with software and verify that its optimal value is 
     28∕3 ≈ 9.33.
     
	
  3. 
	Explain why part (b) implies that every feasible whole-number staffing
     plan uses at least 10 baristas, and find a plan that uses exactly 10.


[§2.3, Example 2.10]

 
Concepts and connections

                                                                  

                                                                  

 
Exercise 2.26: Identify Linear Inequalities

 
     ⋆ ⋆ 
Which ones are linear inequalities? Can any be made into linear inequalities?

 

     
 
	
  1. 
	      x1 
x1+x2+x3  ≥ 0.5
     
	
  2. 
	  sin ⁡ x1 + x2 + x3 = 0.5
     
	
  3. 
	  ∑ ⁡
  i=1nai2xi ≥ b,where a1,a2,… ⁡,an,b are constant
     
	
  4. 
	  ∑ ⁡
  i=1naixi = b,where a1,a2,… ⁡,an,b are constant
     
	
  5. 
	  ∑ ⁡
  i=1naixi ≥ b,where a1,a2,… ⁡,an,b are constant


   [§2.2, Definition 2.3]


 
Exercise 2.27: Random Costs in the Objective

 
     ⋆ ⋆⋆  In
every model so far, the objective coefficients were fixed numbers. Now suppose each cost
coefficient  ci
is not known exactly; instead, you know its probability distribution. Propose a single
deterministic linear program whose solution is a sensible plan under this uncertainty,
and explain what your objective function represents.

 
   [Hint: if a lottery ticket pays some amount between $1 and $2 with all values equally
likely, what single number summarizes its worth to you? Apply the same summary to
each  ci.]

 
   [§2.2]


 
Exercise 2.28: Which Assumption Breaks?

 
     ⋆ ⋆ 
For each scenario below, name the linear programming assumption (proportionality,
additivity, divisibility, or certainty) that is most clearly violated, and explain your
choice in one sentence.
     
 
	
  1. 
	A supplier charges $5 per unit for the first 100 units and $4 per unit for
     every unit beyond 100.
                                                                  

                                                                  
     
	
  2. 
	Two advertising campaigns each raise sales on their own, but when both
     run in the same week they reach much of the same audience, so their
     combined effect is less than the sum of their separate effects.
     
	
  3. 
	An optimal delivery plan calls for 3.6 trucks.
     
	
  4. 
	A farmer’s planting model uses crop yields that depend on next summer’s
     rainfall.


Then answer: in scenario (a), does the violation cause any harm if the company is
certain to buy more than 100 units, and the model only needs to be accurate in that
range?

 
   [§2.2.1, Example 2.1]

 
Challenge problems


 
Exercise 2.29: Production with Rented Labor

 
     ⋆ ⋆⋆ 
A workshop makes three products, A, B, and C, with profits of $30, $45, and $24 per
unit. Each unit of A, B, C uses 2, 4, and 1 machine-hours, and at most 160
machine-hours are available per week. Each unit uses 3, 3, and 2 labor hours. The
workshop has 180 labor hours of its own, and here is the twist: it may also rent up to
30 additional labor hours from a staffing agency at $9 per hour, choosing the rented
amount as part of the plan.
     
 
	
  1. 
	Formulate this as an LP with variables  x1,x2,x3
     for production and  r
     for rented hours. Note where  r
     appears in the objective and where it appears in the constraints.
     
	
  2. 
	Solve the LP with software. Report the production plan, the number of
     rented hours, and the net profit.
     
	
  3. 
	Product C earns $24 using 2 labor hours, that is, $12 of profit per labor
     hour. Use this observation to explain in words why renting labor at $9 per
     hour must be worthwhile in an optimal plan.


   [§2.3, Example 2.7, §2.2.1]
                                                                  

                                                                  

 

   
 

   Selected Solutions 

Solution

 
   (Exercise 2.20) Let  x1
and  x2
be the daily running time (in hours) of Line 1 and Line 2. Each hour of Line 1 costs
$5 and each hour of Line 2 costs $2, and each contract becomes a lower-bound
constraint on total output:

 

            min ⁡              z = 5x1 + 2x2                                                           
             s.t.             2x1 + x2 ≥ 8                         (drums of A)                                                
                            3x1 ≥ 6                              (drums of B)                                                
                            x1 + 2x2 ≥ 5                         (drums of C)                                                
                            x1,x2 ≥ 0.                                                              
   
Solving (graphically or with software) gives 
x1 = 2 hours and 
x2 = 4 hours, with daily cost
 z∗ = 5(2) + 2(4) = $18. The A and B contracts
are met exactly ( 2(2) + 4 = 8 and 
3(2) = 6), while C is over-delivered:
the schedule produces  2 + 2(4) = 10
drums against the  5
required.

 
Solution

 
   (Exercise 2.26) Only (4) and (5) are linear as written: both have the form 
∑ ⁡
  iaixi compared to
a constant. (An equation like (4) is fine in a linear program; it is equivalent to the pair of
inequalities  ∑ ⁡
  iaixi ≥ b
                                                                  

                                                                  
and  ∑ ⁡
  iaixi ≤ b.)
Inequality (1) is not linear because the variables appear in a ratio, but it can be made linear:
if we know  x1 + x2 + x3 > 0,
multiplying both sides by the denominator gives 
x1 ≥ 0.5(x1 + x2 + x3), that is, 
0.5x1 − 0.5x2 − 0.5x3 ≥ 0. Inequalities (2) and
(3) cannot be repaired:  sin ⁡ x1
and  2xi
are nonlinear functions of the variables, and no algebraic rearrangement removes
them.

 
Solution

 
   (Exercise 2.22) Let  x1,x2,x3
be the number of bookcases, desks, and cabinets built per month. Each workstation’s
hours give one constraint:

 

           max ⁡            z = 25x1 + 40x2 + 55x3                                                    
            s.t.            x1 + 2x2 + 3x3 ≤ 200                       (router)                                              
                          2x1 + 2x2 + 4x3 ≤ 240                      (finishing)                                            
                          x1,x2,x3 ≥ 0.                                                            
   
The optimal solution is  x1 = 40
bookcases,  x2 = 80
desks,  x3 = 0
cabinets, with maximum profit $4200. Both workstation constraints are binding,
and it is not worth building cabinets: a cabinet earns $55 but uses more
router and finishing time than the combination of bookcases and desks it
displaces.

 
Solution

 
   (Exercise 2.23) Let  x1
and  x2
                                                                  

                                                                  
be the number of days that Plant 1 and Plant 2 operate. We minimize operating cost
subject to filling the order:

 

            min ⁡             z = 3000x1 + 4500x2                                                       
             s.t.             30x1 + 10x2 ≥ 300                          (apple)                                                 
                            20x1 + 20x2 ≥ 320                          (orange)                                                
                            10x1 + 30x2 ≥ 180                          (grape)                                                 
                            x1,x2 ≥ 0.                                                               
   
The optimal solution is  x1 = 15
days and  x2 = 1
day, with minimum cost $49,500. At this point the orange and
grape constraints are binding, while apple juice is overproduced (
460 ≥ 300
cases).

 
Solution

 
   (Exercise 2.18) Let  x1 be
the number of hoodies and  x2
the number of posters produced per week. The profit per hoodie is 
$30 − $18 = $12 and the profit
per poster is  $8 − $3 = $5,
so the model is
                                                                  

                                                                  

 

             max ⁡              z = 12x1 + 5x2                                                            
              s.t.              3x1 + x2 ≤ 120                          (printing)                                                    
                              x1 + x2 ≤ 70                            (finishing)                                                    
                              x1 ≤ 35                                (market)                                                     
                              x1,x2 ≥ 0.                                                                
   
The optimal solution is  x1 = 25
hoodies and  x2 = 45
posters, where the printing and finishing constraints intersect, with weekly profit 
12(25) + 5(45) = $525.
Producing the maximum 35 hoodies is not optimal: it leaves only 
120 − 105 = 15
printing hours for posters, and the profit drops to 
12(35) + 5(15) = $495.

 
Solution

 
   (Exercise 2.29) Hint: rented hours enter the objective as a cost, 
 − 9r,
and enter the labor constraint as extra capacity, 
3x1 + 3x2 + 2x3 ≤ 180 + r with 
0 ≤ r ≤ 30. Since
product C converts each labor hour into $12 of profit and rented hours cost only
$9, an optimal plan rents all 30 hours. Software gives the optimal plan 
x1 = 0, 
x2 = 22, 
x3 = 72, 
r = 30,
with both the machine and labor constraints binding and net profit 
45(22) + 24(72) − 9(30) = $2448.
                                                                  

                                                                  
   
 



    

   


   Chapter 3
Software - Excel   

Learning Outcomes
   
 

     
     	
     Learn relevant Excel functions
     
 


     	
     Set up linear programs in Excel
     
 


     	
     Solve linear programs in Excel
 



   3.1    Using Excel Solver 

Excel Solver is a powerful tool for solving optimization problems with linear and
nonlinear constraints. Before diving into using Solver, it is essential to understand
some basic Excel functions and techniques that are commonly used when setting up
optimization problems. These functions help organize data, compute intermediate
values, and define objective functions and constraints.

 

   
 

   3.1.1    Useful Excel Functions and Techniques 

Using Formulas in Cells 
   In Excel, formulas begin with an equals sign (=). For example, typing =A1+B1 in a
cell will calculate the sum of the values in cells A1 and B1.
   
 

SUM() 
   The SUM() function adds a range of numbers. For example, =SUM(A1:A10)
calculates the sum of all values in the range A1 to A10.
                                                                  

                                                                  
   
 

SUMPRODUCT() 
   The SUMPRODUCT() function multiplies corresponding elements in two or more arrays
and returns the sum of those products. This is particularly useful for computing dot
products or weighted sums. For example, =SUMPRODUCT(A1:A10, B1:B10) computes 
∑ ⁡
  i=110AiBi.
   
 

COUNT() 
   The COUNT() function counts the number of numeric entries in a range. For
example, =COUNT(A1:A10) returns the number of numeric cells in the range A1 to
A10.
   
 

COUNTIF() 
   The COUNTIF() function counts the number of cells in a range that meet a specific
condition. For example, =COUNTIF(A1:A10, ">5") counts the number of cells in
A1:A10 with values greater than 5.
   
 

Duplicating Formulas Across Rows or Columns 
   To apply a formula to multiple cells, you can drag the fill handle (a small square
at the bottom-right corner of the selected cell) across the desired range. Excel
automatically adjusts cell references based on the relative position (relative
referencing). To keep a reference constant, use the dollar sign ($) in the cell
reference (absolute referencing). For example, $A$1 always refers to cell
A1.
   
 

Conditional Formatting 
   Conditional formatting allows you to highlight cells that meet specific criteria. For
example, you can format cells with values above a threshold in bold or a particular
color to identify important data visually.
   
 

Data Validation 
   Data validation helps restrict the type of data entered in a cell. For example, you
can set a rule that only allows numbers within a specific range or text from a
predefined list.
                                                                  

                                                                  
   
 

Naming Ranges 
   Naming ranges makes formulas easier to read and maintain. Instead of
=SUM(A1:A10), you can name the range "Sales" and write =SUM(Sales).
   
 

Using Logical Functions 
   Logical functions like IF(), AND(), and OR() are helpful for decision-making
within formulas. For example, =IF(A1>10, "High", "Low") returns “High” if A1 is
greater than 10, and “Low” otherwise.

 
   With these foundational tools, setting up optimization problems becomes
much more manageable. In the next section, we will explore how to use these
functions in combination with Excel Solver to define and solve optimization
models.

 

   
 

   3.1.2    How to Use Excel Solver 

Excel Solver is a powerful add-in that allows users to define and solve optimization
problems. This section provides a step-by-step guide on how to effectively layout data
and use Solver for optimization.
   
 

Step 1: Layout the Data 
   Organizing your data clearly is crucial for using Solver effectively. Use color
coding to distinguish between different types of cells: 
 

     
     	
     Data: Cells containing fixed input values, such as coefficients or constants,
     should be highlighted in 50!white!//light blue.
     
 


     	
     Variables: Cells representing decision variables should be highlighted in
     yellow.
     
 


     	
     Formulas:  Cells  with  formulas,  such  as  the  objective  function  or
     summarizing constraints values should be highlighted in 50!white!//light
     green.
 



                                                                  

                                                                  
Other color combinations are also acceptable, as long as they consistently distinguish
between these components.

 
[image: Excel spreadsheet layout for a linear programming problem showing the objective function using SUMPRODUCT, decision variables, objective coefficients, and constraints.]



 
Figure 3.1: Excel spreadsheet showing the recommended Solver layout: data
cells (coefficients, right-hand...                                        
Step 2: Define the Objective Function 
   Identify the cell that represents the objective function. This cell should contain a
formula that calculates the value to be maximized or minimized, such as total profit
or cost.
   
 

Step 3: Set Up Constraints 
   Clearly specify the constraints of the problem. Constraints can be represented
using formulas that involve the variables, coefficients, and right-hand side values.
For example, a constraint ensuring that total production does not exceed
capacity can be written as =SUMPRODUCT(Production, Coefficients) <=
Capacity.
   
 

Step 4: Open Solver 
   Ensure Solver is enabled in Excel. If not, you can activate it by navigating to
File > Options > Add-Ins > Manage Excel Add-ins and checking the box for
Solver.

 
   Once Solver is enabled, go to Data > Solver to open the Solver
Parameters dialog box. [image: Excel ribbon Data tab with the Solver button highlighted in the Analysis Tools section on the far right.]



 
Figure 3.2: Screenshot of Excel’s Data ribbon with the Solver button highlighted
on the right side of the...                                             
Step 5: Define Solver Parameters 
   In the Solver Parameters dialog box: 
 

     
     	
     Set the Objective to the cell containing the objective function.
                                                                  

                                                                  
     
 


     	
     Choose Max or Min to indicate whether the objective is to be maximized
     or minimized.
     
 


     	
     Specify the Variable Cells by selecting the range of cells representing
     decision variables.
     
 


     	
     Add Constraints by specifying the relationship (e.g., <=, >=, =) and the
     cells involved.
     
 


     	
     When the variables are non-negative, you can select Make Unconstrained
     Variables Non-Negative.
 



[image: Excel Solver Parameters dialog box configured with objective cell, variable cells, constraints, non-negativity option, and Simplex LP method selected.]



 
Figure 3.3: Solver Parameters dialog with fields filled in: Set Objective cell,
Max/Min selector, By Changing...                                     
Step 6: Choose a Solving Method 
   Solver provides three solving methods: 
 

     
     	
     GRG Nonlinear: For smooth nonlinear problems.
     
 


     	
     Simplex LP: For linear programming problems.
     
 


     	
     Evolutionary:  For   non-smooth   problems   or   those   with   integer
     constraints.
 



Select the method that matches the problem type. [image: Excel Solver dropdown menu showing three solving method options: GRG Nonlinear, Simplex LP (selected), and Evolutionary.]


                                                                  

                                                                  

 
Figure 3.4: Close-up of the Select a Solving Method dropdown in the Solver
Parameters dialog, showing the three...                                 
Step 7: Solve the Problem 
   Click Solve to run Solver. If Solver finds a solution, it will display the results and
allow you to keep or discard them. Analyze the solution to ensure it meets the
problem’s requirements.

 
[image: Excel Solver Results dialog box indicating a solution was found with all constraints satisfied, showing options for reports including Answer, Sensitivity, and Limits.]



 
Figure 3.5: Solver Results dialog that appears after solving, offering Keep Solver
Solution or Restore Original...                                         
Step 8: Interpret the Results 
   Review the values of the decision variables and the objective function. Check that
all constraints are satisfied and assess the solution’s feasibility and quality.

 

     
     	
     Answer report [image: Microsoft Excel Solver Answer Report showing optimization results with objective cell value, decision variable values, and constraint status information.]



 
Figure 3.6: Excel Answer Report worksheet generated by Solver, listing the
objective cell’s original and final...                                     
     

     	
     Sensitivity report [image: Microsoft Excel Solver Sensitivity Report displaying variable cells with final values, reduced costs, objective coefficients, and allowable increase/decrease ranges.]



 
Figure 3.7: Excel Sensitivity Report worksheet with a Variable Cells table (final
value, reduced cost...                                                
     

     	
     Solution on spreadsheet [image: Excel spreadsheet showing the solved linear programming problem with optimal objective value, decision variable values, and constraint resources used.]



 
Figure 3.8: Excel spreadsheet after Solver has run, with the yellow variable cells
now populated with optimal...                                         
     


                                                                  

                                                                  
Resources

 
   Examples and guides 
 

     
     	
     Installing Excel Solver on Windows
     
 


     	
     https://www.excel-easy.com/data-analysis/solver.html
     
 


     	
     Excel Solver - Introduction on Youtube
     
 


     	
     Some notes from MIT
 



Some videos 
 

     
     	
     Solving a linear program
     
 


     	
     Optimal product mix
     
 


     	
     Set Cover
     
 


     	
     Introduction to Designing Optimization Models Using Excel Solver
     
 


     	
     Traveling Salesman Problem
     
 


     	
     Also Traveling Salesman Problem
                                                                  

                                                                  
     
 


     	
     Multiple Traveling Salesman Problem
     
 


     	
     Shortest Path
     
 



Some other links 
 

     
     	
     Loan Example
     
 


     	
     Several Examples including TSP
 



Try it out visually!

 
   Excel Solver Walkthrough: cells, formulas, and the Solver dialog on a small
LP.

 

   
 

   3.2    Exercises 

Warm-ups


 
Exercise 3.1: Solver Rerun: Minimum-Cost Network Flow

 
    ⋆  This
exercise mirrors Example 4.10 (Minimum-Cost Network Flow). Download the Excel
workbook linked in that example and change only the cost data: shipping now costs 
3 per unit from Warehouse 1
to Store 1,  7 from Warehouse
1 to Store 2,  4 from
Warehouse 2 to Store 1, and  2
from Warehouse 2 to Store 2. The supplies (
20 and 
30), demands
( 25 and 
                                                                  

                                                                  
25), and route
capacities ( 15,
 10, 
20, 
20) are
unchanged.
     
 
	
  1. 
	Re-solve with the Simplex LP method and report the optimal flow on each
     of the four routes.
     
	
  2. 
	As a check, the minimum cost is  160.
     Which routes are at capacity?


   [§3.1, Example 4.10]


 
Exercise 3.2: Solver Rerun: Production Planning over 10 Periods

 
    ⋆ 
This exercise mirrors Example 4.2 (Production Planning with 10 Periods). Download
the Excel workbook linked in that example. Keep the production costs 
(10,12,… ⁡,28), the holding cost
of  5, and the initial
inventory  s0 = 5, but replace
the demands with  (6,9,7,8,5,10,7,6,8,4).
     
 
	
  1. 
	Update the demand cells and re-solve with the Simplex LP method. Report
     the production plan and the total cost. As a check, the minimum cost is 
     1252.
     
	
  2. 
	The  optimal  plan  carries  no  inventory  between  periods.  Explain  why,
     by  comparing  the  holding  cost  with  the  period-to-period  increase  in
     production cost.


   [§3.1, Example 4.2]

 
Core problems


 
Exercise 3.3: Diet Problem in Excel

 
     ⋆ ⋆ 
A student on a tight budget is planning one day of meals from the five pantry staples
below. The table gives the cost and nutrition data per serving. 
 

                                                                  

                                                                  



 
 	
	
	
	
	
	

	             
 
	 Price       
  ($)
  per
  serving      
 
	 Calories
  per
  serving      
 
	 Fat        
  (g)
  per
  serving     
 
	 Protein   
  (g)
  per
  serving     
 
	 Carbohydrate
  
  (g)
  per serving   
 


	
	
	
	
	
	

	 Oatmeal         
 
	 
 0.25  
 
	 150           
 
	 
 3.0  
 
	 
 5.0  
 
	 27              
 


	 Whole milk     
 
	 
 0.30  
 
	 149           
 
	 
 8.0  
 
	 
 8.0  
 
	 12              
 


	 Brown rice      
 
	 
 0.18  
 
	 216           
 
	 
 1.8  
 
	 
 5.0  
 
	 45              
 


	 Black beans     
 
	 
 0.40  
 
	 227           
 
	 
 0.9  
 
	 15           
 
	 41              
 


	 Almond
  butter            
 
	 
 0.45  
 
	 196           
 
	 18           
 
	 
 7.0  
 
	 6                
 


	
	
	
	
	
	

	              





Table 3.1: Cost and nutrition data per serving for the five pantry staples.



Choose (possibly fractional) numbers of servings of each food so that the day’s totals
satisfy all of the following requirements at the lowest possible grocery cost:

 

     
     	
     calories must be at least 2200,
     
 


     	
     fat must be at least  60 g,
     
 


     	
     protein must be at least  90 g,
     
 


     	
     carbohydrates must be at least  300 g.
 



Formulate the LP that finds the cheapest plan meeting every requirement.

 
   Solve this problem using Excel Solver. Provide a screenshot of your spreadsheet
with the optimal solution.

 
   [§3.1]

                                                                  

                                                                  

 
Exercise 3.4: Production Planning in Excel

 
     ⋆ ⋆ 
A small factory produces two products: widgets and gadgets. Each widget
earns $8 in profit and each gadget earns $6. Production is limited by two
resources:
   
 




 
 	                  	 Widget  	 Gadget  	 Available  

	
	
	
	

	 Machine time (hrs)  	    2       	    1       	     40       

	  Raw material (kg)  	    1       	    2       	     30       

	                  





Table 3.2: Resource usage per unit and availability for widgets and gadgets.



   Both products require nonnegative production quantities.

 

     
 
	
  1. 
	Set up this problem in Excel, clearly color-coding data cells (blue), variable
     cells (yellow), and formula cells (green).
     
	
  2. 
	Solve using Excel Solver with the Simplex LP method. Report the optimal
     production quantities and maximum profit.
     
	
  3. 
	Generate a Sensitivity Report. Using the report, answer: if the profit per
     widget increases to $9, does the optimal production plan change?


   [§3.1]


 
Exercise 3.5: Transportation Problem in Excel

 
     ⋆ ⋆ 
A company has two warehouses (W1 and W2) that supply three retail stores (S1, S2,
S3). The shipping cost per unit, supply at each warehouse, and demand at each store
are given below:
   
 



                                                                  

                                                                  

 
 	          	 S1  	 S2  	 S3  	 Supply  

	
	
	
	
	

	    W1      	 $4  	 $8  	 $1  	    60      

	    W2      	 $6  	 $3  	 $5  	    50      

	
	
	
	
	

	 Demand  	 30  	 40  	 40  	         

	          





Table 3.3: Shipping cost per unit, warehouse supplies, and store demands.




     
 
	
  1. 
	Set up a transportation model in Excel with decision variables representing
     the number of units shipped from each warehouse to each store.
     
	
  2. 
	Solve  using  Excel  Solver  to  minimize  total  shipping  cost.  Report  the
     optimal shipping plan and minimum cost.


   [§3.1, §4.5]


 
Exercise 3.6: Product Mix with a Sensitivity Report

 
     ⋆ ⋆ 
A furniture shop makes tables, chairs, and desks with profits of $70, $50, and $90 per
item. Weekly resources are 240 hours of carpentry, 100 hours of finishing, and 2000
board-feet of wood:
   
 




 
 	               	 Table  	 Chair  	 Desk  	 Available  
	
	
	
	
	

	 Carpentry (hrs)  	   4     	   3     	   6     	    240      

	  Finishing (hrs)  	   2     	   1     	   3     	    100      

	  Wood (bd-ft)   	   30    	   20     	   40    	    2000      

	               





Table 3.4: Resource requirements per item and weekly availability for tables,
chairs, and desks.



   Production quantities may be fractional.
     
 
	
  1. 
	Set up the LP in Excel with color-coded data, variable, and formula cells,
     and solve with the Simplex LP method. Report the production plan and
     the maximum profit. As a check, the maximum profit is $4100.
                                                                  

                                                                  
     
	
  2. 
	Generate a Sensitivity Report. Report the shadow price of each resource
     and state which constraints are binding.
     
	
  3. 
	Using only the report, decide: is it worth paying $10 per hour for additional
     finishing time?
     
	
  4. 
	The report lists an allowable increase for the desk profit coefficient. If the
     profit per desk rises to $100, does the production plan change? What if it
     rises to $110?


   [§3.1]


 
Exercise 3.7: Unbalanced Transportation with a Sensitivity Report

 
     ⋆ ⋆ 
Three plants supply three cities. Plant capacities are 70, 50, and 40 units; city
demands are 50, 60, and 40 units, so total supply exceeds total demand. Shipping
costs per unit are:
   
 




 
 	          	 C1  	 C2  	 C3  	 Supply  

	
	
	
	
	

	    P1      	 $4  	 $5  	 $7  	    70      

	    P2      	 $6  	 $3  	 $2  	    50      

	    P3      	 $5  	 $8  	 $4  	    40      

	
	
	
	
	

	 Demand  	 50  	 60  	 40  	         

	          





Table 3.5: Shipping costs per unit, plant capacities, and city demands.




     
 
	
  1. 
	Set up the model in Excel with supply constraints as   ≤
     and demand constraints as   =,
     and solve with the Simplex LP method. Report the shipping plan and the
     minimum cost. As a check, the minimum cost is $560.
     
	
  2. 
	Which plant does not ship its full capacity, and how many units stay there?
                                                                  

                                                                  
     
	
  3. 
	Generate a Sensitivity Report. Report the shadow price of each supply
     constraint and interpret the sign of the nonzero one: what would one extra
     unit of capacity at that plant be worth?


   [§3.1, §4.5]

 
Concepts and connections


 
Exercise 3.8: Simplex LP versus GRG Nonlinear

 
     ⋆ ⋆ 
Solver’s dialog offers three solving methods: Simplex LP, GRG Nonlinear, and
Evolutionary.
     
 
	
  1. 
	Describe what class of problems each of Simplex LP and GRG Nonlinear
     is designed for.
     
	
  2. 
	If your model is a linear program, why should you choose Simplex LP
     rather  than  GRG  Nonlinear,  even  though  both  may  return  the  same
     answer? Consider the guarantee on the solution (global versus possibly
     local optimum) and the contents of the Sensitivity Report.
     
	
  3. 
	Suppose you select Simplex LP but one of your constraint cells contains
     the formula =B2*B3, where both B2 and B3 are variable cells. What will
     Solver do, and why?
     
	
  4. 
	Give an example of an objective function for which GRG Nonlinear is
     appropriate and Simplex LP is not.


   [§3.1]

 
Challenge problems


 
Exercise 3.9: When a Variable Must Go Negative

 
     ⋆ ⋆⋆ 
An investor has $100 (in thousands) to split between fund A, which returns 5%, and
fund B, which returns 12%. The broker allows short selling fund A: the investor may
hold a negative amount of A and use the proceeds to buy more of B. Margin rules
cap the holding in B at $140. The model is
                                                                  

                                                                  

 

                max ⁡                0.05xA + 0.12xB                                      
               s.t.                 xA + xB = 100                                        
                                   xB ≤ 140,xB ≥ 0,xA free.                              
   

     
 
	
  1. 
	Set  up  the  model  in  Excel  and  solve  with  the  Simplex  LP  method,
     leaving Make Unconstrained Variables Non-Negative checked. Report
     the solution.
     
	
  2. 
	Now uncheck Make Unconstrained Variables Non-Negative, add the
     constraint  xB ≥ 0
     explicitly, and re-solve. Report the new solution.
     
	
  3. 
	Explain exactly what the checkbox does and why it must be unchecked
     for this model. What risk do you take on for other variables when you
     uncheck it?


[§3.1]

 

   
 

   Selected Solutions 

Solution

 
   (Exercise 3.4) Let  x1
and  x2
be the number of widgets and gadgets produced. The LP behind the spreadsheet
is
                                                                  

                                                                  

 

            max ⁡             z = 8x1 + 6x2                                                             
            s.t.              2x1 + x2 ≤ 40                        (machine time)                                                
                            x1 + 2x2 ≤ 30                        (raw material)                                                 
                            x1,x2 ≥ 0.                                                                
   
In Excel, put the two variables in yellow cells, compute the objective and
the two constraint left-hand sides with SUMPRODUCT in green cells, and add
the constraints in Solver with the Simplex LP method. Solver returns 
x1 = 50∕3 ≈ 16.67 widgets and 
x2 = 20∕3 ≈ 6.67 gadgets with
maximum profit  520∕3 ≈ $173.33;
both resource constraints are binding. For part 3, the Sensitivity Report shows the
allowable increase for the widget profit coefficient. Raising it from $8 to $9 stays
within the allowable range, so the optimal production plan does not change — only
the profit does, rising to $190. (Geometrically, the objective slope stays between
the slopes of the two binding constraints, so the same corner point remains
optimal.)

 
Solution

 
   (Exercise 3.5) Let  xij ≥ 0
be the number of units shipped from warehouse 
i to store 
j. A natural Excel
layout is a  2 × 3
grid of yellow variable cells mirroring the cost table, with row sums compared to
supply and column sums compared to demand:
                                                                  

                                                                  

 

   min ⁡    z = 4x11 + 8x12 + x13 + 6x21 + 3x22 + 5x23                        
   s.t.    x11 + x12 + x13 ≤ 60                           (supply W1)            
          x21 + x22 + x23 ≤ 50                           (supply W2)            
          x11 + x21 = 30,x12 + x22 = 40,x13 + x23 = 40      (demands)             
          xij ≥ 0.                                                      
   
Total supply equals total demand (110 units), so both supplies are used fully. Solver finds the
optimal plan  x11 = 20,
 x13 = 40, 
x21 = 10, 
x22 = 40 (all
other routes unused), with minimum cost $300: each warehouse ships everything it
can along its cheapest routes (W1 to S3, W2 to S2), and store S1’s demand is split to
make the supplies balance.

 
Solution

 
   (Exercise 3.9) With the checkbox checked, Solver silently adds 
xA ≥ 0 and 
xB ≥ 0, so the best it
can do is  xA = 0,
 xB = 100, for a
return of  0.05 ⋅ 0 + 0.12 ⋅ 100 = 12
(that is, $12,000). With the checkbox unchecked and 
xB ≥ 0 added as an explicit
constraint, Solver finds  xA = −40,
 xB = 140: the
investor shorts $40 of fund A to push fund B to its margin cap, earning 
0.05(−40) + 0.12(140) = 14.8,
or $14,800. The checkbox applies a lower bound of zero to every decision
variable that has no explicit lower bound in the constraint list. Short
selling is exactly a negative holding, so that hidden bound cuts off the
optimal solution. The risk when unchecking is that all other variables also
lose the automatic bound: any variable that should be non-negative (here 
xB) must now
get its own   ≥ 0
constraint, or Solver may return meaningless negative values for it.
                                                                  

                                                                  
   
 



    

   


   Chapter 4
Modeling with Compact Notation   

Learning Outcomes
   
 

     
     	
     Review summation notation
     
 


     	
     Work on Sets, Parameters, Variables, and Model
     
 


     	
     Write compact formulations for linear programs
 



     
     The models of the previous chapters fit on an index card: two or
     three variables, a handful of constraints, every coefficient written
     out by hand. Now imagine your client is a grocery chain: 40,000
     products, 200 stores, 52 weeks of demand. Nobody, however patient,
     writes  out  that  objective  function  term  by  term.  And  when  next
     year’s data arrive, nobody wants to retype the model. The notation of
     this chapter (sets, parameters, and summations) is how one page of
     mathematics describes a million-variable model, and how the same
     page describes it again next year when every number has changed.
 


   A Brief Review of Summation Notation and Its Relation to Vector Products


Summation notation is a concise way to express the addition of a series of terms. It is
commonly written as 
 
	
                                                                  

                                                                  
 
                               ∑
  i=mnexpression involving i,



   where  i is the index
of summation,  m is the
starting index, and  n
is the ending index.

 
   1. Sum of  xi:

 
	
 
                                ∑
  i=1nx
i = x1 + x2 + ⋯ + xn.



   In vector terminology, if we let  x
be an  n-dimensional
vector, 
 
	
 
x =   [  x1  
   x2  
    ⋮ ⁡    x
n                                                                                                   ] ,



   then  ∑ ⁡
  i=1nxi represents the
sum of all components of  x.
                                                                  

                                                                  

 
   2. Sum of  aixi:

 
	
 
                          ∑
  i=1na
ixi = a1x1 + a2x2 + ⋯ + anxn.



   This expression is the dot product (or inner product) of two 
n-dimensional
vectors  a
and  x,
where 
 
	
 
a =   (  a1  
   a2  
    ⋮ ⁡    a
n                                                                                                   ) .



   In vector notation, the dot product is written as: 
 
	
                                                                  

                                                                  
 
                                  a⊤ ⁡x = a ⋅x = ∑
  i=1na
ixi.



   This product yields a scalar value that combines the corresponding components of
the two vectors.

 

   
 

   Notes on Sets, Indices, and Summation 

When modeling with compact notation, sets help organize the problem and clearly
indicate which indices appear in sums and constraints.

 
   We typically denote sets with uppercase letters and use the corresponding
lowercase letter as the index.


 
Example 4.1: Summing over a set

 
   Let  I
be the set of months in the year: 
 
	
 
                                        I = {1,2,3,… ⁡,12}.



   We can write a sum over all months in two equivalent ways: 
 
	
                                                                  

                                                                  
 
                                  ∑
  i∈Iaixior ∑
  i=112a
ixi.



Multiple Sets and Multiple Indices. Sometimes, variables are indexed over two
or more sets. For example, let: 
 
	
 
                                   J = {’red’,’green’,’blue’}



   and suppose we have a variable  yij
indexed by both  i ∈ I
(months) and  j ∈ J
(colors).

 
   If, for each color  j,
the sum of  yij
over all months must equal 1, we write: 
 
	
 
                                      ∑
  i∈Iyij = 1∀ ⁡j ∈ J.



                                                                  

                                                                  
   This single compact expression actually represents three constraints—one for
each color—where in each case, 12 monthly variables are summed to equal
1.

 
Important Rule: Every Index Must Be Defined. In any mathematical
expression, every index must appear either:
     
 
	
  1. 
	in a summation, or
     
	
  2. 
	in a “for all” ( ∀ ⁡)
     quantifier.


   In the above example,  yij
uses both indices  i
and  j.

 

     
     	
     The summation  ∑ ⁡
  i∈I
     defines  i.
     
 


     	
     The “for all” statement  ∀ ⁡j ∈ J
     defines  j.
 



Without these definitions, the mathematical meaning of the expression would be
incomplete or ambiguous.


 
Learning Checkpoint 4.0.1

 
   Consider the incorrect formulation: 
 
	
 
                                           ∑
  i∈Iyij = 1



                                                                  

                                                                  
   Write down what is missing from this statement to make it mathematically
complete. Which index is undefined, and how should it be introduced?

 

   
 

   4.1    Production Planning Models 


   
 

   Production Planning Model (for  T
Periods) 




 
[image: Schematic of a multi-period production network: gray circles labelled 1, 2, ..., T-1, T. Up-arrows show production x_t; down-arrows show demand d_t; horizontal arrows show inventory s_0 in, s_1, ..., s_{T-1} between nodes, s_T out. Rows labelled Production, Inventory, Demand.]



 
Figure 4.1: Schematic of a multi-period production network: gray circles labelled
1, 2, ..., T-1, T.                                                     


Sets: 
 

     
     	
      t ∈{1,2,… ⁡,T}:
     Periods in the planning horizon.
 



Parameters: 
 

     
     	
      ctprod:
     Production cost per unit in period  t
     (for  t = 1,… ⁡,T).
     
 


     	
      cinv:
     Inventory holding cost per unit carried from one period to the next.
                                                                  

                                                                  
     
 


     	
      dt:
     Demand in period  t.
     
 


     	
      s0:
     Initial inventory available at the start of period 1.
 



Variables: 
 

     
     	
      xt:
     Number of units produced in period  t.
     
 


     	
      st:
     Inventory level at the end of period  t.
 



Model:

 

  min ⁡ x,s  z = ∑
  t=1T (c
tprodx
t + cinvs
t )                                (Total cost)
   s.t.     s0 + x1 = d1 + s1                                (Period 1 balance)
          st−1 + xt = dt + st            for all t = 2,… ⁡,T                        (Inventory balance)
          xt ≥ 0,st ≥ 0                 for all t = 1,… ⁡,T.                        
   

                                                                  

                                                                  
Example 4.2: Production Planning with 10 Periods (
T = 10)

 
   [Excel] [PuLP] [Gurobipy]

 
   Initial Inventory: 
 
	
 
                                            s0 = 5units



Data: (Download the data) 
 




 

 	       Parameter           	  1   	  2   	  3   	  4   	  5   	  6   	  7   	  8   	  9   	 10

	Production Cost ($ per unit)  	 10  	 12  	 14  	 16  	 18  	 20  	 22  	 24  	 26  	 28

	     Demand (units)          	  8   	  6   	  9   	  7   	 10  	  5   	  8   	  6   	  4   	  7 


	                         





Table 4.1: Production planning data for the ten-day horizon.



   Inventory Holding Cost: 
 
	
 
                                         cinv = 5per unit



                                                                  

                                                                  
Variables: 
 

     
     	
      xt:
     Number of units produced in period  t.
     
 


     	
      st:
     Inventory level at the end of period  t.
 



Model:

 

min ⁡ x,sz = 10x1 + 12x2 + 14x3 + 16x4 + 18x5 + 20x6 + 22x7 + 24x8 + 26x9 + 28x10
       + 5(s1 + s2 + s3 + s4 + s5 + s6 + s7 + s8 + s9 + s10)                    (Total cost)
 s.t.   5 + x1 = 8 + s1                                                   (Period 1)
      s1 + x2 = 6 + s2                                                  (Period 2)
      s2 + x3 = 9 + s3                                                  (Period 3)
      s3 + x4 = 7 + s4                                                  (Period 4)
      s4 + x5 = 10 + s5                                                 (Period 5)
      s5 + x6 = 5 + s6                                                  (Period 6)
      s6 + x7 = 8 + s7                                                  (Period 7)
      s7 + x8 = 6 + s8                                                  (Period 8)
      s8 + x9 = 4 + s9                                                  (Period 9)
      s9 + x10 = 7 + s10                                                 (Period 10)
      xt ≥ 0,st ≥ 0 for all t = 1,… ⁡,10.                                     
   
                                                                  

                                                                  

   
 

   Production Planning with Overtime 

A manufacturing firm seeks to optimize its production schedule over a 
T-day planning
horizon to meet daily demand while minimizing costs. The firm starts with an initial
inventory of  s0
units. Production can be carried out during regular time and via overtime. The costs
are as follows: 
 

     
     	
     Regular production cost:  ctprod
     dollars per unit on day  t.
     
 


     	
     Overtime production cost:  ctover
     dollars per unit on day  t.
     
 


     	
     Inventory cost:  cinv
     dollars per unit carried over from one day to the next.
 



   The goal is to determine the number of units to produce during regular time and
overtime on each day, and the inventory levels, in order to minimize the total cost
while satisfying daily demand.

 
Sets: 
 

     
     	
     Days of production  = {1,2,… ⁡,T}.
 



Parameters: 
 

     
     	
      ctprod:
     Regular production cost per unit on day  t
     (for  t = 1,… ⁡,T).
     
 


     	
      ctover:
     Overtime production cost per unit on day  t
     (for  t = 1,… ⁡,T).
                                                                  

                                                                  
     
 


     	
      cinv:
     Inventory holding cost per unit carried to the next day.
     
 


     	
      dt:
     Demand on day  t.
     
 


     	
      s0:
     Initial inventory at the start of day 1.
 



Variables: 
 

     
     	
      xt:
     Number of units produced in regular time on day  t.
     
 


     	
      yt:
     Number of units produced in overtime on day  t.
     
 


     	
      st:
     Inventory at the end of day  t.
 



Model:
                                                                  

                                                                  

 

      min ⁡       ∑
  t=1T (c
tprodx
t + ctovery
t + cinvs
t )                                      (Total cost)
       s.t.       s0 + x1 + y1 = d1 + s1                                                (Day 1 balance)
                st−1 + xt + yt = dt + st                     for all t = 2,… ⁡,T                        
(Inventory balance)
                xt,yt,st ≥ 0                               for all t = 1,… ⁡,T.                        
   

                                                                  

                                                                  


 
Example 4.3: Production Planning with Overtime (
T = 10)

 
   [Excel] [PuLP] [Gurobipy]

 
   Consider a 10-day planning horizon (
T = 10) with
the following data:

 
Data:
   
 




 

 	       Parameter           	  1   	  2   	  3   	  4   	  5   	  6   	  7   	  8   	  9   	 10

	 Regular Production Cost ($)   	 10  	 12  	 14  	 16  	 18  	 20  	 22  	 24  	 26  	 28

	Overtime Production Cost ($)  	 16  	 18  	 20  	 22  	 24  	 26  	 28  	 30  	 32  	 34

	      Demand (units)           	  8   	  6   	  9   	  7   	 10  	  5   	  8   	  6   	  4   	  7 


	                          





Table 4.2: Production planning data with overtime for the ten-day horizon.

Download Data

   Assume the following additional parameters: 
 

     
     	
     Inventory cost:  cinv = 5
     dollars per unit.
     
 


     	
     Initial inventory:  s0 = 0
     units.
 



Variables: 
 

     
     	
      xt:
     Regular production on day  t.
     
 


     	
      yt:
     Overtime production on day  t.
                                                                  

                                                                  
     
 


     	
      st:
     Inventory at the end of day  t.
 



Model:

 

       min ⁡        10x1 + 16y1 + 5s1                                                (Total cost)
                   + 12x2 + 18y2 + 5s2                                              
                   + 14x3 + 20y3 + 5s3                                              
                   + 16x4 + 22y4 + 5s4                                              
                   + 18x5 + 24y5 + 5s5                                              
                   + 20x6 + 26y6 + 5s6                                              
                   + 22x7 + 28y7 + 5s7                                              
                   + 24x8 + 30y8 + 5s8                                              
                   + 26x9 + 32y9 + 5s9                                              
                   + 28x10 + 34y10 + 5s10                                           
        s.t.        s0 + x1 + y1 = 8 + s1                                             (Day 1 balance)
                  s1 + x2 + y2 = 6 + s2                                             (Day 2 balance)
                  s2 + x3 + y3 = 9 + s3                                             (Day 3 balance)
                  s3 + x4 + y4 = 7 + s4                                             (Day 4 balance)
                  s4 + x5 + y5 = 10 + s5                                            (Day 5 balance)
                  s5 + x6 + y6 = 5 + s6                                             (Day 6 balance)
                  s6 + x7 + y7 = 8 + s7                                             (Day 7 balance)
                  s7 + x8 + y8 = 6 + s8                                             (Day 8 balance)
                  s8 + x9 + y9 = 4 + s9                                             (Day 9 balance)
                  s9 + x10 + y10 = 7 + s10                                           (Day 10 balance)
                  xt,yt,st ≥ 0                        for all t = 1,… ⁡,10.                            
   
                                                                  

                                                                  
In this 10-day example, the decision is how many units to produce on regular time (
xt) and
overtime ( yt)
on each day, and what the end-of-day inventory levels (
st)
should be, so as to satisfy daily demand at minimum total cost.
   
 

   4.2    Assignment Problem 

The assignment problem is a fundamental optimization problem
in combinatorial optimization. It involves assigning a set of 
n agents (or
workers) to  n
tasks (or jobs) such that each agent is assigned exactly one task, and each task is
assigned to exactly one agent. The goal is to minimize the total assignment
cost.

 
   [image: Bipartite assignment diagram: three people P1, P2, P3 drawn as stick-figure icons in blue circles on the left and three tasks T1, T2, T3 drawn as clipboard icons in red squares on the right, with lines connecting every person to every task.]



 
Figure 4.2: Bipartite assignment diagram: three people P1, P2, P3 drawn as
stick-figure icons in blue circles...

Sets:
     
     	
      I
     –      Set      of      agents      (or      workers),      indexed      by      
     i.
     
 


     	
      J
     –       Set       of       tasks       (or       jobs),       indexed       by       
     j.
 



Parameters: 
 

     
     	
                                                                  

                                                                  
      cij
     –        Cost        associated        with        assigning        agent        
     i ∈ I
     to task  j ∈ J.
 



Variables: 
 

     
     	
      xij
     – Binary decision variable, where: 
 
	
      
xij =   {  1,if agent i is assigned to task j,
  0,otherwise.                                                                          



     


Model:

 


 

      min ⁡       ∑
   i∈I ∑
   j∈Jcijxij                                             (Total cost)
       s.t.        ∑
   j∈Jxij = 1                 for all i ∈ I                                            (Each agent one task)
                 ∑
   i∈Ixij = 1                 for all j ∈ J                                            (Each task one agent)
                xij ∈{0,1}                    for all i ∈ I,j ∈ J.                                              (Binary)

                                                                  

                                                                  
Explanation: 
 

     
     	
     Objective         function       (Total cost):         Minimizes         the
     total       assignment       cost       based       on       given       costs       
     cij.
     
 


     	
     Constraints (Each agent one task): Each agent is assigned to exactly one
     task.
     
 


     	
     Constraints (Each task one agent): Each task is assigned to exactly one
     agent.
     
 


     	
     Binary constraint (Binary): Ensures each assignment is either made (
     xij = 1)
     or not ( xij = 0).
 



Assignment Problem

 
Given  m
machines and  n
jobs, find a least cost assignment of jobs to machines. The cost of assigning job 
j to
machine  i
is  cij.


 
Example 4.4: Machine Assignment

 
[Excel] [PuLP] [Gurobipy]

 
A small manufacturing workshop has four specialized machines and four
jobs to be completed today. Each machine can perform any job, but the
time and energy cost vary depending on the job–machine combination. For
example, Machine 0 might perform Job 2 very efficiently, while it would
take much longer and cost more to complete Job 1. Management wants
to assign exactly one job to each machine and exactly one machine to
each job so that the total operating cost is minimized. The cost matrix 
cij
                                                                  

                                                                  
reflects the expected operating cost (in dollars) for assigning Machine 
i to
Job  j.
In this instance the costs are 
 
	
 
c =   [ 9  2  7  8   6   4   3   7
 5  8  1  8   7   6   9   4                                                                                  ],



and the optimal assignment (machine  0 →
job  1, 
1 → 0, 
2 → 2, 
3 → 3) has total
cost  13.

 
Sets: 
 

     
     	
     Let  I = {0,1,2,3}
     be the set of machines.
     
 


     	
     Let  J = {0,1,2,3}
     be the set of jobs.
 



Parameters: 
 

     
     	
      cij
     - the cost of assigning machine  i
     to job  j.
 



Variables: 
 

                                                                  

                                                                  
     
     	
     Let 
 
	
      
xij =   {  1if machine i assigned to job j
  0otherwise.                                                                                        



     


Model:

 

    min ⁡     ∑
   i∈I,j∈Jcijxij                                                   (Total cost)
     s.t.      ∑
   i∈Ixij = 1         for all j ∈ J                                           (Each job assigned one machine)
            ∑
   j∈Jxij = 1         for all i ∈ I                                           (Each machine assigned one job)
           xij ∈{0,1}            for all i ∈ I,j ∈ J.                                      


Example 4.5: School Bus Routing Problem

 
[Excel] [PuLP] [Gurobipy]
                                                                  

                                                                  

 
A school district has a set of schools  I
and a fleet of school buses  J.
Each bus needs to be assigned to a school every morning to pick up students. The cost 
cij represents the
fuel cost for bus  j
to reach school  i
and complete the route. The district aims to minimize the total fuel cost while
ensuring that each school is served by exactly one bus and each bus is assigned to
exactly one school.

 
The fuel costs can be found in the following table. They are also in csv file format here.

 

 	 Bus/School  	 School A  	 School B  	 School C  	 School D  	 School E  

	 Bus 1          	    50      	    80      	    60      	    90      	   100     
	 Bus 2 	 60 	 85 	 55 	 70 	 110

	 Bus 3          	    75      	    65      	    50      	    85      	    90      

	 Bus 4          	    70      	    90      	    55      	    80      	    95      

	 Bus 5          	    80      	    70      	    60      	    75      	    85      

	            





Table 4.3: Cost of assigning each bus to each school.

We can model this as follows:
Sets: 
 

     
     	
      i
     - Index for schools,  i ∈ I
     
 


     	
      j
     - Index for buses,  j ∈ J
 



Parameters: 
 

     
     	
      cij
     - Fuel cost for bus  j
     to serve school  i.
 



Variables: 
 

     
     	
      xij
     - 1 if bus  j
     is assigned to school  i,
     0 otherwise.
 



                                                                  

                                                                  
Model:

 

    min ⁡     ∑
   i∈I,j∈Jcijxij                                           (Total fuel cost)
     s.t.      ∑
   i∈Ixij = 1          for all j ∈ J                                          (Each bus serves one school)
             ∑
   j∈Jxij = 1         for all i ∈ I                                           (Each school served by one bus)
            xij ∈{0,1}            for all i ∈ I,j ∈ J.                                     


Example 4.6: Hiring for tasks

 
[Excel] [PuLP] [Gurobipy]

 
Recall Example 2.15. We define the following sets, parameters, and variables to
construct the mathematical model.

 
Sets: 
 

     
     	
      I = {1,2,3},
     the set of people.
     
 


     	
      J = {1,2,3},
     the set of tasks.
 



Parameters: 
 

     
     	
      Cij, the cost of
     assigning person  i ∈ I
     to task  j ∈ J.
     The costs are given in the following table:
                                                                  

                                                                  
     
 

                                   C =   [ 45  38  60   52   41   33
 27  49  56                                                                                     ]                                                                      

     


Variables: 
 

     
     	
      xij =   {  1if person i is assigned to task j
  0otherwise                                                                                         
     for all  i ∈ I,j ∈ J.
 



Model:

 
The complete model is:

 

       min ⁡       ∑
   i∈I ∑
   j∈JCijxij                                              (Total cost)
       s.t.        ∑
   j∈Jxij = 1                 for all i ∈ I                                            (Each person one task)
                 ∑
   i∈Ixij = 1                 for all j ∈ J                                           (Each task one person)
                xij ∈{0,1}                    for all i ∈ I,j ∈ J.                                      

                                                                  

                                                                  
This model assigns each person to exactly one task and each task to exactly one
person at minimum total cost.

 
The assignment problem has an integrality property, such that if we remove the binary restriction on
the  x variables (now just
non-negative, i.e.,  xij ≥ 0)
then we still get binary assignments, despite the fact that it is now an LP. This
property is very interesting and useful.

 
Of course, the objective function might not be quite what we want; we might be
interested in ensuring that the team with the worst assignment is as good as possible
(a fairness criterion). One way of doing this is to modify the assignment problem
using a max-min objective:

 
Max-min Assignment-like Formulation 
Here  z is a lower bound
on the total score   ∑ ⁡
  j∈JCijxij
of every team  i,
and maximizing  z
makes the worst team’s score as large as possible.

 

           max ⁡           z                                                                        
           s.t.           z ≤∑
   j∈JCijxij,                      for all i ∈ I                                             
                        ∑
   i∈Ixij = 1,                         for all j ∈ J                                             
                        ∑
   j∈Jxij = 1,                        for all i ∈ I                                             
                        xij ≥ 0,                               for all i ∈ I,j ∈ J                                        

Min-max Assignment-like Formulation 

                                                                  

                                                                  

 

          min ⁡           z                                                                       
           s.t.           z ≥∑
   i∈ICijxij,                      for all j ∈ J                                             
                        ∑
   i∈Ixij = 1,                         for all j ∈ J                                             
                        ∑
   j∈Jxij = 1,                        for all i ∈ I                                             
                        xij ≥ 0,                              for all i ∈ I,j ∈ J                                        

Does this formulation have the integrality property? (It is not an assignment
problem.)

 
Consider a simple example where two teams are to be assigned to two projects, and
the teams provide the following rankings (lower ranking is better):

 

                                                                  

                                                                  

 

                                                                  

                                                                  



 
 	
	
	

	        	 Project 1  	 Project 2  

	
	
	

	
	
	

	 Team 1  	     2       	     1       

	 Team 2  	     2       	     1       

	
	
	

	        






Table 4.4:  Rankings  given  by  the  two  teams  for  the  two  projects  (lower  is
better).

                                                                  

                                                                  



Both teams prefer Project 2.

 
If we remove the binary restriction on the 
x-variable, the
values can range between 0 and 1. For the original assignment problem, the optimal solution has
 z = 2, and fractional
 x-values do
not improve  z.

 
For the min-max assignment problem, however, this is not the case. The optimal solution
has  z = 1.5,
occurring when each team is assigned half of each project (i.e., for Team 1, we have 
x11 = 0.5 and 
x21 = 0.5). By
fractionalizing assignments, the worst-case project cost is minimized.

 
Case Study: Preference-Based Housing Assignment in Uruguayan
Cooperatives

 
Housing cooperatives in Uruguay play a crucial role in providing affordable housing
to their members. Traditionally, once a new cooperative building was completed, the
assignment of individual housing units was conducted through a random
draw. This method, while simple, ignored individual preferences such as
sunlight orientation, floor level, and proximity to shared facilities. Recognizing
the potential for improved member satisfaction, researchers developed an
alternative assignment method based on mixed-integer programming
(MIP).

 

The Challenge 

In Uruguayan housing cooperatives, every member is entitled to a housing unit. Since
the assignment process happens only once per building, it is crucial to ensure fairness
while maximizing overall satisfaction. The existing lottery-based system failed to
account for members’ preferences, sometimes leading to dissatisfaction and informal
exchanges of units after the assignment. The challenge was to develop a new
assignment process that: 
 

     
     	
     Ensured fairness among all members,
     
 


     	
     Incorporated individual preferences,
     
 


     	
                                                                  

                                                                  
     Was easy to explain and implement,
     
 


     	
     Could be executed in real time during cooperative meetings.
 





 

The Solution: A Two-Stage Optimization Model 

A team of researchers proposed a two-stage mixed-integer programming
(MIP) model to address these concerns. The assignment problem was formulated
with the following structure:

 
Stage 1 – Ensuring Fairness: The model maximizes the satisfaction of the least
satisfied member. This ensures that no one is assigned an extremely undesirable
unit.

 
Stage 2 – Optimizing Global Satisfaction: Given the fairness constraints from
Stage 1, the model then seeks to optimize the total satisfaction across all cooperative
members.

 
The assignment process was implemented using a software tool called MTAV
(Mejor Tecnología de Asignación de Viviendas – A Better Technology
for Housing Assignment), designed to be transparent and user-friendly.

 


 

Implementation and Results 

The first real-world test of the model occurred in 2016 with the Virazón housing
cooperative, consisting of 50 members. Before deployment, the cooperative
members reviewed and voted to approve the new method. Their individual housing
preferences were collected and input into the system.

 
On the day of the assignment: 
 

     
     	
     The housing allocation was carried out in real-time during a cooperative
     meeting.
     
 


     	
     The results were projected on a large screen for transparency.
     
 


     	
     A notary was present to certify the fairness of the process.
                                                                  

                                                                  
     
 


     	
     The  optimization  model  took  only  a  few  seconds  to  compute  the
     assignments.
 



The outcomes were striking: 
 

     
     	
     Four-bedroom apartments: Both members received their first-choice
     units.
     
 


     	
     Three-bedroom apartments: More than 37% of members received their
     first-choice unit, and the average satisfaction ranking was significantly
     better than a random assignment.
     
 


     	
     Two-bedroom apartments: Over half of the members received one of
     their top four choices, with all assignments being significantly better than
     expected under a random draw.
 



The cooperative members overwhelmingly supported the new system, reporting
higher satisfaction compared to previous assignment methods.

 


 

Broader Impact 

Since the successful implementation at Virazón, over 30 housing cooperatives
in Uruguay have adopted the model. Further developments have included:

 

     
     	
     The introduction of a graphical user interface to make data input more
     intuitive.
     
 


     	
     Support for partial order preferences, allowing members to indicate
     that they have no strong preference between certain units.
                                                                  

                                                                  
     
 


     	
     Exploration   of   additional   fairness   criteria   and   trade-offs   between
     individual and collective satisfaction.
 



Beyond its technical achievements, this case study highlights how operations
research techniques can be applied to solve real-world social challenges. By
integrating mathematical optimization with participatory decision-making, the
project has significantly improved the way housing is assigned in cooperative
communities, setting a precedent for future applications in housing policy and
beyond.

 


 

Optimization models 

The optimization model required the following input parameters and variables:

 
Sets: 
 

     
     	
      I:
     Set of cooperative members needing housing assignments.
     
 


     	
      J:
     Set of available housing units.
 



Parameters: 
 

     
     	
      pij:
     Preference score of member  i
     for housing unit  j,
     where     lower     values     indicate     higher     preference     (e.g.,     
     1
     = most preferred).
     
 


     	
     Some  versions  of  the  model  supported  partial  order  preferences,
     allowing members to express equal preference for multiple units.
 



Variables: 
 

                                                                  

                                                                  
     
     	
      xij ∈{0,1}:
     Binary variable indicating whether member 
     i is assigned
     to unit  j:
     
 
	
      
xij =   {  1,if member i is assigned to unit j
  0,otherwise                                                                                        



     




 

Two-Stage Optimization Approach 

Stage 1: Ensuring Fairness

 

     
     	
     Define  S
     as the satisfaction level of the least satisfied member: 
 
	
                                                                  

                                                                  
      
                                   S = max ⁡ i∈I ∑
   j∈Jpijxij



     

     	
     Ensure each member is assigned exactly one unit and each unit is assigned
     to exactly one member.
 



This is achieved by the model

 

          S = min ⁡           z                                                                    
           s.t.               z ≥∑
   j∈Jpijxij                    for all i ∈ I                                             
                           ∑
   j∈Jxij = 1                      for all i ∈ I                                             
                           ∑
   i∈Ixij = 1                      for all j ∈ J                                             
                           xij ∈{0,1}                         for all i ∈ I,j ∈ J                                        
                           z ∈ ℝ                                                                 

Stage 2: Optimizing Global Satisfaction

 

     
     	
     Given the fairness threshold  S
     from Stage 1, optimize total satisfaction: 
 
	
                                                                  

                                                                  
      
                                    min ⁡ ∑
   i∈I ∑
   j∈Jpijxij



     

     	
     Subject to the fairness constraint: 
 
	
      
                                    ∑
  j∈Jpijxij ≤ S,∀ ⁡i ∈ I



     

     	
     Ensures that no member receives a unit less desirable than the worst
     outcome allowed by Stage 1.
 



This is achieved by the model
                                                                  

                                                                  

 

            min ⁡            ∑
   i∈I ∑
   j∈Jpijxij                                                          
            s.t.             ∑
   j∈Jxij = 1                          for all i ∈ I                                                 
                         ∑
   i∈Ixij = 1                           for all j ∈ J                                                
                         ∑
   j∈Jpijxij ≤ S                        for all i ∈ I                                                 
                         xij ∈{0,1}                             for all i ∈ I,j ∈ J                                            



 

Implementation Notes 

     
     	
     The model was formulated as a mixed-integer programming (MIP)
     model.
     
 


     	
     The assignment was computed in real-time during cooperative meetings.
     
 


     	
     The MTAV software was used to collect user preferences and compute
     assignments efficiently.
     
 


     	
     The system ensured transparency, allowing cooperative members to verify
     their preferences before the final optimization.
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4.3    Modeling Tricks 



 

4.3.1    Maximizing a minimum 

When the constraints could be general, we will write 
x ∈ X
to define general constraints. For instance, we could have 
X = {x ∈ ℝn : Ax ≤ b} or 
X = {x ∈ ℝn : Ax ≤ b,x ∈ ℤn} or
many other possibilities.

 
Consider the problem

 


 

                      max ⁡                          min ⁡ {x1,… ⁡ ,xn}                                          
                      such that                      x ∈ X                                                 

                                                                  

                                                                  
Having the minimum on the inside is inconvenient. To remove this, we just define a new variable 
y and enforce that 
y ≤ xi and then we maximize 
y. Since we are maximizing
 y, it will take the
value of the smallest  xi.
Thus, we can recast the problem as


 

                   max ⁡                       y                                                   
                   such that                   y ≤ xi for i = 1,… ⁡,n                                    
                                             x ∈ X                                               


Example 4.7: Minimizing an Absolute Value

 
[Excel] [PuLP] [Gurobipy]

 
Note that

 
 
                                         |t| = max ⁡ (t,−t),

                                                                  

                                                                  
 so to minimize  |t|
we can instead write

 


 

                            min ⁡                            z                                                            
                            s.t.                            t ≤ z                                                         
                                                           − t ≤ z.                                                      

The accompanying code applies this trick to find the point minimizing the total
absolute distance to several given points (whose optimum is their median).

 


 

4.4    Network Flow Models and Applications 

Network flow models are used to optimize the movement of commodities, resources,
or information through a network while satisfying capacity and demand
constraints. These models have a broad range of applications in various
fields:

 

     
     	
     Transportation  and  Logistics:  Optimizing  the  movement  of  goods
     through a supply chain while minimizing transportation costs.
     
 


     	
     Telecommunications:  Managing  data  traffic  flow  in  networks  to
     minimize congestion and latency.
                                                                  

                                                                  
     
 


     	
     Water  and  Energy  Distribution:  Balancing  water  flow  in  pipeline
     systems or optimizing power grid distribution to minimize energy loss.
     
 


     	
     Project Scheduling: Allocating tasks to workers while minimizing delays
     and costs.
     
 


     	
     Assignment and Matching Problems: Assigning resources to tasks,
     such as employees to projects or students to schools, in an optimal manner.
 



To begin a discussion on Network flow, we first need to discuss graphs.

 


 

4.4.1    Graphs 



 

Undirected Graphs 


Definition 4.8

 
A (undirected) graph  G = (V,E) is
defined by a set of vertices  V 
and a set of edges  E
that contains pairs of vertices.

 
For example, the following graph  G
can be described by: 
 

     
     	
     the vertex set  V = {1,2,3,4,5,6}
     and
     
 


     	
     the edge set  E = {(4,6),(4,5),(5,1),(1,2),(2,5),(2,3),(3,4)}.
 



                                                                  

                                                                  



 
[image: Undirected network with six numbered circular nodes: edges join 6-4, 4-5, 4-3, 5-1, 5-2, 3-2, and 2-1.]



 
Figure 4.3: Undirected network with six numbered circular nodes: edges join
6-4, 4-5, 4-3, 5-1, 5-2, 3-2, and 2-1.                                     


In an undirected graph, we do not distinguish the direction of the edge. That is, for two vertices
 i,j ∈ V , we can
equivalently write  (i,j)
or  (j,i) to
represent the edge.

 


 

Directed Graphs 

Alternatively, we will want to consider directed graphs. 

 
Definition 4.9

 
A directed graph (or di-graph for short) is denoted as 
G = (V,A) where
 V  is a set of
vertices and  A
is a set of ordered pairs of vertices called arcs. That is, an arc is like an edge, but the
direction of it matters.

 
For example, the following directed graph 
G can
be described by 
 

     
     	
     the vertex set  V = {1,2,3,4,5,6}
     and
     
 


     	
     the arc set  A = {(4,6),(6,4),(4,5),(5,1),(1,2),(2,5),(2,3),(3,4)}.
 





                                                                  

                                                                  

 
[image: Directed version of the same six-node network: curved arrows show arc directions, including a two-way pair of arcs between nodes 6 and 4 and a cycle through nodes 5, 1, 2, and 3.]



 
Figure 4.4: Directed version of the same six-node network: curved arrows show
arc directions, including a...                                           




 

4.4.2    Example: Minimum-Cost Flow in a Transportation Network 


Example 4.10: Minimum-Cost Network Flow

 
[Excel] [PuLP] [Gurobipy]

 
To illustrate the minimum-cost network flow problem, consider a company that
wants to transport goods from two warehouses to two retail stores at the
lowest possible cost. The company can send goods through a network of
transportation routes, each with a given capacity and per-unit transportation
cost.

 
The transportation network consists of: 
 

     
     	
     Two warehouses (supply nodes) that store goods: 
 

         
         	
         Warehouse 1 can supply up to 20 units.
         
 


         	
         Warehouse 2 can supply up to 30 units.
 



     

     	
     Two retail stores (demand nodes) that require goods: 
 

         
         	
         Store 1 requires 25 units.
         
 


         	
         Store 2 requires 25 units.
 



                                                                  

                                                                  
     

     	
     Transportation routes (arcs) connecting warehouses to stores, each with a
     transportation cost per unit and capacity limit.
 



Graph Representation

 
The transportation network can be represented as a directed graph 
G = (V,A),
where:

 

     
     	
      V = {W1,W2,S1,S2}
     (two warehouses and two stores).
     
 


     	
      A = {(W1,S1),(W1,S2),(W2,S1),(W2,S2)}
     (directed transportation routes).
     
 


     	
     Each arc  (i,j)
     has a given transportation cost  cij
     and capacity  uij.
 



The network data is summarized in the following table:

 
 	
	
	

	        Route             	 Cost per unit ( cij)  	 Capacity ( uij)  

	
	
	

	 Warehouse 1 to Store 1  	                                        4                                                                	                                      15                                                            
	 Warehouse 1 to Store 2 	 6 	 10

	 Warehouse 2 to Store 1  	                                        5                                                                	                                      20                                                            

	 Warehouse 2 to Store 2  	                                        2                                                                	                                      20                                                            

	
	
	

	                      






Table 4.5: Transportation cost and capacity for each route.

Model:
Let  xij
represent the amount of goods transported from warehouse 
i to store 
j. The
problem is formulated as:

 

                                                                  

                                                                  

 

    min ⁡    4xW1,S1 + 6xW1,S2 + 5xW2,S1 + 2xW2,S2                         (4.1)
    s.t.    xW1,S1 + xW1,S2 ≤ 20                                        (Supply constraint for Warehouse 1)
         xW2,S1 + xW2,S2 ≤ 30                                        (Supply constraint for Warehouse 2)
         xW1,S1 + xW2,S1 = 25                                        (Demand constraint for Store 1)
         xW1,S2 + xW2,S2 = 25                                        (Demand constraint for Store 2)
         0 ≤ xij ≤ uij                             for all (i,j) ∈ A.               (4.2)

Solution

 
Solving the linear program, we obtain the following optimal flow values:

 
 	
	

	        Route             	 Optimal Flow ( xij)  

	
	

	 Warehouse 1 to Store 1  	                                        15                                                               
	 Warehouse 1 to Store 2 	 5

	 Warehouse 2 to Store 1  	                                        10                                                               

	 Warehouse 2 to Store 2  	                                        20                                                               

	
	

	                      






Table 4.6: Optimal flow on each route.

The total minimum cost is given by: 	
 
        (4 × 15) + (6 × 5) + (5 × 10) + (2 × 20) = 60 + 30 + 50 + 40 = 180.



Interpretation of the Solution
                                                                  

                                                                  

 

     
     	
     Warehouse 1 sends 15 units to Store 1 and 5 units to Store 2.
     
 


     	
     Warehouse 2 sends 10 units to Store 1 and 20 units to Store 2.
     
 


     	
     The total transportation cost is minimized to 180.
 



This solution meets all constraints while ensuring goods are transported at the lowest
possible cost.

 

                                                                  

                                                                  

 

4.4.3    Minimum Cost Network Flow Problem 

The minimum cost network flow problem generalizes basic flow models by
incorporating arc capacities, arc costs, and supply/demand at the nodes. The goal is
to determine how to route flow through a network at the lowest possible cost while
meeting demand and respecting all constraints.


 
Example 4.11: Amazonian’s Distribution Network

 
Amazonian must ship goods from large regional warehouses to local retail stores
through intermediate distribution centers. Each warehouse has a certain supply
capacity, each store has a demand, and each route incurs a transportation cost (fuel,
time, and labor). Amazonian wants to decide how to route products to minimize
cost, while ensuring demand is met and no transportation link exceeds its
capacity.

 
The figure below shows a small example. There are: 
 

     
     	
     Two warehouses (W1, W2) with a total of 50 units of supply,
     
 


     	
     Two distribution centers (D1, D2),
     
 


     	
     Three stores (S1, S2, S3) that need 20, 15, and 15 units, respectively,
     
 


     	
     Arc costs labeled in black,
     
 


     	
     Node demands/supplies shown in blue next to each node.
 






 
[image: Transshipment network: supply nodes W1 (+30) and W2 (+20) on the left, transshipment nodes D1 and D2 in the middle, and demand nodes S1 (-20), S2 (-15), S3 (-15) on the right. Arcs are labeled with unit costs: W1 to D1 costs 4, W1 to D2 costs 6, W2 to D1 costs 5, W2 to D2 costs 4, D1 to S1 costs 2, D1 to S2 costs 3, D2 to S2 costs 1, and D2 to S3 costs 2.]


                                                                  

                                                                  

 
Figure 4.5: Transshipment network: supply nodes W1 (+30) and W2 (+20) on
the left, transshipment nodes D1 and...                                 


The problem is to determine how many units to send along each route to minimize
the total shipping cost.

 
Sets: 
 

     
     	
      V :
     set of nodes in the network (warehouses, distribution centers, stores)
     
 


     	
      A:
     set of directed arcs  (i,j)
     representing shipment routes
 



Parameters: 
 

     
     	
      cij:
     cost per unit shipped on arc  (i,j) ∈ A
     
 


     	
      uij:
     maximum capacity of arc  (i,j) ∈ A
     
 


     	
      di:
     net supply at node  i ∈ V 
     (positive = supply at the warehouses, negative = demand at the stores)
 



Variables: 
 xij: amount of flow
shipped along arc  (i,j) ∈ A

 
Model:
                                                                  

                                                                  

 

   min ⁡    ∑
   (i,j)∈Acij ⋅ xij                                           
    s.t.     ∑
   j:(k,j)∈Axkj −∑
   i:(i,k)∈Axik = dk      for all k ∈ V                (flow balance)
          0 ≤ xij ≤ uij                           for all (i,j) ∈ A            
(capacity constraints)

This problem can be solved using linear programming, and efficient specialized
algorithms exist due to its structure. Applications span: 
 

     
     	
     Freight transportation,
     
 


     	
     Supply chain optimization,
     
 


     	
     Scheduling and telecommunications.
 





 

4.4.4    (Unstructured) Minimum Cost Network Flow Problem 

The minimum cost network flow problem is an extension of the network flow problem
that considers not only the capacities of the arcs, but also the costs associated with
sending flow along the arcs and the demands at the nodes. The objective is to find
the flow of minimum cost that satisfies the demands at the nodes and the capacity
constraints on the arcs.

 
A network can be described as a directed graph 
G = (V,A), where 
V  is the set of nodes
and  A is the set of
arcs. Each arc  (i,j) ∈ A
has a capacity  uij
and a cost  cij.
Each node  i ∈ V  has
a demand  di,
which can be positive, negative, or zero. A positive demand means that the node
                                                                  

                                                                  
requires that amount of flow, a negative demand means that the node supplies that
amount of flow, and a zero demand means that the node neither requires nor supplies
flow.

 
Consider, for example: The set of vertices is given by: 
 
	
 
                                    V = {a,b,c,d,e,f,g,h}



The set of directed arcs is: 
 
	
 
        A = {(b,a),(a,c),(b,d),(b,e),(c,e),(c,f),(h,d),(g,e),(e,h),(g,f)}






 
[image: Directed network with eight nodes labeled a through h arranged left to right. Blue numbers give node supplies (+10 at a, -5 at b, +5 at d, 0 at c and e, -5 at g and h) and red numbers on the arcs give unit costs.]



 
Figure 4.6: Directed network with eight nodes labeled a through h arranged left
to right.                                                           




 

                                                                  

                                                                  
 	
	
	

	 From  	 To  	 Cost  
	
	
	

	 b 	 a 	 5 

	   a      	  c   	   2     
	 d 	 b 	 3 

	   b     	  e   	   4     
	 c 	 e 	 1 

	    c      	  f   	   6     
	 h 	 d 	 2 

	   g      	  e   	   7     

	    e      	  h   	   4     

	   g      	  f   	   3     

	
	
	

	        




Table 4.7: Arc Costs in the Network
Flow Problem


                   	
	

	 Node  	 Net Flow  
	
	

	 a  	 +10

	   b     	     -5        
	 c  	 0

	   d     	    +5       
	 e  	 0

	    f      	     0        
	 g  	 -5

	   h     	     -5        
	
	

	 


 

Table 4.8: Net Flow at Each Node


                                                                  

                                                                  



The minimum cost network flow problem can be defined as follows: Given a network 
G = (V,A), capacities
 uij and costs 
cij on the arcs, and
demands  di at the
nodes, find the flow  xij
on the arcs that minimizes the total cost of the flow, while satisfying the demands at
the nodes and the capacity constraints on the arcs.

 
Sets: 
 

     
     	
      V :
     Set of nodes in the network.
     
 


     	
      A:
     Set of arcs in the network.
 



Parameters: 
 

     
     	
      uij:
     Capacity of arc  (i,j) ∈ A.
     
 


     	
      cij:
     Cost per unit of flow on arc  (i,j) ∈ A.
     
 


     	
      di:
     Net demand at node  i ∈ V 
     (positive = demand, negative = supply).
 



Variables: 
 

     
     	
      xij:
     Flow on arc  (i,j) ∈ A.
 



                                                                  

                                                                  
Model: The minimum cost network flow problem can be formulated as a linear
programming problem as follows:

 


 

        min ⁡        ∑
   (i,j)∈Acijxij                                                           
        s.t.         ∑
   i:(i,k)∈Axik −∑
   j:(k,j)∈Axkj = dk              for all k ∈ V                               
                 0 ≤ xij ≤ uij                                  for all (i,j) ∈ A                            

Objective: - The objective is to minimize the total cost of the flow.

 
Constraints: - Flow Conservation: The first set of constraints ensures that the flow
into each node minus the flow out of the node is equal to the demand at the
node.

 
- Capacity Constraints: The second set of constraints ensures that the flow on each
arc does not exceed its capacity.

 
Minimum-cost network flow problems are widely used in transportation planning,
supply chain logistics, and production scheduling, where the goal is to efficiently
allocate resources at the lowest possible cost.

 

4.4.5    Maximum flow 

The maximum flow problem is a fundamental problem in operations research and
computer science, with applications in a wide variety of fields. It involves finding the
maximum amount of flow that can be sent from a source node to a sink node in a
network, without exceeding the capacities of the individual arcs, and ensuring that
the flow on each arc is non-negative. This problem arises in many real-world
situations, such as in transportation, where it can be used to find the maximum
amount of goods that can be transported from a factory to a warehouse, or in
telecommunications, where it can be used to find the maximum amount of data that
can be sent from one server to another. Other applications include supply chain
optimization, water distribution, and electrical power grid optimization. In this
section, we will describe a linear programming formulation for the network flow
                                                                  

                                                                  
problem.

 
A network can be described as a directed graph 
G = (V,A), where 
V  is the set of nodes
and  A is the set of
arcs. Each arc  (i,j) ∈ A
has a capacity  uij,
which is the maximum amount of flow that can traverse the arc from node 
i to node 
j.

 
The network flow problem can be defined as follows: Given a network 
G = (V,A), a source node
 s, a sink node 
t, and capacities 
uij on the arcs, find the
maximum flow from  s
to  t
that respects the capacity constraints.

 
For example, consider the directed graph here with capacities on the arcs.

 




 
[image: Capacity network: green source s on the left, red sink t on the right, intermediate nodes a, b, c, d, e. Orange numbers give arc capacities: s-a 4, s-b 2, s-c 8, a-d 2, a-c 5, b-c 6, b-e 9, c-d 1, c-t 4, c-e 6, d-t 7, e-t 5.]
 



Example 4.12: Airline Transfer Network: Maximizing Passenger
Throughput

 
[Excel] [PuLP] [Gurobipy]

 
An airline is trying to reroute as many stranded passengers as possible from an origin city (
s) to a destination
city ( t)
using a network of connecting flights. Each flight has a known number of
available seats, and passengers may transfer at intermediate airports. The
objective is to determine the maximum number of passengers that can be routed
from origin to destination, using available seat capacity and respecting flight
routes.

 
The network includes: 
 

     
     	
     Origin airport  s,
     
 


     	
                                                                  

                                                                  
     Intermediate hubs:  a,b,c,
     
 


     	
     Regional transfer airports:  d,e,
     
 


     	
     Final destination airport  t,
     
 


     	
     Directed flight legs (arcs) with known seat availability.
 



Sets and Parameters: 
 

     
     	
      V = {s,a,b,c,d,e,t}:
     set of airports.
     
 


     	
      A = {(s,a),(s,b),(s,c),(a,c),(a,d),(b,c),(b,e),(c,d),(c,e),(c,t),(d,e),(e,t)}:
     set of flight legs.
     
 


     	
      uij:
     number     of     available     seats     on     flight     from     airport     
     i
     to  j
     for all  (i,j) ∈ A.
 



Variables: 
 xij:
number of passengers assigned to fly from airport 
i to 
j for all
 (i,j) ∈ A

 
Model:
                                                                  

                                                                  

 

max ⁡ xsa + xsb + xsc                             (max passengers from origin)   
 s.t.  xac + xad − xsa = 0                         (flow balance at a)            
    xbc + xbe − xsb = 0                         (at b)                       
    xcd + xce + xct − xac − xbc − xsc = 0          (at c)                       
    xde − xad − xcd = 0                         (at d)                      
    xet − xbe − xce − xde = 0                    (at e)                      
    0 ≤ xsa ≤ 4,0 ≤ xsb ≤ 2,0 ≤ xsc ≤ 8           (available seats on initial flights)
    0 ≤ xac ≤ 5,0 ≤ xad ≤ 2,0 ≤ xbc ≤ 6,0 ≤ xbe ≤ 9                           
    0 ≤ xcd ≤ 1,0 ≤ xce ≤ 3,0 ≤ xct ≤ 4                                      
    0 ≤ xde ≤ 7,0 ≤ xet ≤ 5                                                

In compact summation notation form, we have

 


 
 
 max ⁡ ∑
   j∈V :(s,j)∈Axsj                                 
 s.t.   ∑
   j∈V :(k,j)∈Axkj −∑
   i∈V :(i,k)∈Axik = 0for all k ∈ V ∖{s,t}
   0 ≤ xij ≤ uij                                       for all (i,j) ∈ A
                                                                                        



 
This model helps the airline determine how to assign passengers to flight legs in a
way that makes maximum use of the network’s available capacity. It is especially
useful during disruption scenarios like: 
 

     
     	
     severe weather cancellations,
                                                                  

                                                                  
     
 


     	
     emergency rerouting due to maintenance issues,
     
 


     	
     high-demand events requiring temporary overflow routing.
 



The same framework can be extended to include priorities, time windows, or
rebooking costs.

 
The solution is shown here in bold values on the graph. There is a total flow of 12.

 




 
[image: Directed max-flow network with optimum shown: green source s (left), red sink t (right), intermediate nodes a, b, c, d, e. Arcs are labelled with capacity (orange) and optimal flow (bold black); total source outflow equals 12.]
 


The maximum flow problem can be written mathematically in the following
way.


 
Sets: 
 

     
     	
      V :
     Set of nodes in the network.
     
 


     	
      A:
     Set of arcs in the network.
 



Parameters: 
 

     
     	
      uij:
     Capacity of arc  (i,j) ∈ A,
     which is the maximum amount of flow that can traverse the arc from node 
     i
     to node  j.
     
 


     	
      s:
     Source node.
                                                                  

                                                                  
     
 


     	
      t:
     Sink node.
 



Variables: 
 

     
     	
      xij:
     Flow on arc  (i,j) ∈ A.
 



Model: The network flow problem can be formulated as a linear programming
problem as follows:

 


 

       max ⁡       ∑
   j:(s,j)∈Axsj                                                          
       s.t.        ∑
   i:(i,k)∈Axik −∑
   j:(k,j)∈Axkj = 0            for all k ∈ V ∖{s,t}                        
                0 ≤ xij ≤ uij                               for all (i,j) ∈ A                           

Objective: - The objective is to maximize the total flow from the source node 
s to the
sink node  t.

 
Constraints: - Flow Balance: The first set of constraints ensures that the flow into
each node is equal to the flow out of the node, except for the source and sink
nodes.

 
- Capacity Constraints: The second set of constraints ensures that the flow on each
arc does not exceed its capacity.

 
We will discuss duality later. But duality is a concept that helps create bounds on a problem.
For this particular problem, we can think of a dual as a cut in the graph - something that
separates  s
from  t.
For example: 
 

                                                                  

                                                                  



 
[image: The same s-t capacity network with a wide gray diagonal band crossing four arcs; circled numbers 2, 1, 4, and 5 mark the capacities of the crossed arcs, illustrating an s-t cut of total capacity 12.]
 


The selected arcs are a cut that separates 
s from 
t. The sum of
their weights is  2 + 1 + 4 + 5 = 12,
which implies that there is not a flow more than 12 units from 
s to 
t.

 
This bound is a form of duality. We will explore the concept more in later chapters.
This duality is captured in the following theorem.


 
Theorem 4.13

 
The maximum flow amount is equal to the size of the minimum cut.

 


 

4.4.6    Multi-Commodity Minimum Cost Network Flow with Integrality Constraints


The multi-commodity minimum cost network flow problem is a generalization of the
minimum cost network flow problem that considers multiple commodities flowing
through the network. Each commodity has its own demand at each node and its own
cost on each arc. The objective is to find the integer flow of minimum cost that
satisfies the demands of all commodities at the nodes and the capacity constraints on
the arcs.

 
A network can be described as a directed graph 
G = (N,A), where 
N is the set of nodes
and  A is the set of
arcs. Each arc  (i,j) ∈ A
has a capacity  uij.
Each commodity  k
has a demand  dik
at each node  i ∈ N
and a cost  cijk
on each arc  (i,j) ∈ A.

 
The multi-commodity minimum cost network flow problem can be defined as follows: Given a
network  G = (N,A), capacities
 uij on the arcs,
demands  dik and costs 
cijk for each commodity
                                                                  

                                                                  
 k, find the integer
flow  fijk on the arcs for
each commodity  k
that minimizes the total cost of the flow, while satisfying the demands of all
commodities at the nodes and the capacity constraints on the arcs.

 
Sets: 
 

     
     	
      N:
     Set of nodes in the network.
     
 


     	
      A:
     Set of arcs in the network.
     
 


     	
      K:
     Set of commodities.
 



Parameters: 
 

     
     	
      uij:
     Capacity of arc  (i,j) ∈ A.
     
 


     	
      cijk:
     Cost        per        unit        of        flow        of        commodity        
     k
     on arc  (i,j) ∈ A.
     
 


     	
      dik:
     Demand of commodity  k
     at node  i ∈ N.
 



Variables: 
 

     
     	
      fijk:
     Flow of commodity  k
     on arc  (i,j) ∈ A.
 



                                                                  

                                                                  
Model: The multi-commodity minimum cost network flow problem can be
formulated as an integer linear programming problem as follows:

 


 

     min ⁡     ∑
   k∈K ∑
   (i,j)∈Acijkfijk                                               
     s.t.      ∑
   k∈Kfijk ≤ uij                          for all (i,j) ∈ A                       
            ∑
   j:(j,i)∈Afjik −∑
   j:(i,j)∈Afijk = dik        for all i ∈ N,∀ ⁡k ∈ K                   
            fijk ∈ ℤ≥0                                for all (i,j) ∈ A,∀ ⁡k ∈ K                

Objective: The objective is to minimize the total cost of the flow, summed over all
commodities and all arcs.

 
Constraints: 
 

     
     	
     Capacity Constraints: The first set of constraints ensures that the total
     flow on each arc (summed across all commodities) does not exceed its
     capacity.
     
 


     	
     Flow  Conservation: The  second  set  of  constraints  ensures  that,  for
     each commodity, the net flow into each node equals the demand of that
     commodity at the node.
     
 


     	
     Integrality Constraints: The third set of constraints ensures that the
     flow on each arc for each commodity is a non-negative integer.
 



                                                                  

                                                                  

Example 4.14: Multi-commodity network flow

 
[Excel] [PuLP] [Gurobipy]

 
Consider a small network with 4 nodes and 4 arcs, transporting 2 commodities. Each
arc has a shared capacity, and each commodity has its own per-unit cost on each arc
and its own supply/demand pattern at the nodes (negative values indicate supply,
positive values indicate demand).
                                                                  

                                                                  

 

# Sample data
nodes = [1, 2, 3, 4]
arcs = [(1, 2), (1, 3), (2, 4), (3, 4)]
commodities = [1, 2]
capacities = {(1, 2): 20, (1, 3): 15, (2, 4): 25, (3, 4): 20}
costs = {(1, 2, 1): 2, (1, 2, 2): 3, (1, 3, 1): 3,
         (1, 3, 2): 2, (2, 4, 1): 1, (2, 4, 2): 2,
         (3, 4, 1): 2, (3, 4, 2): 1}
demands = {(1, 1): -10, (1, 2): -5, (2, 1): 0, (2, 2): 0,
           (3, 1): 0,   (3, 2): 0,  (4, 1): 10, (4, 2): 5}




 
The two figures below show the input network (left) and the optimal flow assignment
(right). Each arc is labelled with the commodity flows it carries; the arc capacity
constraint requires the sum of those commodity flows to stay within the arc’s
capacity.

 




 
[image: Flow network with four blue circular nodes: arcs 3 to 1 with capacity 15, 1 to 2 with capacity 20, 2 to 4 with capacity 25, and 3 to 4 with capacity 20. Boxed labels beside each node give two numbers: node 3 (0, 0), node 1 (-10, -5), node 2 (0, 0), node 4 (10, 5).] 


 
Figure 4.7: Data for multi-commodity network flow example: four nodes with
paired                                    supplies/demands                                    
(di1,di2)
and four arcs labelled with their shared capacities.                        





 
[image: The same four-node network annotated with a flow solution: arcs carry interval labels [5.0, 5.0] on 3 to 1, [10.0, 0.0] on 1 to 2, [10.0, 0.0] on 2 to 4, and [-0.0, 5.0] on 3 to 4, with boxed node labels [-10, -5], [0, 0], [0, 0], and [10, 5].] 


 
Figure 4.8:     Solution     to     multi-commodity     network     flow:     each
arc    is    labelled    with    the    optimal    flow    of    each    commodity    
[fij1,fij2].


                                                                  

                                                                  


 

4.4.7    Multicommodity Flow: Source–Sink Formulation 

A common alternative formulation of the multi-commodity flow problem expresses
each commodity in terms of a single source node, a single sink node, and a demand
value, with flow variables that represent the fraction of the demand routed on each
arc. The formulation below follows the description on the Wikipedia article
https://en.wikipedia.org/wiki/Multi-commodity_flow_problem.

 

Problem Definition 
Given a flow network  G(V,E),
where each edge  (u,v) ∈ E
has capacity  c(u,v),
suppose there are  k
commodities  K1,K2,… ⁡,Kk,
defined by  Ki = (si,ti,di),
where  si and 
ti are the source and
sink of commodity  i,
and  di is its demand. The
variable  fi(u,v) denotes the
fraction of commodity  i
routed along edge  (u,v);
we take  fi(u,v) ∈ [0,1]
when flow may be split among multiple paths, and 
fi(u,v) ∈{0,1} when
each commodity must follow a single path (“single path routing”). The problem is
to find an assignment of all flow variables that satisfies the following four
conditions.

 
(1) Link capacity. The total flow routed over any link, weighted by demands, does
not exceed the link’s capacity: 
 
	
                                                                  

                                                                  
 
                        ∀ ⁡(u,v) ∈ E : ∑
  i=1kf
i(u,v) ⋅ di ≤c(u,v).



(2) Flow conservation on transit nodes. For any intermediate node 
u (other than the source
or sink of commodity  i),
the flow of commodity  i
entering  u equals
the flow leaving  u:

 
	
 
               ∑
  w∈V fi(u,w) −∑
   w∈V fi(w,u) = 0whenever u≠si,ti.



(3) Flow conservation at the source. The full unit of commodity 
i must
leave its source: 
 
	
 
                         ∑
  w∈V fi(si,w) −∑
   w∈V fi(w,si) = 1.



(4) Flow conservation at the destination. The full unit of commodity 
i must
                                                                  

                                                                  
arrive at its sink: 
 
	
 
                          ∑
  w∈V fi(w,ti) −∑
   w∈V fi(ti,w) = 1.



Corresponding optimization problems. 
Three natural objective functions can be paired with the constraints above:

 

     
     	
     Load   balancing   minimizes   the   variation   in   link   utilization   
     U(u,v) = ∑ ⁡
  i=1kf
i(u,v)⋅di 
       c(u,v)        ;
     a  common  linearization  is  to  minimize  the  maximum  utilization  
     Umax ⁡ 
     subject to  Umax ⁡  ≥ U(u,v)
     for every arc.
     
 


     	
     Minimum  cost  multi-commodity  flow  attaches  a  per-unit  cost  
     a(u,v)
     to each arc and minimizes  ∑ ⁡
  (u,v)∈Ea(u,v)∑ ⁡
  i=1kfi(u,v) ⋅ di.
     
 


     	
     Maximum    multi-commodity    flow    leaves    the    demands    
     di
     variable       and       maximizes       the       total       throughput       
     ∑ ⁡
  i=1kdi.
 



                                                                  

                                                                  
Relation to other problems. 
The minimum-cost variant generalizes the (single-commodity) minimum
cost flow problem of Section 4.4.3 (which has only one source 
s and one
sink  t).
More broadly, every flow problem can be cast as a special case of the circulation
problem.


 
Example 4.15: Source–Sink Multicommodity Flow

 
[Excel] [PuLP] [Gurobipy]

 
Consider the directed network on nodes 
V = {1,2,3,4} with the arc
capacities  c(u,v) and
per-unit costs  a(u,v)
listed below. Two commodities must be routed from source node 
1 to sink node 
4: commodity 1 with
demand  d1 = 10 and commodity 2
with demand  d2 = 5.

 




 
 	 Arc  (u,v)  	 Capacity  c(u,v)  	 Cost  a(u,v)  

	
	
	

	    (1,2)     	                                     10                                                           	                                    1                                                         

	    (1,3)     	                                      8                                                            	                                    2                                                         

	    (2,3)     	                                      4                                                            	                                    1                                                         

	    (2,4)     	                                      7                                                            	                                    3                                                         

	    (3,4)     	                                      9                                                            	                                    1                                                         

	                                                                         






Table 4.9: Arc capacities and costs for the two-commodity network.



Using the fractional flow variables  fi(u,v) ∈ [0,1]
with the minimum-cost objective and constraints (1)–(4),
the optimal routing sends all of commodity 2 along 
1 → 3 → 4 and splits commodity 1
across the  1 → 2 → 4 and 
1 → 3 → 4 paths (routing a small
share through arc  (2,3)), for a
minimum total cost of  51.
                                                                  

                                                                  

 


 

4.5    Transportation Problem 

The transportation problem involves determining the optimal way to transport goods
from a set of suppliers to a set of markets. The goal is to minimize total
transportation costs while satisfying supply availabilities at the suppliers and demand
requirements at the markets.

 
Additional resources: 
 

     
     	
     YouTube: Transportation problem with PuLP in Python
     
 


     	
     Notebook: Solution with Pyomo
 



Let  I be the set
of suppliers and  J
be the set of markets.

 
Parameters: 
 

     
     	
      si:
     supply available at supplier  i
     
 


     	
      dj:
     demand required at market  j
     
 


     	
      cij:
     cost       of       shipping       one       unit       from       supplier       
     i
     to market  j
 



Variables: 
 

     
     	
      xij:
     units shipped from supplier  i
     to market  j
 



                                                                  

                                                                  
Model:

 

minimize:  ∑
   i∈I ∑
   j∈Jcijxij(total shipping cost)                         
subject to: ∑
   j∈Jxij ≤ si    ∀ ⁡i ∈ I            (supply limit at each supplier)
          ∑
   i∈Ixij = dj    ∀ ⁡j ∈ J           (demand met at each market) 
         xij ≥ 0           ∀ ⁡i ∈ I,j ∈ J       (non-negativity)            

The objective minimizes total shipping cost; the constraints ensure that
the shipment from each supplier does not exceed its available supply,
and that the demand at each market is satisfied. The decision variables 
xij
specify the optimal shipment quantities.

 


 

Concluding Comments 



 

Solving the Minimum-Cost Network Flow Problem 

This problem can be efficiently solved using specialized algorithms such as:

 

     
     	
     Successive Shortest Path Algorithm: Iteratively sends flow along the
     shortest-cost paths.
                                                                  

                                                                  
     
 


     	
     Cycle-Canceling   Algorithm:   Identifies   negative-cost   cycles   and
     eliminates them to reach optimality.
     
 


     	
     Network  Simplex  Method:  An  adaptation  of  the  simplex  method
     designed specifically for network flow problems.
     
 


     	
     Linear  Programming  Solvers:  General-purpose  solvers  such  as  the
     Simplex or Interior-Point methods can handle large instances.
 



Resources

 

     
     	
     Food manufacturing - GUROBI
     
 


     	
     Optimization Methods in Finance - Corneujols, Tütüncü
 



Try it out visually!

 
Network Flow Problems: min-cost flow, transportation, and shortest path on
interactive networks, with plain-language descriptions and applications.

 


 

4.6    Multi-Period Capital Investment 


Example 4.16: Multi-Period Capital Investment Problem

 
[Excel] [PuLP] [Gurobipy]

 
You are managing a multi-period investment fund with $50,000 to start. Over
the course of four periods, you can allocate capital to a set of investment
opportunities. Each investment requires an upfront cost and offers an expected
payout at the beginning of the following period, which can then be reinvested.
The goal is to maximize the total funds available at the end of the fourth
period.
                                                                  

                                                                  

 
The following table lists the available investments, the required initial investment for
each period, and their respective payouts for the next period. Formulate an LP to
determine the optimal investment strategy over the four periods.

 

                                                                  

                                                                  

 

                                                                  

                                                                  



 
 	
	
	
	

	 Period  	 Investment  	 Investment Required ($)  	 Payout in Next Period ($)  

	
	
	
	

	
	
	
	

	    1      	 A              	                10,000  	                  15,000  

	    1      	 B              	                20,000  	                  30,000  

	    1      	 C              	                15,000  	                  22,000  

	
	
	
	

	    2      	 D              	                12,000  	                  18,000  

	    2      	 E              	                25,000  	                  35,000  

	    2      	 F              	                18,000  	                  26,000  

	
	
	
	

	    3      	 G              	                15,000  	                  20,000  

	    3      	 H              	                10,000  	                  14,000  

	    3      	 I               	                20,000  	                  28,000  

	
	
	
	

	    4      	 J               	                 8,000  	                  10,000  

	    4      	 K              	                16,000  	                  22,000  

	    4      	 L              	                12,000  	                  16,000  

	
	
	
	

	        




Table 4.10: Investment Opportunities Over Four Periods



                                                                  

                                                                  



Solution

 
Variables: 
 xi,t: whether to invest
in opportunity  i
during period  t,
where  xi,t = 1 if
investment  i is
chosen in period  t,
and  xi,t = 0
otherwise.

 
Parameters: 
 ci,t: investment required
for opportunity  i
in period  t.

 pi,t: payout from
investment  i
in the next period.

 
Objective: The cash on hand at the end of period 4 is the payout of the period-4
investments: 
 
	
 
                      max ⁡ z = 10,000xJ + 22,000xK + 16,000xL.



Constraints: 
 

     
     	
     Period 1 budget constraint: 
 
	
                                                                  

                                                                  
      
                   10,000xA + 20,000xB + 15,000xC ≤50,000.



     

     	
     Period 2 budget constraint: 
 
	
      
     12,000xD + 25,000xE + 18,000xF ≤15,000xA + 30,000xB + 22,000xC.



     

     	
     Period 3 budget constraint: 
 
	
      
     15,000xG + 10,000xH + 20,000xI ≤18,000xD + 35,000xE + 26,000xF.



                                                                  

                                                                  
     

     	
     Period 4 budget constraint: 
 
	
      
      8,000xJ + 16,000xK + 12,000xL ≤20,000xG + 14,000xH + 28,000xI.



     

     	
     Binary decision variables: 
 
	
      
                                xi,t ∈{0,1},∀ ⁡i,∀ ⁡t.



     


Case Study: Amazon Redraws Its Map: Regionalizing the Fulfillment
Network

 
When you order from Amazon, the item might ship from a building 20 miles away or
2,000 miles away. Around 2023, Amazon restructured its US fulfillment network into
largely self-sufficient regions so that most packages stay close to home: the
“Regionalization” initiative. The redesign was driven by network optimization
models, published in the INFORMS Journal on Applied Analytics, and made
Amazon a 2025 Edelman Award finalist. In 2023 it reduced the cost to serve by
$0.45 per item in the US while achieving Amazon’s fastest delivery speeds to
date.
                                                                  

                                                                  

 

The Challenge 

Serving a customer from a distant fulfillment center is expensive and
slow, but keeping every product in every region requires more inventory.
The network design must decide which connections (fulfillment center 
 → sortation
  →
delivery station) to operate and how demand should flow over them, balancing cost,
speed, and capacity across thousands of facilities and arcs.

 


 

The Solution: A Path-Based Network Design MIP 

Model type: mixed-integer linear program on a network (with machine
learning used only to forecast the inputs: demand, travel times). The
published paper is explicit about this division of labor.

 
A simplified core of the “topology” model:

 
Sets and Parameters: 
 

     
     	
     Let  R
     be      the      set      of      demand      regions,      with      demand      
     dr.
     
 


     	
     Let  Pr
     be     the     set     of     feasible     fulfillment     paths     for     region     
     r
     (a    path    uses    specific    facilities    and    transportation    arcs);    
     cp
     is      the      cost      of      serving      one      unit      along      path      
     p.
     
 


     	
     Let  A
     be        the        set        of        arcs        with        capacities        
     ua.
 



Variables: 
 

     
     	
                                                                  

                                                                  
     Let  fp ≥ 0
     be the volume served on path  p.
     
 


     	
     Let  wa = 1
     if arc  a
     is operated (a connection Amazon chooses to run).
 



Model:

 

    min ⁡     ∑
   pcpfp + ∑
   a∈Agawa                          (flow cost + cost of operating connections)
     s.t.      ∑
   p∈Prfp = dr               for all r ∈ R                                      (serve all demand)
             ∑
   p∋afp ≤ uawa              for all a ∈ A                                  
(use only open connections, within capacity)
            fp ≥ 0,wa ∈{0,1}.                               

Note the second constraint: it is exactly the big-
M/linking
trick from the integer programming chapter, with the capacity 
ua playing the
role of  M.
Regionalization shows up as the optimizer choosing to open mostly within-region
connections.

 


 

Assumptions and Simplifications 

                                                                  

                                                                  
     
     	
     Demands  dr
     and travel times are forecasts, produced by machine learning models; the
     optimization treats them as data.
     
 


     	
     The deployed system also has a time-expanded “network timing”  model
     producing hourly schedules; the topology model above is the strategic
     layer.
 





 

Implementation and Results 

Deployed across Amazon’s US network in 2023: cost to serve fell by $0.45 per item,
delivery speeds hit record levels, and the share of shipments fulfilled within their own
region rose sharply.
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4.7    Exercises 

Warm-ups


 
Exercise 4.17: Production Planning over Five Periods

 
 ⋆ 
                                                                  

                                                                  
This exercise mirrors Example 4.2 (Production Planning with 10 Periods)
with a shorter horizon and new data. A plant must meet demand over 
T = 5 periods. Production
costs are  (8,10,12,14,16)
dollars per unit in periods 1 through 5, demand is 
(5,7,6,8,4) units, the
holding cost is  cinv = 3
dollars per unit per period, and the initial inventory is 
s0 = 2.
     
 
	
  1. 
	Write        the        LP        with        production        variables        
     xt
     and inventory variables  st,
     using one inventory-balance constraint per period.
     
	
  2. 
	Solve    it    (in    Excel,    with    a    solver,    or    by    inspection).
     As       a       check,       the       minimum       total       cost       is       
     342.
     
	
  3. 
	Explain why the optimal plan carries no inventory between periods.


[§4.1, Example 4.2]


 
Exercise 4.18: Machine Assignment with New Costs

 
 ⋆ 
This exercise mirrors Example 4.4 (Machine Assignment). The same workshop faces
a new set of four jobs with cost matrix 
 
	
 
c =   [ 7  3  8  6   5   9   4   8
 6  7  2  9   8   5   7   3                                                                                  ],



where row  i gives the
costs for machine  i and
                                                                  

                                                                  
column  j corresponds
to job  j (machines
and jobs numbered  0
through  3). Write
the assignment model for this data and find a minimum-cost assignment. As a check, the optimal
total cost is  13.

 
[§4.2, Example 4.4]


 
Exercise 4.19: Warehouse Shipping with New Data

 
 ⋆  This exercise
mirrors Example 4.10 (Minimum-Cost Network Flow). Keep the same network, supplies (
20 at Warehouse 1 and 
30 at Warehouse 2), and
route capacities ( 15,
 10, 
20, 
20),
but change the data: the per-unit costs are now 
4, 
6, 
3, 
2 on
routes  W1 → S1, 
W1 → S2, 
W2 → S1, 
W2 → S2, and the demands
are now  20 units
at Store 1 and  30
units at Store 2.
     
 
	
  1. 
	Update the model from the example to this data and solve.
     
	
  2. 
	As        a        check,        the        minimum        cost        is        
     170.
     Which routes are at capacity?


[§4.4.3, Example 4.10]

 
Core problems


 
Exercise 4.20: Fair Housing Assignment for 12 Families

 
  ⋆ ⋆  A
                                                                  

                                                                  
new apartment complex has been completed, and 12 families need to be assigned to
12 available apartments. Each family has ranked the apartments (1 = most preferred,
12 = least preferred).
     
 
	
  1. 
	Use  Excel  Solver  to  find  an  assignment  that  minimizes  the  sum  of
     preferences.
     
	
  2. 
	What units were assigned to which families, and what was their preference
     score?
     
	
  3. 
	What is the worst preference score assigned?


Download the data for this problem here data.

 
[§4.2]


 
Exercise 4.21: Maximum Network Flow to a Single Node

 
  ⋆ ⋆  A
disaster relief effort is underway to transport supplies to a central distribution hub in
a flooded region. The network consists of multiple warehouses (nodes) that currently
have varying inventory levels of emergency supplies. Each transportation route (arc)
between warehouses is serviced by a single truck with a limited carrying capacity.
The goal is to determine the optimal transportation plan that maximizes the amount
of supplies delivered to the central hub while respecting inventory constraints and
truck capacities on each route.

 
Formulate a max-flow optimization problem for this scenario. Define your decision
variables, objective function, and constraints explicitly. Assume that you do not want
to leave any inventory at the distribution centers.

 
 	
	
	
	
	

	 Node  	    Type     	 Inventory (if applicable)  	 Connected To  	 Capacity  

	
	
	
	
	

	   W1    	  Warehouse   	           200               	       D1          	    100      
	 W2 	 Warehouse 	 300 	 D1, D2 	 150, 70

	   W3    	  Warehouse   	           150               	       D2          	    120      
	 W4 	 Warehouse 	 250 	 D3, D1 	 100, 120

	   W5    	  Warehouse   	           180               	       D3          	    90       

	
	
	
	
	

	   D1    	 Distribution  	           N/A                 	    Hub, D2       	  200, 80    

	   D2    	 Distribution  	           N/A                 	      Hub          	    180      

	   D3    	 Distribution  	           N/A                 	      Hub          	    160      

	
	
	
	
	

	  Hub    	 Central Hub  	           N/A                 	       —           	    —       

	
	
	
	
	

	        





Table 4.11: Node data for the distribution network: type, inventory, connections,
and capacity.


                                                                  

                                                                  


 
[image: Disaster-relief transportation network: warehouse rectangles W1-W5 (inventories 200, 300, 150, 250, 180), distribution circles D1, D2, D3, and a central diamond Hub. Directed arcs labelled with capacities route supplies through distribution centers to the Hub.]



 
Figure 4.9:   Disaster-relief   transportation   network:   warehouse   rectangles
W1-W5 (inventories 200, 300, 150, 250...                                


[§4.4.5]


 
Exercise 4.22: Max Flow

 
  ⋆ ⋆ 
Write out the explicit constraints that define the max flow problem given in the
picture. Solve this problem as a linear program using Excel.

 




 
[image: Directed max-flow exercise network: green source s and red sink t with intermediate nodes v1, v2, v3, v4. Arc capacities: s to v1 is 11, s to v2 is 8, between v1 and v2 are 10 and 1, v1 to v3 is 12, v3 to v2 is 4, v4 to v3 is 7, v2 to v4 is 11, v3 to t is 15, v4 to t is 4.]



 
Figure 4.10: Directed max-flow exercise network: green source s and red sink t
with intermediate nodes v1, v2, v3, v4.                                 


[§4.4.5]


 
Exercise 4.23: Min Cost Network Flow

 
  ⋆ ⋆  Use
the picture below to formulate the corresponding capacitated min cost network flow.
Each arc is labeled with its capacity (black) and its per-unit cost (red); the blue
number at each node is its net demand (positive = demand, negative =
supply). Solve this problem using Excel. As a check, the minimum cost is 
67.

 




 
[image: Six-node directed network for a min-cost flow exercise: nodes v1 through v6 with blue supply values (6 at v1, -5 at v2, -3 at v3, -6 at v4, -2 at v5, 10 at v6). Each arc shows its capacity in black and a red cost value, for example v5 to v1 has capacity 11 and cost 4.]


                                                                  

                                                                  

 
Figure 4.11: Six-node directed network for a min-cost flow exercise: nodes v1
through v6 with blue supply values...                                   


[§4.4.3]


 
Exercise 4.24: Transshipment Through Regional Hubs

 
  ⋆ ⋆ 
Two factories ship a product to three stores through two regional hubs; no
route connects a factory directly to a store. Factory A can supply up to 
40 units and
factory B up to  60
units. Stores  S1,
 S2, 
S3 require 
30, 
45, and 
25 units.
The per-unit shipping costs are: 
 




 
 	   	  H1  	  H2  

	
	
	

	 A  	                                  2                                                     	                                  4                                                     

	 B  	                                  3                                                     	                                  1                                                     

	    




 	                                                                    	  S1  	  S2  	  S3  

	
	
	
	

	  H1  	                                  4                                                     	                                  6                                                     	                                  7                                                     

	  H2  	                                  5                                                     	                                  3                                                     	                                  2                                                     

	                                                                     






Table 4.12: Per-unit shipping costs from factories to hubs (left) and from hubs
to stores (right).



The hubs neither create nor store product: whatever enters a hub must leave
it.
     
 
	
  1. 
	Formulate  this  as  a  minimum-cost  network  flow  problem.  State  the
     flow-balance constraint at each hub explicitly.
     
	
  2. 
	Solve the model and report the optimal shipping plan and the minimum
     total cost.


                                                                  

                                                                  
[§4.4.3]


 
Exercise 4.25: Assignment with Forbidden Pairs

 
  ⋆ ⋆ 
Five workers must be assigned to five jobs, one job per worker and one worker per
job. The cost matrix is 
 
	
 
C =   [ 12   8   10   9   11   7   9   13   10   8
  9   11   6    7   12   10   7   9   8   6
  8   10  11   6    9                                                                        ],



where rows are workers 1 through 5 and columns are jobs 1 through 5. Certification
rules forbid worker 1 from doing job 2 and worker 4 from doing job 5.
     
 
	
  1. 
	First      ignore      the      certification      rules      and      solve      the
     assignment    problem.    As    a    check,    the    minimum    cost    is    
     33.
     
	
  2. 
	There   are   two   standard   ways   to   model   a   forbidden   pair   
     (i,j):
     add the constraint  xij = 0,
     or replace  cij
     with a prohibitively large cost. Explain why each works.
     
	
  3. 
	Solve        the        problem        with        the        forbidden        pairs
     enforced.     As     a     check,     the     minimum     cost     is     now     
     37.
     How much do the certification rules cost the company?


[§4.2, Example 4.4]


 
Exercise 4.26: Multi-Period Inventory with a Production Cap

 
  ⋆ ⋆  A plant can
                                                                  

                                                                  
produce at most  120
units per period. Over six periods, demand is 
(80,120,60,140,90,110) units, production costs
are  (20,20,22,25,24,23) dollars per unit,
the holding cost is  2
dollars per unit per period, and the initial inventory is 
s0 = 0.
     
 
	
  1. 
	Extend         the         production         planning         model         of
     Section 4.1         with         the         capacity         constraints         
     xt ≤ 120.
     
	
  2. 
	Before solving: demand in period 4 exceeds the production cap, so some
     units must be built ahead. For each earlier period, compute the cost of
     producing one period-4 unit there (production cost plus holding). Which
     options are cheapest?
     
	
  3. 
	Solve   the   LP.   As   a   check,   the   minimum   total   cost   is   
     13,450.
     Verify that the solver’s prebuilding matches your cost comparison from
     part 2 (there may be ties, so alternative optimal plans exist).


[§4.1]

 
Concepts and connections


 
Exercise 4.27: Why Everything Ships Somewhere

 
  ⋆ ⋆  Consider
the minimum-cost network flow model of Section 4.4.3, with a flow-balance constraint 
 ∑ ⁡
  j:(k,j)∈Axkj −∑ ⁡
  i:(i,k)∈Axik = dk at every
node  k.
     
 
	
  1. 
	Add      the      flow-balance      constraints      over      all      nodes      
     k ∈ V .
     Show that every variable  xij
     cancels,  and  conclude  that  the  model  can  only  be  feasible  when  
      ∑ ⁡
  k∈V dk = 0,
     that is, when total supply equals total demand.
     
	
  2. 
	Explain       in       words       why       the       balance       constraint
     at         an         intermediate         node         (one         with         
                                                                  

                                                                  
     dk = 0)
     means flow cannot vanish or appear there, so every unit that leaves a
     supply node must arrive at some demand node.
     
	
  3. 
	Exercise 4.21 asked you not to leave inventory at the warehouses, yet
     writing  the  warehouse  constraints  as  equalities  makes  that  problem
     infeasible. Use parts 1 and 2 to explain the conflict, and describe a standard
     fix  (inequality  supply  constraints,  or  a  dummy  node  that  absorbs  the
     surplus at zero cost).


[§4.4.3]


 
Exercise 4.28: Integer Answers for Free

 
  ⋆ ⋆  The assignment
problem is stated with binary variables, but Section 4.2 notes that solving its LP relaxation
(replace  xij ∈{0,1}
with  xij ≥ 0)
still returns a binary assignment.
     
 
	
  1. 
	The reason, stated informally, is that the assignment constraint matrix
     is totally unimodular: this guarantees that every corner point of the LP
     feasible region has integer coordinates, and the simplex method always
     returns  a  corner  point.  Restate  this  in  your  own  words.  No  proof  is
     expected.
     
	
  2. 
	The  transportation  problem  of  Section 4.5  has  the  same  network
     structure. What can you conclude about the optimal shipments when all
     supplies and demands are integers?
     
	
  3. 
	The  max-min  fair  formulation  in  Section 4.2  adds  the  constraints  
     z ≤∑ ⁡
  jCijxij.
     Using the two-team example given there, explain why that formulation
     no longer has the integrality property.


[§4.2, §4.5]

 
Challenge problems


 
Exercise 4.29: Multicommodity Rerouting Under a Tighter Capacity

 
  ⋆ ⋆⋆  Return to the network
of Example 4.14: nodes  {1,2,3,4},
                                                                  

                                                                  
arcs  (1,2), 
(1,3), 
(2,4), 
(3,4) with
capacities  20, 
15, 
25, 
20, commodity 1
sending  10 units and
commodity 2 sending  5
units from node 1 to node 4, and the per-unit costs given in the example.
     
 
	
  1. 
	Solve the LP relaxation ( fijk ≥ 0,
     integrality  dropped)  and  verify  that  the  minimum  total  cost  is  
     45,
     with commodity 1 routed along  1 → 2 → 4
     and commodity 2 along  1 → 3 → 4.
     
	
  2. 
	Now suppose arc  (2,4)
     has capacity  8
     instead of  25.
     Re-solve.     As     a     check,     the     minimum     cost     rises     to     
     49.
     Report how each commodity is routed and which arc is at capacity.
     
	
  3. 
	The capacity constraints   ∑ ⁡
  kfijk ≤ uij
     couple the commodities. Construct a small example (two parallel paths
     and two commodities suffice) in which routing each commodity on its
     own cheapest path violates a shared capacity, and explain how the joint
     LP resolves the conflict.


[§4.4.6, Example 4.14]


 
Exercise 4.30: Max-Min Fair Project Assignment

 
  ⋆ ⋆⋆ 
Three teams must each take on one of three projects. Team 
i gives project 
j a satisfaction
score  Sij
(higher is better): 
 
	
                                                                  

                                                                  
 
S =   [ 8  6  5   7   8   4
 6  9  7                                                                                        ].



The fairness discussion in Section 4.2 suggests maximizing the satisfaction of the
worst-off team instead of the total.
     
 
	
  1. 
	Find      the      integer      assignment      that      maximizes      total
     satisfaction.     As     a     check,     the     maximum     total     is     
     23.
     
	
  2. 
	Find   the   integer   assignment   that   maximizes   the   minimum   team
     satisfaction.   As   a   check,   the   best   achievable   minimum   is   
     7.
     Argue     that     no     assignment     achieves     a     minimum     of     
     8.
     
	
  3. 
	Now solve the max-min LP with  xij ≥ 0,
     as       in       the       max-min       formulation       of       Section 4.2.
     Show       that       the       optimal       value       increases       to       
     7.5,
     which requires fractional assignments. Why does allowing fractions help
     the worst-off team here, when it cannot improve the total-satisfaction
     objective in part 1?


[§4.2]

 


 

Selected Solutions 

Solution

 
(Exercise 4.18) The model is the one in Example 4.4 with the new cost matrix: binary
variables  xij,
one assignment constraint per machine and one per job, and objective 
∑ ⁡
  i,jcijxij. The optimal
assignment is machine  0 →
job  1 (cost 3),
machine  1 →job
 0 (cost 5),
                                                                  

                                                                  
machine  2 →job 
2 (cost 2), and
machine  3 →job 
3 (cost 3), for a
total cost of  3 + 5 + 2 + 3 = 13.
Checking all  4! = 24
assignments confirms this is optimal; the next-best assignment costs 
16.

 
Solution

 
(Exercise 4.21) Introduce one variable per transportation route: let 
xij ≥ 0
be the number of units of supplies sent along the arc from node 
i to node 
j, for each arc in the
picture (for example  xW1,D1,
 xD1,D2, 
xD
1,Hub, and
so on). The objective is to maximize the total amount reaching the hub,

 
	
 
                          max ⁡ xD
1,Hub + xD2,Hub + xD3,Hub.



There are three families of constraints. Each arc has a truck capacity, 
xij ≤ uij, where 
uij
is the capacity written on the arc. Each distribution node passes along
everything it receives, so flow is conserved there; for example at 
D1,

 
	
                                                                  

                                                                  
 
                  xW1,D1 + xW2,D1 + xW4,D1 = xD1,D2 + xD
1,Hub,



and similarly at  D2
and  D3.
Finally, each warehouse can ship at most what it has on hand: the total flow leaving
warehouse  Wi
is at most its inventory. One caution about the “leave no inventory behind” request:
writing the warehouse constraints as equalities makes the model infeasible, since for
instance  W1
holds 200 units but its only outgoing route has capacity 100. So treat inventory as an
upper bound on warehouse outflow and let the objective push as much through the
network as the capacities allow.

 
Solution

 
(Exercise 4.22) Let  xij ≥ 0 denote
the flow on arc  (i,j). Maximize
the flow arriving at  t
subject to flow conservation at the four internal nodes and the arc capacities:

 

    max ⁡     xv3t + xv4t                                                       
     s.t.      xsv1 + xv2v1 = xv1v3 + xv1v2                             (v1)                
            xsv2 + xv1v2 + xv3v2 = xv2v4 + xv2v1                      (v2)                
            xv1v3 + xv4v3 = xv3t + xv3v2                             (v3)                
            xv2v4 = xv4t + xv4v3                                    (v4)                
            xsv2 ≤ 8,xsv1 ≤ 11,xv1v2 ≤ 10,xv2v1 ≤ 1,xv2v4 ≤ 11,                    
            xv1v3 ≤ 12,xv3v2 ≤ 4,xv4v3 ≤ 7,xv4t ≤ 4,xv3t ≤ 15,                      
            xij ≥ 0for all arcs (i,j).                                            

                                                                  

                                                                  
Solving this LP (in Excel or otherwise) gives a maximum flow of 19. One optimal flow is
 xsv1 = 11, 
xsv2 = 8, 
xv1v3 = 8, 
xv1v2 = 3, 
xv2v4 = 11, 
xv4t = 4, 
xv4v3 = 7, 
xv3t = 15, and
all other arcs at 0. You can certify optimality without any theory: the two arcs into 
t have
capacities  15 + 4 = 19,
so no flow can exceed 19, and this flow achieves it.

 
Solution

 
(Exercise 4.24) Introduce a flow variable for each of the ten arcs: 
xA,H1,xA,H2,xB,H1,xB,H2 from the factories to the
hubs, and  xHh,Sj from each hub
to each store. Supplies give  xA,H1 + xA,H2 ≤ 40
and  xB,H1 + xB,H2 ≤ 60;
demands give  ∑ ⁡
  hxHh,Sj = dj
for the three stores. The hub balance constraints are 
 
	
 
xA,H1+xB,H1 = xH1,S1+xH1,S2+xH1,S3,xA,H2+xB,H2 = xH2,S1+xH2,S2+xH2,S3.



Total demand ( 100)
equals total supply, so both factories ship everything. An optimal plan sends 
xA,H1 = 30, 
xA,H2 = 10, 
xB,H2 = 60, then 
xH1,S1 = 30, 
xH2,S2 = 45, 
xH2,S3 = 25, with
minimum total cost 
 
	
                                                                  

                                                                  
 
                 30 ⋅ 2 + 10 ⋅ 4 + 60 ⋅ 1 + 30 ⋅ 4 + 45 ⋅ 3 + 25 ⋅ 2 = 465.



The structure is intuitive: factory B uses its cheap arc to 
H2, hub 
H2 serves the stores it
reaches cheaply ( S2
and  S3), and
store  S1 is served
through  H1.

 
Solution

 
(Exercise 4.30) For part 1, the assignment team 
1 → project 1, team 
2 → project 2, team
 3 →project 3 has
total satisfaction  8 + 8 + 7 = 23;
enumerating the six assignments shows this is the unique maximizer.
For part 2, the same assignment gives minimum team satisfaction 
min ⁡ (8,8,7) = 7. A minimum of 
8 is impossible: team
1 scores at least  8
only on project 1, while teams 2 and 3 score at least 
8 only
on project 2, and both cannot have it. For part 3, the max-min LP achieves 
z = 7.5, for
example with 
 
	
                                                                  

                                                                  
 
x =   [  5∕6    0     1∕6  
  1∕6  3∕4  1∕12 
    0    1∕4   3∕4                                                                              ],



which is doubly stochastic and gives every team an expected satisfaction of exactly 
7.5. Fractions
help because the max-min objective rewards evening out the teams: splitting projects lets
the worst-off team trade some of another team’s surplus for its own shortfall. The total 
∑ ⁡
  ijSijxij is linear, so
in part 1 some optimal corner point is integral and fractions cannot improve it; the added
constraints  z ≤∑ ⁡
  jSijxij
destroy that structure, exactly as in the two-team example of Section 4.2.
                                                                  

                                                                  

 



 




Chapter 5
Graphically Solving Linear Programs   

1

 
 


  1Portions of this chapter are adapted from Kevin Cheung’s A First Course in Linear
Programming materials (Carleton University), licensed CC BY-SA 4.0, with modifications by Robert
Hildebrand. See the Sources and Attribution chapter for details.
 
 
                     
 
Learning
Outcomes
     
 
	
  A. 
	Draw the region of points allowed by the constraints, together with level
     lines of the objective.
     
	
  B. 
	Locate the corner points of that region and compute their coordinates.
     
	
  C. 
	Read an optimal solution directly off the picture.
     
	
  D. 
	Recognize the four ways a linear program can turn out: a single best point,
     a whole edge of best points, no allowed points at all, or an objective that
     grows without limit.


Resources

 

     
     	
     Youtube! - Modeling with Linear Programming - Watch 4:20 - End
     
 


     	
     Youtube! - Watch 1:43 - 3:43
 



Try it out visually!

 
Objective-Level Slider: drag the objective line across the feasible region and watch
where optima land.

 
A linear program with two decision variables fits entirely on a sheet of paper: each
constraint cuts the plane with a line, the points surviving every cut form the feasible
region, and the objective becomes a family of parallel lines, one for each possible
objective value. Sliding a line from this family across the region and watching where
it exits gives a purely visual way to locate a best possible point, and this picture is
the subject of the present chapter.
                                                                  

                                                                  

 
Our starting point is a small, well-behaved example whose picture is easy to draw.
Once its geometry is understood, we move on to examples where things go wrong in
instructive ways.

 

5.1    Nonempty and Bounded Problem 

Consider the problem

 

                         max ⁡                         2x1 + 5x2                                                    
                         s.t.                         x1 + 2x2 ≤ 16                                                 
                                                    5x1 + 3x2 ≤ 45                                                
                                                    x1,x2 ≥ 0                                                    

The first step is a picture of the feasible region: every point 
(x1,x2) that
survives all of the constraints at once.

 
A reliable way to draw it is boundary-first: sketch the line where each constraint
holds with equality, namely 
 

     
     	
      x1 + 2x2 = 16
     
 


     	
      5x1 + 3x2 = 45
     
 


     	
      x1 = 0
                                                                  

                                                                  
     
 


     	
      x2 = 0
 



and then shading in the side of the space cut out by the corresponding inequality.

 
 

                                                                  

                                                                  
                                                                  

                                                                  



 
[image: Two-dimensional plot of the feasible region for max 2x_1+5x_2 with vertices (0,0), (9,0), (6,5), (0,8), bounded by x_1+2x_2<=16 and 5x_1+3x_2<=45 (red); an inset table lists the objective value at each vertex (0, 18, 37, 40).]
 




Figure 5.1: Desmos: Interactive plot! (backup interactive plot)

                                                                  

                                                                  

Each line splits the plane in two; keeping the correct side of every line and shading
whatever survives produces the feasible region.

 
Two features of this particular region are worth naming. It is nonempty:
at least one point satisfies every constraint. And it is bounded: the whole
region fits inside some large circle, with no direction in which it stretches
forever.

 
The corners of the region, called extreme points, will turn out to carry all
the information we need about optimal solutions. Each corner sits where
two of the boundary lines cross, so corner coordinates come from solving 
2 × 2 linear
systems. Watch out, though: crossing two boundary lines is necessary but not
sufficient, since two lines can also intersect at a point that violates some third
constraint.

 
We will later use the terminology basic feasible solution for an extreme point of the
feasible region, and basic solution as a point that is the intersection of 2 lines, but is
actually infeasible (does not satisfy all the constraints).


 
Theorem 5.1: Optimal Solution at a Vertex

 
If the feasible region of the linear program is nonempty and bounded, then there
exists an optimal solution at a vertex of the feasible region.

 
This theorem implies the following algorithm.

 
Algorithm: Enumerate Vertices Algorithm for Solving a Linear
Programming Problem
     
 
	
  1. 
	Identify the Feasible Region: Determine the set of constraints defining
     the feasible region in the problem.
     
	
  2. 
	Enumerate Vertices: Find all the vertices (corner points) of the feasible
     region. This can be done by solving pairs of constraint equations to find
     their intersections, keeping only those that satisfy all constraints.
     
	
  3. 
	Compute Objective Values: Evaluate the objective function at each
     vertex of the feasible region.
     
	
  4. 
	Compare Objective Values: For a maximization problem, identify the
     vertex  with  the  highest  objective  value.  For  a  minimization  problem,
     identify the vertex with the lowest objective value.
     
	
  5. 
	Determine  the  Optimal  Solution:  The  vertex  with  the  optimal
     objective value is the solution to the linear programming problem.


                                                                  

                                                                  
We will explore why Theorem 5.1 is true, and also what happens when
the feasible region does not satisfy the assumptions of either nonempty or
bounded.

 

5.2    Graphical Approach 

We now apply the vertex enumeration idea graphically using a concrete
example.


 
Example 5.2: Furniture Workshop

 
A small furniture workshop produces chairs and tables. Each chair requires 2 hours of
carpentry and 1 hour of finishing, earning a profit of $8. Each table requires
1 hour of carpentry and 3 hours of finishing, earning a profit of $6. The
workshop has 80 hours of carpentry time and 90 hours of finishing time
available per week. Market demand limits chair production to at most 32 per
week.

 
Letting  x1 denote the
number of chairs and  x2
the number of tables, the linear program is: 
 
	
 
                                                                                                        maxz(x1,x2) = 8x1 + 6x2
s.t.   2x1 + x2 ≤ 80
       x1 + 3x2 ≤ 90
       x1 ≤ 32
       x1 ≥ 0
       x2 ≥ 0

	(5.1)


Solution

 
To solve graphically, we first sketch the feasible region by plotting the boundary lines
of each constraint and shading the region that satisfies all inequalities simultaneously.
The result is shown in Figure 5.2.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Graphical method plot on x1-x2 axes running to about 90: red constraint lines bound a shaded feasible region with blue corner points labeled (0,30), (30,20), and (35,10); gray dashed level lines of the objective sweep across the region toward the optimal vertex.] 


 
Figure 5.2:    Feasible    region    and    level    curves    for    the    Furniture
Workshop   problem.   The   shaded   polygon   represents   the   set   of   all   
(x1,x2)
satisfying          every          constraint.          Dashed          lines          show
the        objective        function        at        several        values        of        
z.
As  z
increases, the level curves sweep upward and to the right.                  
                                                                  

                                                                  

Next, we overlay level curves of the objective function. Setting 
8x1 + 6x2 = z gives
the family of lines 
 
	
 
                                       x2 = −4
3x1 + z 
6,



which are parallel lines with slope   − 4∕3.
Increasing  z shifts them in the
direction of the gradient  ∇ ⁡z = (8,6).
Sweeping the level curves in this direction, the last one to touch the feasible region does so at
the vertex  (x1∗,x2∗) = (30,20),
yielding the optimal profit 
 
	
 
                                 z∗ = 8(30) + 6(20) = 360.



This optimal point sits at the intersection of the two constraints 
2x1 + x2 = 80 and 
x1 + 3x2 = 90. Both
constraints are satisfied with equality at the optimum; we say they are binding. The remaining
constraints ( x1 ≤ 35,
 x1 ≥ 0, 
x2 ≥ 0) are
satisfied strictly and are non-binding.
                                                                  

                                                                  

 
This illustrates a general principle: when an optimal solution to a linear program
exists, it occurs at a vertex of the feasible region, the intersection of several binding
constraints.

 
We can now state a preliminary algorithm for solving a two-variable LP with a
bounded feasible region graphically.

 
➀ Graphical Method 1: Bounded Region, Unique Optimum
     
 
	
  1. 
	Sketch  the  feasible  region  by  plotting  each  constraint  boundary  and
     shading the intersection of all half-planes.
     
	
  2. 
	Draw     several     level     curves     of     the     objective     function     
     z = c1x1 + c2x2
     for increasing values of  z.
     
	
  3. 
	Sweep     the     level     curves     in     the     gradient     direction     
     ∇ ⁡z = (c1,c2)
     until the last level curve that still touches the feasible region is found.
     
	
  4. 
	The vertex of the feasible region lying on this last level curve is the optimal
     solution.



Example 5.3: Lemonade Vendor

 
Say you are a vendor of lemonade and lemon juice. Each unit of lemonade requires 1
lemon and 2 litres of water. Each unit of lemon juice requires 3 lemons and 1 litre of
water. Each unit of lemonade gives a profit of three dollars. Each unit of lemon juice
gives a profit of two dollars. You have 6 lemons and 4 litres of water available.
How many units of lemonade and lemon juice should you make to maximize
profit?

 
If we let  x
denote the number of units of lemonade to be made and let 
y
denote the number of units of lemon juice to be made, then the profit is given by 
3x + 2y dollars.
We call  3x + 2y
the objective function. Note that there are a number of constraints that 
x and 
y must satisfy.
First of all,  x
and  y
should be nonnegative. The number of lemons needed to make 
x units of lemonade
and  y units of
lemon juice is  x + 3y
and cannot exceed 6. The number of litres of water needed to make 
                                                                  

                                                                  
x units of lemonade
and  y units of
lemon juice is  2x + y
and cannot exceed 4. Hence, to determine the maximum profit, we need to maximize 
3x + 2y subject
to  x and 
y satisfying the
constraints  x + 3y ≤ 6,
 2x + y ≤ 4, 
x ≥ 0, and 
y ≥ 0.

 
A more compact way to write the problem is as follows: 
 
	
 
    maximize     3x  +   2y      
    subject to     x  +   3y   ≤  6  
                    2x  +    y   ≤  4  
                     x            ≥  0  
                                 y   ≥  0.     



Solution

 
We can solve this maximization problem graphically as follows. We first sketch the set
of  (x,y)
satisfying the constraints, called the feasible region, on the 
(x,y)-plane. We then take the
objective function  3x + 2y and turn
it into an equation of a line  3x + 2y = z
where  z is a parameter.
Note that as the value of  z
increases, the line defined by the equation 
3x + 2y = z moves in the direction
of the normal vector  (3,2).
We call this direction the direction of improvement. Determining the
maximum value of the objective function, called the optimal value,
subject to the constraints amounts to finding the maximum value of 
z so that the line defined
by the equation  3x + 2y = z
still intersects the feasible region.
                                                                  

                                                                  

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Feasible region plot on x-y axes: blue shaded polygon bounded by red constraint lines 2x + y = 4 and x + 3y = 6 and the axes, with the optimal vertex labeled (1.2, 1.6); dashed gray objective level lines increase toward that vertex.] 


 
Figure 5.3:    Feasible    region    and    objective    level    curves    for    the
Lemonade   Vendor   problem.   The   shaded   polygon   is   the   set   of   
(x,y)
satisfying     all     constraints;     dashed     lines     are     level     curves     
3x + 2y = z
for  z = 0,2,4,6,8.
Sweeping       the       level       curves       in       the       direction       of       
∇ ⁡z = (3,2)
shows the optimum is at the vertex  (1.2,1.6).
                                                                  

                                                                  

 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Blue shaded triangular feasible region on x1-x2 axes bounded by three lines labeled -x1 + 2x2 <= 3, x1 + 2x2 >= 3, and 2x1 + x2 <= 5.]2



 
Figure 5.4:  Feasible  region  of  a  generic  linear  program  with  constraints  
x1 + x2 ≥ 3,
 2x1 − x2 ≤ 5,
and   − x1 + 2x2 ≤ 3.
The shaded triangle illustrates how three linear inequalities can carve out a
bounded polygonal region.                                            
                                                                  

                                                                  

 


  2https://tex.stackexchange.com/questions/75933/how-to-draw-the-region-of-inequality
 
 
 
 
In Figure 5.3, level curves
of  z = 3x + 2y are drawn for several
values of  z. From the picture,
we can see that if  z is greater
than 6.8, the line defined by  3x + 2y = z
will not intersect the feasible region. Hence, the profit cannot exceed 6.8
dollars.

 
As the line  3x + 2y = 6.8 does intersect
the feasible region,  6.8
is the maximum value for the objective function. Note that there
is only one point in the feasible region that intersects the line 
3x + 2y = 6.8, namely 
(x,y) = (1.2,1.6). In
other words, to maximize profit, we want to make 1.2 units of lemonade and 1.6 units
of lemon juice.

 
The examples above each have a single optimal solution. However, four qualitatively
different outcomes are possible for any linear program:
     
 
	
  1. 
	A unique optimal solution (as we have already seen).
     
	
  2. 
	Infinitely many optimal solutions (the optimal level curve is parallel to an
     edge of the feasible region).
     
	
  3. 
	The problem is unbounded: the objective value can be made arbitrarily
     large (maximization) or small (minimization).
     
	
  4. 
	The problem is infeasible: no point satisfies all constraints simultaneously.


The third outcome can only arise when the feasible region is unbounded. We will
illustrate each of these outcomes below and, in a later chapter, prove that these are
the only possibilities.

 

5.3    Infinitely Many Optimal Solutions 

It is possible for a linear program to have more than one optimal solution. When this
happens, there are in fact infinitely many. We illustrate with a modification of the
Furniture Workshop.


 
Example 5.4: Furniture Workshop: Alternative Objective

 
Suppose the workshop in Example 5.2 revises its pricing so that each
chair earns $2 and each table earns $1. The new objective function is 
                                                                  

                                                                  
z(x1,x2) = 2x1 + x2, while
the constraints remain unchanged: 
 
	
 
                                                                                                        maxz(x1,x2) = 2x1 + x2
s.t.   2x1 + x2 ≤ 80
       x1 + 3x2 ≤ 90
       x1 ≤ 35
       x1,x2 ≥ 0

	(5.2)


Solution

 
The gradient of the new objective is  ∇ ⁡z = (2,1),
which is parallel to the constraint  2x1 + x2 = 80.
As we sweep the level curves in the gradient direction, the last level curve
that touches the feasible region coincides with the entire edge from 
(30,20) to 
(35,10). Along this
edge,  2x1 + x2 = 80 for every
point, so  z = 80
everywhere on it.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Graphical method plot: shaded feasible region with blue corner points (0,30), (30,20), and (35,10); gray dashed objective level lines labeled z = 20, 40, 60, 80 sweep the region, showing the optimum at a corner.] 


 
Figure 5.5:     Alternative     optimal     solutions:     the     level     curve     
z = 80
(bold blue segment) lies along an entire edge of the feasible region. Every point
on this edge is an optimal solution.                                    
                                                                  

                                                                  

Let  P denote the feasible
region. For any  x1∗∈ [30,35]
with  x2∗ = 80 − 2x1∗, the
point  (x1∗,x2∗) lies on
the edge from  (30,20)
to  (35,10), and 
z(x1∗,x2∗) = 80 ≥ z(x1,x2) for
all  (x1,x2) ∈ P.
Since there are infinitely many such points, the problem has infinitely many optimal
solutions.

 
Based on this example, we extend our graphical algorithm to handle multiple optimal
solutions:

 
➁ Graphical Method 2: Allowing Multiple Optima

 
Everything from Method 1, plus a check for ties.
     
 
	
  1. 
	Sketch the feasible region by plotting each constraint boundary.
     
	
  2. 
	Draw  level  curves  of  the  objective  function  for  several  values  of  
     z.
     
	
  3. 
	Sweep the level curves in the gradient direction to find the optimal value of 
     z
     that still intersects the feasible region. An optimal solution will occur at
     a vertex.
     
	
  4. 
	If the optimal level curve is parallel to an edge of the feasible region
     adjacent  to  the  optimal  vertex,  then  every  point  on  that  edge  is  also
     optimal. The problem has infinitely many optimal solutions.



Learning Checkpoint 5.3.1

 
Consider the graphical representation below. How many optimal solutions are there if
we are maximizing? How about if we are minimizing? 
 




 
[image: Feasible region on x-y axes: blue shaded polygon with corners at (0,0), (0,2), the intersection of 2x + y = 4 and x + 3y = 6, and (2,0)?; dashed level lines labeled c = 0, 2, 4, 6, 8 increase across the region.]
 


5.4    Problems with No Solution 

When the constraints of a linear program contradict one another, no point can
                                                                  

                                                                  
satisfy them all. The feasible region is empty and we say the problem is
infeasible.


 
Example 5.5: Infeasible Problem

 
Consider the following linear programming problem: 
 
	
 
                                                                                                        maxz(x1,x2) = 4x1 + 3x2
s.t.   x1 + x2 ≤ 8
       2x1 + x2 ≤ 12
       x1 ≥ 7
       x2 ≥ 5

	(5.3)


Solution

 
The constraints are plotted in Figure 5.6. The first two constraints restrict 
x1 + x2 ≤ 8, but the lower
bounds  x1 ≥ 7 and
 x2 ≥ 5 together
require  x1 + x2 ≥ 12.
These are contradictory, so no point satisfies all constraints simultaneously.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Infeasible LP illustration: constraint boundaries 2x1 + x2 <= 12 (blue) and x1 + x2 <= 8 (red) shade toward the origin while x2 >= 5 (orange) and x1 >= 7 (green) shade away from it; the note 'No feasible region' marks the empty intersection.] 


 
Figure 5.6: An infeasible linear program. The upper-bound constraints force 
x1 + x2 ≤ 8,
but the lower bounds require  x1 ≥ 7
and  x2 ≥ 5,
so  x1 + x2 ≥ 12.
No point can satisfy both conditions, and the feasible region is empty.       
                                                                  

                                                                  

Since the feasible region is empty, the problem has no solution.

 
Before stating the complete graphical algorithm, we also consider the case of
unbounded feasible regions.

 

5.5    Problems with Unbounded Feasible Regions 

Consider the problem

 


 

                min ⁡                               z = 5x1 + 7x2                                                                
               s.t.                               x1 + 3x2                    ≥ 6                                                             
                                                 5x1 + 2x2                   ≥ 10                                                            
                                                 x2                          ≤ 4                                                             
                                                 x1,x2                       ≥ 0                                                             




 
[image: Unbounded feasible region shaded blue: bounded below by lines 5x1 + 2x2 >= 10 (green) and x1 + 3x2 >= 6 (red), above by x2 <= 4 (magenta), with labeled points (0,4), (1.38,1.54), and (6,0); the region extends to the right without bound.]
 


As you can see, the feasible region is unbounded. In particular, from any point in the
feasible region, one can always find another feasible point by increasing the 
x1
coordinate (i.e., move to the right in the picture). However, this does not necessarily
mean that the optimization problem is unbounded.

 
Indeed, the optimal solution is at  x∗ = (1.38,1.54),
the extreme point in the lower left hand corner, with optimal objective value
                                                                  

                                                                  

 
 
                                z∗ = 5 ⋅ 1.38 + 7 ⋅ 1.54 = 17.7.



 
Consider however, if we consider a different problem where we try to maximize the
objective

 

               max ⁡                               z = 5x1 + 7x2                                                                
               s.t.                               x1 + 3x2                    ≥ 6                                                             
                                                5x1 + 2x2                   ≥ 10                                                            
                                                x2                         ≤ 4                                                             
                                                x1,x2                       ≥ 0                                                             

Solution

 
This optimization problem is unbounded! For example, notice that the point 
(x1,x2) = (n,0) is feasible for all 
n = 1,2,3,… ⁡. Then the objective
function  z = 5n + 0 follows
the sequence  5,10,15,… ⁡,
which diverges to infinity.

 
We now illustrate two more scenarios with unbounded feasible regions. In the first,
the problem is unbounded; in the second, a finite optimum exists despite the
unbounded region.
                                                                  

                                                                  


 
Example 5.6: Unbounded Problem

 
Consider the linear programming problem: 
 
	
 
                                                                                                        maxz(x1,x2) = x1 + 3x2
s.t.   x1 − x2 ≤ 3
       x1 + 2x2 ≥ 4
       x1,x2 ≥ 0

	(5.4)


Solution

 
The feasible region and level curves are shown in Figure 5.7.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Unbounded feasible region: blue shaded area above two red constraint boundaries meeting at labeled corner points (0,2) and (3,1); gray dashed level lines of the objective x1 + 3x2 = z increase into the unbounded region, so the LP is unbounded.] 


 
Figure 5.7:    An    unbounded    linear    program.    The    feasible    region
extends    infinitely    upward    and    to    the    right.    Level    curves    of    
z = x1 + 3x2
continue    to    intersect    the    feasible    region    for    arbitrarily    large    
z,
so the problem is unbounded.                                         
                                                                  

                                                                  

The feasible region extends infinitely upward and to the right. For any target value 
z0, we can find a feasible
point achieving  z ≥ z0.
For instance, take  (x1,x2) = (0,t)
for  t ≥ 2: then 
0 − t = −t ≤ 3 and 
0 + 2t = 2t ≥ 4, so the point
is feasible, and  z = 3t,
which grows without bound. Hence the optimal value is 
 + ∞ and
the problem is unbounded.

 
An unbounded feasible region does not always lead to an unbounded objective. The
key is whether the gradient of the objective points into the unbounded direction or
away from it.


 
Example 5.7: Finite Optimum with Unbounded Feasible Region

 
Consider the same feasible region as in Example 5.6 but with a new objective:

 
	
 
                                                                                                        minz(x1,x2) = 3x1 + x2
s.t.  x1 − x2 ≤ 3
      x1 + 2x2 ≥ 4
      x1,x2 ≥ 0

	(5.5)


Solution

 
The feasible region is the same unbounded region as before. However, we are now minimizing, and
the gradient  (3,1)
points to the right and slightly upward, precisely into the unbounded part
of the feasible region. Moving opposite to the gradient (toward smaller 
z) takes
us to the lower-left corner of the feasible region.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: The same unbounded feasible region with a different objective: dashed level lines of 3x1 + x2 = z now achieve their minimum at a corner point, showing that an LP over an unbounded region can still have a finite optimum. Corner points (0,2) and (3,1) are marked.] 


 
Figure 5.8:     A     linear     program     with     an     unbounded     feasible
region     but     a     finite     optimal     solution.     The     minimum     of     
z = 3x1 + x2
occurs at the vertex  (0,2)
with  z∗ = 2,
because the gradient points away from the bounded end of the feasible region. 
                                                                  

                                                                  

Evaluating the objective at the vertices: 
z(0,2) = 2 and 
z(10
 3 , 1 
3) = 10 + 1 
3 = 31 
 3  ≈ 10.3. Since we are minimizing,
the optimum is  z∗ = 2
at  (x1∗,x2∗) = (0,2).
Once again, the optimal solution occurs at a vertex of the feasible region, even though
the region is unbounded.

 
We can now state a complete algorithm for graphically solving any two-variable
linear program.

 
✓ The Complete Graphical Method for Two-Variable LPs

 
Handles every case: infeasible, unbounded, unique, and multiple optima.
     
 
	
  1. 
	Sketch  the  feasible  region  by  plotting  the  constraint  boundaries  and
     shading their intersection.
     
	
  2. 
	If the feasible region is empty, the problem is infeasible; stop.
     
	
  3. 
	Draw level curves of the objective function and determine the gradient
     direction.
     
	
  4. 
	Bounded feasible region:
         	
      (a) 
	Sweep the level curves in the gradient direction (for maximization)
         or opposite (for minimization) to find the last level curve touching
         the feasible region. The optimal solution is at a vertex.
         
	
     (b) 
	If this optimal level curve is parallel to an edge of the feasible region,
         every point on that edge is optimal (infinitely many solutions).


     
	
  5. 
	Unbounded feasible region:
         	
      (a) 
	If the level curves can be swept indefinitely while still intersecting
         the feasible region, the problem is unbounded.
         
	
     (b) 
	Otherwise, a finite optimum exists at a vertex; proceed as in the
         bounded case.


     



                                                                  

                                                                  

 

5.6    Exercises 


Warm-ups


 
Exercise 5.8: Feasible Region Analysis

 
 ⋆ Consider
the following system of constraints: 
 
	
 
                                              x + y ≥ 5



	
 
                                            x ≥ 0,y ≥ 0



Which of the following statements is true about the feasible region?
     
 
	
  1. 
	The feasible region is a bounded polygon.
     
	
  2. 
	The feasible region is an unbounded region.
                                                                  

                                                                  
     
	
  3. 
	The feasible region consists of a single point.
     
	
  4. 
	The problem is infeasible.


[§5.1, §5.5]


 
Exercise 5.9: Sketch Feasible Region

 
 ⋆ Sketch
all    [  x   y                                                                                 ]
satisfying 
 
	
 
                                             x − 2y ≤ 2



on the  (x,y)-plane.

 
[§5.1]


 
Exercise 5.10: Graphical Method 1 Practice

 
 ⋆ Apply
the steps of the box “Graphical Method 1: Bounded Region, Unique Optimum” to the
linear program
                                                                  

                                                                  

 

                           max ⁡                           3x + 2y                                                      
                          s.t.                            x + y ≤ 4                                                    
                                                        x ≤ 3                                                        
                                                        x,y ≥ 0.                                                     

Sketch the feasible region, list all four vertices, and sweep the level curves of 
z = 3x + 2y in the
gradient direction to find the optimal solution and the optimal value.

 
[§5.2, Example 5.2]


 
Exercise 5.11: Graphical Method for Lemonade Vendor

 
 ⋆ Solve
the Lemonade Vendor problem from Example 5.3 using the graphical method.

 
[§5.2, Example 5.3]

 
Core problems


 
Exercise 5.12: Graphical Method

 
  ⋆ ⋆ Use
the graphical method to determine two optimal solutions to linear program:

 

                         min ⁡                         3x1 + 5x2                                                     
                                                   3x1 + 2x2 ≥ 36                                                 
                                                   6x1 + 10x2 ≥ 90                                                
                                                   x1,x2 ≥ 0                                                     

                                                                  

                                                                  
[§5.3, Example 5.4]


 
Exercise 5.13: Infeasible Region Graph

 
  ⋆ ⋆ Graph
the feasible region of the linear program:

 

                          min ⁡                          x1 − x2                                                      
                                                      x1 + x2 ≤ 6                                                  
                                                      x1 − x2 ≥ 1                                                  
                                                      x2 − x1 ≥ 3                                                  
                                                      x1,x2 ≥ 0                                                    

Without considering the objective function, how many feasible solutions are there?
Justify your answer.

 
[§5.4, Example 5.5]


 
Exercise 5.14: Determine Optimal Value

 
  ⋆ ⋆ Determine
the optimal value of 
 
	
                                                                  

                                                                  
 
     Minimize    x + y        
   Subject to    2x + y ≥ 4  
                    x + 3y ≥ 1. 



[§5.2]


 
Exercise 5.15: Show Unbounded Problem

 
  ⋆ ⋆ Show
that the problem 
 
	
 
     Minimize     − x + y    
   Subject to    2x − y ≥ 0 
                    x + 3y ≥ 3 



is unbounded.

 
[§5.5, Example 5.6]


 
Exercise 5.16: Bounded Solution on Unbounded Region

 
  ⋆ ⋆ Consider the feasible region
from Example 5.6 (with  x1 − x2 ≤ 3
and  x1 + 2x2 ≥ 4). Does
the problem   max ⁡ z = −2x1 + x2
subject to these constraints have a finite solution? Justify your answer using the
Complete Graphical Method.

 
[§5.5, Example 5.7]


 
Exercise 5.17: Diet Problem

 
  ⋆ ⋆ Suppose that
you are shopping for dietary supplements to satisfy your required daily intake of 0.40mg of nutrient
 M and 0.30mg
                                                                  

                                                                  
of nutrient  N.
There are three popular products on the market. The costs and the amounts of the
two nutrients are given in the following table:

 

                                                                  

                                                                  

 

                                                                  

                                                                  

 	                                                                                  	 Product 1  	 Product 2  	 Product 3  

	 Cost                                                                                                                           	    $27      	    $31      	    $24      

	 Daily amount of  M  	  0.16 mg   	  0.21 mg   	  0.11 mg   

	 Daily amount of  N  	  0.19 mg   	  0.13 mg   	  0.15 mg   


	                                                                                   



 

Table 5.1: Data for problem.

                                                                  

                                                                  



You want to determine how much of each product you should buy so that the daily
intake requirements of the two nutrients are satisfied at minimum cost. Formulate
your problem as a linear programming problem, assuming that you can buy a
fractional number of each product.

 
[§5.2, Example 5.3]

 
Concepts and connections


 
Exercise 5.18: Why Must an Optimum Be at a Vertex?

 
  ⋆ ⋆ Suppose
a linear program in two variables has a nonempty and bounded feasible
region.
     
 
	
  1. 
	Theorem 5.1 guarantees that some optimal solution occurs at a vertex.
     Explain why, using the level-curve picture: if a feasible point lies strictly
     inside the region, or strictly inside an edge, why can we always find a
     vertex whose objective value is at least as good?
     
	
  2. 
	Which  part  of  your  argument  uses  the  assumption  that  the  region  is
     bounded?  Give  an  example  of  an  unbounded  feasible  region  and  an
     objective function for which no optimal solution exists at all.


[§5.1, Theorem 5.1]


 
Exercise 5.19: Infinite Optimal Solutions

 
  ⋆ ⋆ Find
an objective function for the feasible region in Example 5.6 that produces infinitely
many optimal solutions. Describe the set of optima.

 
[§5.3]


 
Exercise 5.20: Infinitely Many Optimal Solutions

 
  ⋆ ⋆ Modify
the objective function in Example 5.3 so that the resulting LP has infinitely many
optimal solutions. Describe the complete set of optimal solutions.

 
[§5.3, Example 5.3]


 
Exercise 5.21: Bounded Optimum on Unbounded Region

 
  ⋆ ⋆ Consider the
                                                                  

                                                                  
constraints   − x1 + x2 ≤ 5,
 x1 + x2 ≥ 2, 
x1,x2 ≥ 0.
Construct a maximization objective that has a finite optimum despite the
unbounded feasible region. Sketch the feasible region and level curves to
verify.

 
[Hint: Choose a gradient that points away from the unbounded direction.]

 
[§5.5, Example 5.7]

 
Challenge problems


 
Exercise 5.22: Unbounded Objective Direction

 
  ⋆ ⋆⋆ Consider
the following problem: 
 
	
 
    minimize      − 2x1    +    x2          
    subject to      − x1    +    x2     ≤  3  
                         x1    −  2x2     ≤  2  
                         x1                    ≥  0  
                                      x2     ≥  0.     



     	
  1. 
	Show that for any  t ≥ 0,
     	
      
  [  x1  
   x2  
                                                                                                                             ]  =   [ t   t                                                                                  ]



                                                                  

                                                                  
     satisfies        all        the        constraints.        Show        that        the
     objective     function     is     unbounded     for     this     point     as     
     t →∞.
     
 

	
  2. 
	Show that 	
      
  [  x1  
   x2  
                                                                                                                             ]  =   [ 2t + 2   t                                                                            ]



     is feasible for any  t ≥ 0.
     What  is  the  objective  function  value  at  this  point?   Show  that
     the   objective   function   is   unbounded   (yet   again)   by   letting   
     t →∞.
 



[§5.5, Example 5.6]


 
Exercise 5.23: Bounded and Unbounded Optimization

 
  ⋆ ⋆⋆ Consider
the following problem:

 
	
 
    maximize/minimize       2x  +   2y 
               subject to     − x  +   2y   ≤  12 
                                   2x  +   y     ≥  4   
                                    x  +   2y   ≥  5   
                                    x            ≥  0   
                                               y     ≥  0.      



                                                                  

                                                                  
     	
  1. 
	Determine the minimum value of  2x + 2y
     by solving (graphically) the corresponding optimization problem. Show
     that the minimum is attained at a bounded feasible point.
     
	
  2. 
	Show that the maximum value of 
     2x + 2y
     is unbounded by finding a feasible solution of the form 	
      
  [  x   y
                                                                                      ] =   [ 5   0
                                                                                                     ]+t  [ 1   0                                                                                                ]



     for any  t ≥ 0.
     Show that as  t →∞,
     the objective function becomes unbounded.
     
 

	
  3. 
	Show that 	
      
  [  x   y
                                                                                      ] =   [ 0   6
                                                                                                     ]+t  [ 2   1                                                                                                ]



     is feasible for any  t ≥ 0.
     Compute       the       objective       function       value       at       this
     point     and     demonstrate     that     it     is     unbounded     as     
     t →∞.
                                                                  

                                                                  
     
 



[§5.5]


 
Exercise 5.24: From an Optimal Edge to a Unique Optimum

 
  ⋆ ⋆⋆ Construct
a tie between optimal solutions, then break it.
     
 
	
  1. 
	Construct a linear program in two variables whose set of optimal solutions
     is an entire edge of the feasible region, not just a single vertex. Sketch the
     feasible region, identify the optimal edge, and use the tie-checking step of
     Graphical Method 2 to explain why every point of that edge is optimal.
     
	
  2. 
	Now change exactly one coefficient in your objective function so that the
     modified LP has a unique optimal solution at a vertex of the same feasible
     region. Identify the new optimal vertex and explain why the tie disappears.


[§5.3, Example 5.4]

 

Selected Solutions 


Solution

 
(Exercise 5.10) The feasible region has vertices 
(0,0), 
(3,0), 
(3,1), and 
(0,4). Evaluating the
objective:  z(0,0) = 0,
 z(3,0) = 9, 
z(3,1) = 11, and 
z(0,4) = 8. Sweeping the level
curves of  z = 3x + 2y in the
direction of the gradient  (3,2),
the last level curve to touch the region passes through 
(3,1), where the
constraints  x + y ≤ 4 and 
x ≤ 3 are both binding. The
optimal solution is  (x∗,y∗) = (3,1)
with optimal value  z∗ = 11.
                                                                  

                                                                  

 
Solution

 
(Exercise 5.13) In fact, constraints 2 and 3 point away from each other, and hence
there are no feasible solutions.

 
Solution

 
(Exercise 5.9)

 
The points  (x,y)
satisfying  x − 2y ≤ 2
are precisely those above the line passing through 
(2,0) and 
(0,−1).

 
Solution

 
(5.14)

 
We want to determine the minimum value 
z so
that  x + y = z
defines a line that has a nonempty intersection with the feasible
region. However, we can avoid referring to a sketch by setting 
x = z − y and substituting
for  x
in the inequalities to obtain:

 


 
 

  2(z − y) + y ≥ 4         
 (z − y) + 3y ≥ 1,                                                                   



 
or equivalently,
                                                                  

                                                                  

 


 
 

 z ≥ 2 + 1 
2y       
 z ≥ 1 − 2y,                                                                          



 
Thus, the minimum value for  z
is  min ⁡ {2 + 1 
2y,1 − 2y}, which occurs
at  y = −2
5. Hence, the
optimal value is  9
5.

 
We can verify our work by doing the following. If our calculations
above are correct, then an optimal solution is given by 
x = 11 
 5 , 
y = −2
5 since 
x = z − y. It is
easy to check that this satisfies both inequalities and therefore is a feasible
solution.

 
Now, taking  2
5 times the
first inequality and  1
5
times the second inequality, we can infer the inequality 
x + y ≥ 9 
5.
The left-hand side of this inequality is precisely the objective function.
Hence, no feasible solution can have objective function value less than 
9
5. But 
x = 11 
 5 , 
y = −2
5
is a feasible solution with objective function value equal to 
9
5. As a
result, it must be an optimal solution.
                                                                  

                                                                  

 
Remark. We have not yet discussed how to obtain the multipliers 
2
5 and 
1
5 for inferring
the inequality  x + y ≥ 9 
5.
This is an issue that will be taken up later. In the meantime, think about how one
could have obtained these multipliers for this particular exercise.

 
Solution

 
(Exercise 5.15) We could glean some insight by first making a sketch on the 
(x,y)-plane.

 
The line defined by  −x + y = z
has  x-intercept 
−z. Note
that for  z ≤−3,
   [  x   y                                                                                 ] =   [  −z   0                                                                                             ]
satisfies both inequalities and the value of the objective function at 
  [  x   y                                                             ] =   [  −z   0                                                                                             ]is 
z.
Hence, there is no lower bound on the value of the objective function.

 
Solution

 
(Exercise 5.17) Let  xi denote
the amount of Product  i
to buy for  i = 1,2,3.
Then, the problem can be formulated as 
 
	
 
   minimize      27x1    +     31x2    +     24x3  
     subject to  0.16x1    +   0.21x2    +   0.11x3     ≥  0.40 
                    0.19x1    +   0.13x2    +   0.15x3     ≥  0.30 
                         x1     ,        x2     ,        x3     ≥  0.        



Remark. If one cannot buy fractional amounts of the products, the problem can be
formulated as 
 
	
                                                                  

                                                                  
 
   minimize      27x1    +     31x2    +     24x3  
     subject to  0.16x1    +   0.21x2    +   0.11x3     ≥  0.40 
                    0.19x1    +   0.13x2    +   0.15x3     ≥  0.30 
                         x1     ,        x2     ,        x3     ≥  0.    
                     x1     ,        x2     ,        x3     ∈  ℤ.       





 

5.7    Extreme Directions 

We now define a procedure for finding the extreme directions, using the following LP’s
feasible region. Graphically, we can see that the extreme directions should follow the 
s1 = 0 (red) line
and the  s3 = 0
(orange) line.

 


 

   max ⁡   z = −5x1 − x2         
  s.t.    x1 − 4x2 + s1 = 0      
         − x1 + x2 + s2 = 1     
         − x1 + 2x2 + s3 = 4    
        x1,x2,s1,s2,s3 ≥ 0.    

                                                                  

                                                                  




 
[image: Cone-shaped feasible region on x1-x2 axes: blue shading between the lines s1 = 0 (red, lower boundary) and s3 = 0 (orange, upper boundary), with the line s2 = 0 (teal) crossing above; red square markers sit at (0,0), (0,1), and (2,3).]



 
Figure 5.9:  Cone-shaped  feasible  region  on
x1-x2 axes: blue shading between the lines s1 =
0 (red, lower...                           






 
[image: The same cone-shaped region between s1 = 0 and s3 = 0 with s2 = 0 above, shaded blue and marked with red squares at (0,0), (0,1), and (2,3), used to discuss which basic solutions are feasible.]



 
Figure 5.10: The same cone-shaped region between s1 = 0 and s3 = 0 with s2
= 0 above, shaded blue and marked...                                  


E.g., consider the  s3 = 0
(orange) line, to find the extreme direction start at extreme point (2,3) and find
another feasible point on the orange line, say (4,4) and subtract (2,3) from (4,4),
which yields (2,1).

 
This is related to the slope in two dimensions: the rise is 1 and the run is 2. So this
direction has a slope of 1/2, but this does not carry over easily to higher dimensions
where directions cannot be defined by a single number.

 
To find the extreme directions we can change the right-hand-side to 
b = 0,
which forms a polyhedral cone (in yellow), and then add the constraint 
x1 + x2 = 1. The intersection
of the cone and  x1 + x2 = 1
form a line segment.
                                                                  

                                                                  

 


 

   max ⁡   z = −5x1 − x2         
  s.t.    x1 − 4x2 + s1 = 0      
         − x1 + x2 + s2 = 0     
         − x1 + 2x2 + s3 = 0    
        x1 + x2 = 1           
        x1,x2,s1,s2,s3 ≥ 0.    





 
[image: The same recession cone between s1 = 0 and s3 = 0 with the line x1 + x2 = 1 crossing it, used to identify the extreme rays of the cone.]



 
Figure 5.11: Recession cone plot: shaded blue
cone between the lines s1 = 0 (red) and s3 = 0
(orange) with s2 =...                      






 
[image: The same recession cone between s1 = 0 and s3 = 0 with the line x1 + x2 = 1 crossing it, used to identify the extreme rays of the cone.]



 
Figure 5.12: The same recession cone between s1 = 0 and s3 = 0 with the line
x1 + x2 = 1 crossing it, used to...                                     


Magnifying for clarity, and removing the 
                                                                  

                                                                  
s2 = 0 (teal)
line, as it is redundant, and marking the extreme points of the new feasible region,
(4/5, 1/5) and (2/3, 1/3), with red boxes, we have:

 




 
[image: Zoomed view of the normalization segment: the line x1 + x2 = 1 crosses the shaded cone between s1 = 0 and s3 = 0, and two red square points mark where the extreme rays meet the line.]



 
Figure 5.13: Zoomed view of the normalization segment: the line x1 + x2 = 1
crosses the shaded cone between s1 =...                                 


The extreme directions are thus (4/5, 1/5) and (2/3, 1/3). 

                                                                  

                                                                  

 



 




Chapter 6
Formal Mathematical Statements   

Learning Outcomes

 

     
     	
     Establish needed mathematical notation
     
 


     	
     Understand structural results pertaining to linear programs
     
 


     	
     Develop an intuition for why these results are true
 



     
     You solved the bakery problem graphically: you checked a handful
     of corner points and picked the best one. But the feasible region
     contains infinitely many points. How do you  know  a better plan
     isn’t hiding somewhere in the middle, or partway along an edge you
     never examined? In two dimensions, a picture is convincing. A real
     production model has thousands of variables, and there is no picture.
     This chapter replaces the picture with proofs: short arguments that
     certify, once and for all, that checking the corners is enough.
 


In this chapter, we formalize some of the mathematics about linear programs. We
define some notation here and then state and prove several theorems.

 
Warning

 
In this section, we provide rigorous mathematical proofs of several results. For this
book, you do not need to be able to reproduce these proofs. However, try to
understand the concepts and have a visual image in your head of why these results
are true.

 

6.1    Mathematical Preliminaries 



 

                                                                  

                                                                  
6.1.1    Vectors and Their Properties 

Vectors: A vector is a mathematical object that represents a point in space or a direction. In 
n-dimensional real
space ( ℝn), a vector
 v is written as an
ordered list of  n
elements: 
 
	
 
                                        v = (v1,v2,… ⁡,vn).



Vectors can be written in two forms: as a row vector 
[v1,v2,… ⁡,vn] or as
a column vector: 
 
	
 
v =   [  v1  
   v2  
    ⋮ ⁡    v
n                                                                                                  ] .



In linear programming, vectors are used to represent variables, constraints, and
directions in optimization problems.

 
Vector Operations: Vector operations form the building blocks for linear
programming, enabling the manipulation of decision variables and constraints.
     
 
	
     
Addition: 
 

	
                                                                  

                                                                  
     Vectors of the same dimension can be added componentwise. For example, if 
     v = (2,3) and 
     u = (3,2),
     their sum is: 
 
	
      
                                v + u = (2 + 3,3 + 2) = (5,5).



     This operation is used to model systems where contributions of multiple
     variables are combined.
     
 

	
     
Scalar Multiplication: 
 

	
     A vector can be scaled by multiplying it with a scalar (constant). For example, if 
     k = 2 and 
     v = (2,3),
     then: 
 
	
      
                                   kv = (2 ⋅ 2,3 ⋅ 2) = (4,6).



     Scalar multiplication adjusts the magnitude of a vector while retaining
     its direction, a key concept in scaling constraints or objectives in linear
     programming.
                                                                  

                                                                  
     
 

	
     
Inner (Dot) Product: 
 

	
     The dot product of two vectors  v
     and  u
     of the same size is calculated as: 
 
	
      
                                      v ⋅u = ∑
  i=1nv
iui.



     For example, if  v = (2,3)
     and  u = (3,2),
     then: 
 
	
      
                                    v ⋅u = 2 ⋅ 3 + 3 ⋅ 2 = 10.



     The dot product is used to define constraints and objective functions in
     linear programming, as it represents weighted sums of variables.
 



                                                                  

                                                                  


 

6.1.2    Linear Combinations and Related Concepts 

Linear Combination: A vector  u
is a linear combination of vectors  v1,v2,… ⁡,vk
if: 
 
	
 
                                        u = ∑
  i=1kλ
ivi,



where  λ1,λ2,… ⁡,λk are scalars. If all
scalars are non-negative ( λi ≥ 0),
the combination is called a non-negative linear combination. Linear combinations are
used in linear programming to express feasible solutions as sums of variable
contributions.


 
Definition 6.1: Linear Independence

 
A set of vectors  {v1,v2,… ⁡,vk}⊆ ℝn
is said to be linearly independent if the only solution to the equation 
 
	
 
                                 λ1v1 + λ
2v2 + ⋯ + λ
kvk = 0



is  λ1 = λ2 = ⋯ = λk = 0.

 
Equivalently, no vector in the set can be written as a linear combination of the
others.
                                                                  

                                                                  

 
Examples: 
 

     
     	
     The vectors    [  1   0                                                                                                ]
     and    [  0   1                                                                                                ]
     in  ℝ2
     are linearly independent.
     
 


     	
     The vectors    [  1   2                                                                                                ]
     and    [  2   4                                                                                                ]
     are linearly dependent, since the second is a scalar multiple of the first.
 




Definition 6.2: Linear Independence of Rows or Columns

 
Let  A ∈ ℝm×n
be a matrix.

 

     
     	
     The rows of  A
     are said to be linearly independent if no row can be written as a linear
     combination of the other rows.
     
 


     	
     The columns of  A
     are  linearly  independent  if  no  column  can  be  written  as  a  linear
     combination of the other columns.
     
 


     	
     In     either     case,     the     vectors     are     linearly     independent
     if     the     only     solution     to     the     homogeneous     system     
     Ax = 0
     (or  A⊤ ⁡y = 0)
     is the trivial solution  x = 0
     (or  y = 0).
 



Examples: 
 

                                                                  

                                                                  
     
     	
     The matrix  A =   [ 1  0   0   1                                                                                           ]
     has both linearly independent rows and columns.
     
 


     	
     The matrix  A =   [ 1  2   2   4                                                                                           ]
     has linearly dependent rows and columns; the second row is twice the
     first, and the second column is twice the first.
 




Definition 6.3: Rank of a Matrix

 
Let  A ∈ ℝm×n. The
rank of  A,
denoted  rank ⁡ (A),
is the maximum number of linearly independent rows or columns of 
A.

 
Equivalently,  rank ⁡ (A)
is: 
 

     
     	
     the        dimension        of        the        row        space        of        
     A,
     
 


     	
     the        dimension        of        the        column        space        of        
     A,
     
 


     	
     the  number  of  pivot  columns  in  the  reduced  row  echelon  form  of  
     A,
     
 


     	
     the largest integer  r
     such that  A
     has an  r × r
     submatrix with nonzero determinant.
 



Examples: 
 

                                                                  

                                                                  
     
     	
     The matrix  A =   [ 1  2   3   4                                                                                           ]
     has full rank 2.
     
 


     	
     The matrix  A =   [ 1  2   2   4                                                                                           ]
     has rank 1, since the second row is a multiple of the first.
 




Definition 6.4: Linearly Independent Constraints

 
Let  Ax ≤b
be a system of linear inequalities, where each constraint corresponds to a row 
Aix ≤ bi. A
subset of these constraints is said to be linearly independent at a point 
x ∈ ℝn if the set of row
vectors  {Ai : Aix = bi} (i.e., the
tight constraints at  x)
is linearly independent.

 
Equivalently, the tight constraints at 
x are linearly independent
if the matrix  AI
formed by stacking the tight rows satisfies 
 
	
 
                                          rank ⁡ (AI) = |I|,



where  I := {i : Aix = bi}.

 
Examples: 
 

     
     	
     Let  Ax ≤b
     be the system: 
 
	
                                                                  

                                                                  
      
x1         ≤ 1
x2         ≤ 1
x1 + x2 ≤ 2
                                                                                                       



     At  x = (1,1),
     all  three  constraints  are  tight.  The  first  two  have  row  vectors  
     [1,0]
     and  [0,1],
     which      are      linearly      independent.      The      third      is      
     [1,1],
     which is a linear combination of the first two. So only two of the tight
     constraints are linearly independent.
     
 


     	
     In contrast, for the system: 
 
	
      
x1 ≤ 0
x2 ≤ 0
                                                                                                       



     the point  x = (0,0)
     has       both       constraints       tight,       and       their       rows       
     [1,0],
      [0,1]
     are  linearly  independent.  Hence  the  tight  constraints  are  linearly
     independent at that point.
 



                                                                  

                                                                  


 

6.2    Algebraic Proof - Exists Optimal Solution at a Vertex 


Definition 6.5: Vertex

 
Let  P = {x ∈ ℝn : Ax ≤b} be a polyhedron. A point
 x ∈ P is called a vertex (or corner
point) of  P if it is the unique
solution to a system of  n
linearly independent constraints that are tight at 
x. In other words, 
x is a vertex if there
exists a subset  I ⊆{1,… ⁡,m}
such that: 
 

     
     	
      Aix = bi
     for all  i ∈ I,
     
 


     	
     The rows  {Ai : i ∈ I}
     are linearly independent,
     
 


     	
      |I| = n.
 




Theorem 6.6

 
Let  max ⁡ {c⊤ ⁡x : Ax ≤b}
be a linear program with a nonempty, bounded feasible region 
P. If an
optimal solution exists, then there exists an optimal solution that is a vertex of 
P.

 


                                                                  

                                                                  
Proof. Let                                                                                          
x∗ ∈ P
be               an               optimal               solution.               If               
x∗
is        a        vertex,        we        are        done,        so        suppose        
x∗
is not a vertex. We show how to produce another optimal solution with a strictly
larger set of linearly independent tight constraints; repeating this argument
leads to an optimal vertex.

 
Define the index set of tight (active) constraints at 
x∗ as

 
	
 
                               I := {i ∈{1,… ⁡,m} : Aix∗ = b
i},



where  Ai
is the  ith
row of  A.
Let  AI
be the submatrix of  A
consisting of the rows indexed by  I.

 
Since  x∗
is    not    a    vertex,    the    tight    constraints    do    not    contain    
n
linearly independent rows:  rank ⁡ (AI) < n.
Therefore, the homogeneous system  AId = 0
has a nonzero solution  d ∈ ℝn ∖{0}.

 
Consider the line  x(t) := x∗ + td
for small  t ∈ ℝ.
For all  i ∈ I,
we have: 
 
	
                                                                  

                                                                  
 
                            Aix(t) = Aix∗ + tA
id = bi + 0 = bi,



so the tight constraints remain tight along the line.

 
For any  i∉I,
we have  Aix∗ < bi.
Since  Aix(t) = Aix∗ + tAid
depends continuously on  t,
we can choose a small enough  𝜀 > 0
such that  Aix(t) ≤ bi
for all  t ∈ [−𝜀,𝜀]
and all  i∉I.
Thus, for small  t,
 x(t) ∈ P.

 
Now define the objective value along this line: 
 
	
 
                             z(t) := c⊤ ⁡x(t) = c⊤ ⁡x∗ + t ⋅ (c⊤ ⁡d).



     
     	
     If  c⊤ ⁡d > 0,
     then for small  t > 0,
      x(t) ∈ P
     and  c⊤ ⁡x(t) > c⊤ ⁡x∗,
     contradicting optimality of  x∗.
     
 


     	
     If  c⊤ ⁡d < 0,
                                                                  

                                                                  
     then for small  t < 0
     we obtain the same contradiction.
 



Hence  c⊤ ⁡d = 0, so every
point  x(t) that lies in 
P is also optimal. This is
where boundedness of  P is
used: since  P is bounded,
the line  {x(t) : t ∈ ℝ} cannot be
entirely contained in  P,
so the set  {t ≥ 0 : x(t) ∈ P} is a closed,
bounded interval  [0,t+].
At  t = t+, some constraint
 j∉I becomes tight:
 Ajx(t+) = bj. Note that 
Ajd≠0, since otherwise 
Ajx(t) would be constant
in  t and constraint 
j would never become
tight. Because  Aid = 0
for all  i ∈ I while 
Ajd≠0, the row 
Aj is not a linear
combination of the rows  {Ai : i ∈ I}.
Therefore  x(t+)
is an optimal solution whose tight constraints contain a strictly larger linearly
independent set.

 
Repeating this argument (at most  n
times), we reach an optimal point at which the tight constraints form a full-rank system
(rank  n),
which uniquely determines the point. Such a point is, by definition,
a vertex. Hence there exists an optimal solution at a vertex of 
P.   □

 


This theorem makes good on the promise from the start of the chapter: no better
plan hides in the interior or along an edge, because any non-vertex optimum can be
slid to a vertex without losing a cent. It is also the license behind the simplex method
(Chapter 7), which searches only vertices.

 


 

6.3    Convexity 

A key property that will enable efficient algorithms is convexity. This comes in the
form of convex sets and convex functions. When the constraints to an optimization
                                                                  

                                                                  
problem form a convex set and the objective function is a convex function, then we
say that it is a convex optimization problem.

 
We explain these definitions below.

 

6.3.1    Convex Sets 


Definition 6.7: Convex Combination

 
Given two points  x,y, a convex
combination is any point  z
that lies on the line between  x
and  y.
Algebraically, a convex combination is any point 
z that can be
represented as  z = λx + (1 − λ)y for
some multiplier  λ ∈ [0,1].

 
 

                                                                  

                                                                  
                                                                  

                                                                  



 
[image: Schematic of a convex combination on a 2D plane: two black points x and y are joined by a line segment, with a red point z placed one-third of the way from y to x to illustrate z = lambda*x + (1-lambda)*y for lambda = 2/3.]
 




Figure 6.1:       A       convex       combination       of       the       points       
x
and  y
is given by  z = λx + (1 − λ)y
with any  λ ∈ [0,1].
Here we demonstrate this using  λ = 2∕3.

                                                                  

                                                                  


Definition 6.8: Convex Set

 
A set  C
is convex if it contains all convex combinations of points in 
C. That is,
for any  x,y ∈ C, it
holds that  λx + (1 − λ)y ∈ C
for all  λ ∈ [0,1].

 
 

                                                                  

                                                                  
                                                                  

                                                                  


 
[image: PIC] 

 
(a) Convex Set                  


 

 
[image: Two side-by-side shapes contrasting a convex set (a tilted gray ellipse) with a non-convex set (a curvy gray blob with a notch); a chord between two interior dots leaves the second shape, demonstrating non-convexity.] 

 
(b) Non-convex Set               


 

Figure 6.2: A convex set and a non-convex set.


                                                                  

                                                                  

Some examples of convex sets are:
     
 
	
  1. 
	Hyperplane  H = {x ∈ ℝn : a⊤ ⁡x = b}
     
	
  2. 
	Halfspace  H = {x ∈ ℝn : a⊤ ⁡x ≤ b}
     
	
  3. 
	Polyhedron  P = {x ∈ ℝn : Ax ≤b}
     
	
  4. 
	Ball  B = {x ∈ ℝn : ∑ ⁡
  i=1nxi2 ≤ 1}
     
	
  5. 
	Second Order Cone  S = {(x,t) ∈ ℝn × ℝ : ∥x∥≤ t},
     i.e.,   ∑ ⁡
  i=1nxi2 ≤ t2
     with  t ≥ 0


 

                                                                  

                                                                  
                                                                  

                                                                  
[image: PIC]                                            [image: PIC]                                            [image: A green shaded polyhedron (a tilted quadrilateral) in the x1-x2 plane, labeled Polyhedron.]

 
[image: A shaded ball (disk) in the x1-x2 plane, an example of a convex set.]          [image: Three-dimensional plot of the second order cone: the set of points (x1, x2, t) with the norm of (x1, x2) at most t, drawn as an orange ice-cream-cone surface opening upward along the t axis, with its circular rim at t equal to 1.]



 
Figure 6.3: Examples of convex sets: a hyperplane, a halfspace, a polyhedron,
a ball, and a second-order cone.                                       
                                                                  

                                                                  




Lemma 6.1.  Intersection     of     Convex     Sets     is     Convex     Let     
C1
and                                                                                            
C2
be         convex         sets.         Then         the         intersection         
C1 ∩ C2
is convex. In particular,

 


                 C1 ∩ C2 := {x : x ∈ C1 and x ∈ C2}.



 




 
 

                                                                  

                                                                  
                                                                  

                                                                  



 
[image: The green intersection of the ball and the polytope, which is again a convex set.]
 




Figure 6.4: The green intersection of the convex sets that are the ball and
the  polytope  is  also  convex.  This  can  be  seen  by  considering  any  points  
x,y ∈Ball ∩Polytope.
Since      Ball      is      convex,      the      line      segment      between      
x
and  y
is completely contained in Ball. And similarly, the line segment is completely
contained  in  Polytope.  Hence,  the  line  segment  is  also  contained  in  the
intersection. This is how we can reason that the intersection is also convex.

                                                                  

                                                                  


Theorem 6.9: Convexity of Polyhedra

 
A polyhedron  P = {x ∈ ℝn : Ax ≤b},
that is, the intersection of finitely many half-spaces, is a convex set.

 


Proof. Intuitively, convexity says that the line segment between any two points
of the set stays inside the set. For a polyhedron defined by linear inequalities,
this property follows directly from the linearity of those inequalities, as we now
show.

 
Let  P be a
polyhedron in  ℝn
defined by the intersection of finitely many half-spaces: 
 
	
 
                                    P = {x ∈ ℝn : Ax ≤b},



where                                                                                                
A
is                                                 an                                                 
m × n
matrix,                                                                                              
x ∈ ℝn
is               a               variable               vector,               and               
b ∈ ℝm
is a constant vector.

 
To prove  P
is convex, we must show that for any two points 
x1,x2 ∈ P and
any  λ ∈ [0,1],
the convex combination 
 
	
                                                                  

                                                                  
 
                                      xλ = λx1 + (1 − λ)x2



also lies in  P.
In        other        words,        we        need        to        verify        that        
xλ
satisfies every constraint defining  P,
namely  Axλ ≤b.

 
Since  x1,x2 ∈ P,
each of them satisfies the defining inequalities: 
 
	
 
                                      Ax1 ≤bandAx2 ≤b.



By linearity of matrix multiplication, we can distribute 
A across
the convex combination: 
 
	
                                                                  

                                                                  
 
                   Axλ = A(λx1 + (1 − λ)x2) = λAx1 + (1 − λ)Ax2.



Because  λ ≥ 0 and
 1 − λ ≥ 0, multiplying
the inequalities  Ax1 ≤b
and  Ax2 ≤b
by these non-negative scalars preserves their direction. Adding the two scaled
inequalities together yields 
 
	
 
                        λAx1 + (1 − λ)Ax2 ≤ λb + (1 − λ)b = b.



Combining     the     two     displayed     lines,     we     conclude     that     
Axλ ≤b,
so  xλ ∈ P.

 
Since  x1,
 x2,
and  λ
were     arbitrary,     every     convex     combination     of     points     in     
P
remains in  P.
Therefore  P
is convex.                                                                                         □

 


Extreme Points: An extreme point of a polyhedral set 
C is a
point that cannot be written as a convex combination of other points in 
C.
Linear programming solutions often occur at extreme points, as guaranteed by
fundamental theorems of linear programming.

 

                                                                  

                                                                  


Lemma 6.2.  Objective Values on a Line Segment Given two points 
x,y ∈ ℝn,
a linear function evaluated at any point on the line segment between 
x and 
y
is bounded above by the maximum of the evaluations at 
x and 
y. Formally,
for any  c ∈ ℝn,

 
	
 
                       min ⁡ {c⊤ ⁡x,c⊤ ⁡y}≤c⊤ ⁡z ≤ max ⁡ {c⊤ ⁡x,c⊤ ⁡y},



where  z = λx + (1 − λ)y
for some  λ ∈ (0,1).

 
Either both of these inequalities are strict, or they are both held at equality.

 




 


Proof. Expanding  c⊤ ⁡z
based on the definition
                                                                  

                                                                  

 

         c⊤ ⁡z          = c⊤ ⁡(λx + (1 − λ)y)         Replace formula for z                                    
                      = c⊤ ⁡λx + c⊤ ⁡(1 − λ)y          use distributivity                                       
                      = λc⊤ ⁡x + (1 − λ)c⊤ ⁡y          use linearity                                           

This equation expresses  c⊤ ⁡z as
a convex combination of  c⊤ ⁡x
and  c⊤ ⁡y.
Since  λ ∈ [0,1], we
know  λ ≥ 0
and  1 − λ ≥ 0,
ensuring that the combination is convex.

 




 
[image: One-dimensional number line showing c^T z between c^T x and c^T y. Three dots mark min and max of {c^T x, c^T y} and the convex combination c^T z = lambda c^T x + (1-lambda) c^T y in between.]



 
Figure 6.5: A number line showing that the objective value at z lies between
the objective values at x and y.                                        


By the properties of convex combinations, the value 
c⊤ ⁡z lies
between  c⊤ ⁡x
and  c⊤ ⁡y.
Formally: 
 
	
                                                                  

                                                                  
 
                        min ⁡ {c⊤ ⁡x,c⊤ ⁡y}≤c⊤ ⁡z ≤ max ⁡ {c⊤ ⁡x,c⊤ ⁡y}.



Therefore, the value of  c⊤ ⁡z
is bounded above by  max ⁡ {c⊤ ⁡x,c⊤ ⁡y},
as required.                                                                                       □

 



Theorem 6.10: Optimal Solution at an Extreme Point

 
Let  C ⊆ ℝn
be a bounded, closed, and convex set. Let the objective be to maximize 
c⊤ ⁡x over 
C. Then, there exists
an optimal solution  x∗∈ C
such that  x∗ is an
extreme point of  C.

 


Proof. Since  C is bounded
and closed, it is compact in  ℝn.
The linear function  c⊤ ⁡x
is continuous, and by the Extreme Value Theorem, it attains its maximum value on the
compact set  C.
Let  x∗∈ C
be such that: 
 
	
 
                                  c⊤ ⁡x∗ = max ⁡ {c⊤ ⁡x : x ∈ C}



                                                                  

                                                                  
Suppose  x∗ is not an
extreme point of  C.
Then,  x∗
can be expressed as a convex combination of two distinct points 
x,y ∈ C:

 
	
 
                            x∗ = λx + (1 − λ)y,where λ ∈ (0,1).



By Lemma 6.2, the value  c⊤ ⁡x∗
satisfies: 
 
	
 
                        min ⁡ {c⊤ ⁡x,c⊤ ⁡y}≤c⊤ ⁡x∗≤ max ⁡ {c⊤ ⁡x,c⊤ ⁡y}.



Since  x∗
maximizes  c⊤ ⁡x
over  C,
it must be that  c⊤ ⁡x = c⊤ ⁡x∗
and  c⊤ ⁡y = c⊤ ⁡x∗.
Thus, both  x
and  y
also maximize  c⊤ ⁡x
over  C.

 
If  x∗
is    not    an    extreme    point,    we    can    repeat    this    argument    for    
                                                                  

                                                                  
x
and  y,
expressing    them    as    convex    combinations    of    other    points    in    
C.
When  C
is    a    polyhedron,    this    process    must    terminate    after    a    finite
number   of   steps   because   each   step   moves   to   a   face   of   strictly
smaller    dimension    and    a    polyhedron    has    only    finitely    many
faces;   at   that   point   we   reach   an   extreme   point   that   maximizes   
c⊤ ⁡x.
(For   a   general   compact   convex   set,   termination   requires   a   more
careful    argument,    for    instance    induction    on    the    dimension    of    
C;
we omit the details.)

 
Hence,   there   exists   an   optimal   solution   at   an   extreme   point   of   
C.
                                                                 □

 



Theorem 6.11: Extreme Points and Vertices of a Polyhedron

 
Let  P ⊆ ℝn be a polyhedron. Then,
a point  v ∈ P is an extreme
point if and only if  v
is a vertex of  P.

 


Proof. (If                                                                               
v
is not a vertex, then it is not an extreme point):

 
Suppose  v ∈ P is not a vertex.
By definition, this means  v
is not the unique solution to any subset of 
n linearly independent
constraints active at  v.
Let  A′x = b′ represent the
active constraints at  v,
where  A′∈ ℝm′×n
        (
m′≤ n)
is the matrix of active constraints, and assume the rows of 
A′ are linearly independent.
Since  v is not a vertex,
the null space of  A′,
                                                                  

                                                                  
denoted  𝒩(A′),
is nontrivial, i.e., there exists a nonzero direction 
d ∈ ℝn such
that: 
 
	
 
                                              A′d = 0.



Consider perturbing  v
in the directions  v + 𝜖d
and  v − 𝜖d, for
some small  𝜖 > 0.
Since  d ∈𝒩(A′),
the perturbed points satisfy the active constraints: 
 
	
 
                               A′(v + 𝜖d) = A′v + 𝜖A′d = b′.



Similarly,  A′(v − 𝜖d) = b′.

 
For sufficiently small  𝜖 > 0,
the   perturbed   points   also   satisfy   all   other   constraints   defining   
P.
This is because  P
is    a    polyhedron,    and    the    constraints    are    continuous    linear
inequalities    that    remain    satisfied    under    small    perturbations    of    
v.
                                                                  

                                                                  

 
Now, we express  v as a strict
convex combination of  v + 𝜖d
and  v − 𝜖d:

 
	
 
                                 v = 1 
2(v + 𝜖d) + 1 
2(v − 𝜖d).



Since  v + 𝜖d≠v
and  v − 𝜖d≠v,
and both points belong to  P,
this shows that  v
is not an extreme point of  P.

 




 
[image: Two-dimensional plot of a quadrilateral polytope with vertices (0,0), (1,2), (3,2), (4,0). A green vertex v and two interior red points x and y each show short arrows v +/- epsilon*d, distinguishing perturbations that stay inside from those that leave the polytope.]



 
Figure 6.6: Two-dimensional plot of a quadrilateral polytope with vertices (0,0),
(1,2), (3,2), (4,0).                                                   


(If  v
is a vertex, then it is an extreme point):

 
Assume  v ∈ P
is a vertex. By definition, there exists a subset of constraints, say 
A′x = b′, where 
A′∈ ℝn×n, such
that  v
is the unique solution to this system.

 
Suppose, for the sake of contradiction, that 
v is not an extreme
point. Then,  v
can be expressed as: 
 
	
                                                                  

                                                                  
 
                        v = λx1 + (1 − λ)x2,x1,x2 ∈ P,λ ∈ (0,1),



where  x1≠v
and  x2≠v.

 
We claim that both  x1
and  x2 must
satisfy  A′x = b′. To see
this, let  a be a
row of  A′ and 
b be the corresponding right
hand side value in  b′ By
Lemma 6.2, the value of  a⊤ ⁡v
satisfies: 
 
	
 
                     min ⁡ {a⊤ ⁡x
1,a⊤ ⁡x
2}≤a⊤ ⁡v ≤ max ⁡ {a⊤ ⁡x
1,a⊤ ⁡x
2}.



Since  v
satisfies  a⊤ ⁡v = b,
this implies: 
 
	
                                                                  

                                                                  
 
                              a⊤ ⁡v = λa⊤ ⁡x
1 + (1 − λ)a⊤ ⁡x
2 = b.



If either  a⊤ ⁡x1≠b or 
a⊤ ⁡x2≠b, the equation above
cannot hold. Hence, both  x1
and  x2 must
satisfy  a⊤ ⁡x = b.

 
Since  v
satisfies  A′x = b′,
both  x1 and 
x2 must also
satisfy  A′x = b′,
as  A′x = b′
defines an affine subspace. However, this contradicts the assumption that 
v is the unique
solution to  A′x = b′.

 
Therefore,  v
cannot be expressed as a strict convex combination of distinct points in 
P, and 
v is an
extreme point.

 
Conclusion: A point  v ∈ P
is an extreme point if and only if it is a vertex of 
P.   □

 


6.3.2    Unbounded Sets and Rays 

Rays and Directions: A ray in  ℝn
is a set of points: 
 
	
                                                                  

                                                                  
 
                                   {x : x = x¯ + λd,λ ≥ 0},



where  x¯ is the
starting point and  d
is the direction. Rays describe unbounded feasible regions in linear programming
models.

 
Extreme Directions: An extreme direction is one that cannot be written as a
positive combination of other directions. In linear programming, extreme directions
help characterize unbounded solutions.

 
With these notions in hand, we can state a structural result: every point of a polyhedron
 P
can be built from the extreme points and extreme directions of 
P.


 
Theorem 6.12: Representation Theorem

 
Let  P ⊆ ℝn be a nonempty
polyhedron, let  x1,x2,⋯xk be the
set of extreme points of  P,
and if  P is unbounded, 
d1,d2,⋯dl be the set of extreme
directions. Then any  x ∈ P
is equal to a convex combination of the extreme points and
a non-negative linear combination of the extreme directions: 
x = ∑ ⁡
  j=1kλjxj + ∑ ⁡
  j=1lμjdj, where 
 ∑ ⁡
  j=1kλj = 1, 
λj ≥ 0, ∀ ⁡j = 1,2,⋯,k, and 
μj ≥ 0, ∀ ⁡j = 1,2,⋯,l.

 
As an illustration, consider the LP below, whose feasible region 
P is drawn on the right
(in the  (x1,x2)-plane, with
the slack variables  s1,s2,s3
eliminated). This feasible region is unbounded, extending without limit to the upper
right, which is why the theorem must allow for extreme directions. Its extreme points
are  (0,0), 
(0,1), and 
(2,3),
marked in the figure.
                                                                  

                                                                  

 


 

   max ⁡   z = −5x1 − x2         
  s.t.    x1 − 4x2 + s1 = 0      
         − x1 + x2 + s2 = 1     
         − x1 + 2x2 + s3 = 4    
        x1,x2,s1,s2,s3 ≥ 0.    





 
[image: PIC]



 
Figure 6.7: Feasible region with the lines s1=0,
s2=0, s3=0 marking where each slack variable
vanishes; basic...                          



As a concrete use of the theorem, we represent the point 
(1∕2,1) ∈ P
as a convex combination of the extreme points. Find 
λs
to solve the following system of equations, subject to 
λ1 + λ2 + λ3 = 1 and 
λ1,λ2,λ3 ≥ 0:

 

                                                                  

                                                                  

 
 
λ1  [    0     0                                                                                                    ]+λ2  [    0     1                                                                                                    ]+λ3  [    2     3                                                                                                    ] =  [   1∕2     1                                                                                                 ]



 
One solution is  λ1 = 1∕2, 
λ2 = 1∕4, 
λ3 = 1∕4: the weights are
non-negative and sum to  1,
so  (1∕2,1) is
a convex combination of the extreme points. Here no extreme directions are needed
(all  μj = 0);
they would be required only for points outside the convex hull
of the extreme points, farther out in the unbounded part of 
P.

 


 

6.4    Exercises 

Warm-ups


 
Exercise 6.13: Vector Operations

 
 ⋆ Let 
v = [3,−2,4] and 
u = [−1,0,2].
Compute:
     
 
	
  1. 
	 v + u
     
	
  2. 
	 2v
     
	
  3. 
	 v ⋅u


[§6.1]

                                                                  

                                                                  

 
Exercise 6.14: Linear and Convex Combinations

 
 ⋆ Let 
v1 = [1,0], 
v2 = [0,1], and 
v3 = [1,1].

 

     
 
	
  1. 
	Which of the following are linear combinations of 
     v1 and 
     v2?
         
         	
          [2,3]
         
 


         	
          [1,1]
         
 


         	
          [1,−1]
 



     
	
  2. 
	Is the vector  [1∕2,1∕2]
     a convex combination of any two of these vectors?


[§6.1, §6.3]


 
Exercise 6.15: Linear Independence and Matrix Rank

 
 ⋆ Consider
the matrix  A =   [ 1  2   2   4                                                                                           ].
     
 
	
  1. 
	Are the rows of  A
     linearly independent?
     
	
  2. 
	Are the columns linearly independent?
     
	
  3. 
	What is  rank ⁡ (A)?


[§6.1]

                                                                  

                                                                  

 
Exercise 6.16: Convex or Not?

 
 ⋆ For each of the
following subsets of  ℝ2,
decide whether the set is convex, as in Figures 6.2a and 6.2b. If the set is not
convex, exhibit two points in the set whose connecting segment leaves the
set.
     
 
	
  1. 
	The disk  D = {x : x12 + x22 ≤ 4}.
     
	
  2. 
	The ring  R = {x : 1 ≤ x12 + x22 ≤ 4}.
     
	
  3. 
	The halfspace  H = {x : x1 + 2x2 ≤ 3}.
     
	
  4. 
	The set  S = {x : |x1|≥ 1}.


[§6.3]


 
Exercise 6.17: Writing an LP in Matrix Notation

 
 ⋆ Consider
the linear program

 

                          max ⁡                          3x1 + 2x2                                                    
                         s.t.                          x1 + 3x2 ≤ 6                                                  
                                                      2x1 + x2 ≤ 4                                                  
                                                      x1,x2 ≥ 0.                                                    

                                                                  

                                                                  
Write this LP in the standard form  max ⁡ {c⊤ ⁡x : Ax ≤b}
used in this chapter: give the vector  c,
the  4 × 2 matrix 
A, and the vector
 b. (Write each
nonnegativity constraint  xi ≥ 0
as  −xi ≤ 0.) Then verify
that the point  x = (1.2,1.6)
satisfies  Ax ≤b.

 
[§6.1, §6.2]

 
Core problems


 
Exercise 6.18: Convex Combinations and Geometry

 
  ⋆ ⋆ Let 
P be the triangle
with vertices at  (0,0),
 (2,0), and 
(0,2).
     
 
	
  1. 
	Plot the set  P.
     
	
  2. 
	Determine whether the point  (1,1)
     is a convex combination of the vertices.
     
	
  3. 
	Determine whether the point  (1.5,1.5)
     is in  P.


[§6.3]


 
Exercise 6.19: Halfspace Geometry and Convexity

 
  ⋆ ⋆ Consider the
halfspace  H = {x ∈ ℝ2 : x1 + 2x2 ≤ 4}.
     
 
	
  1. 
	Plot the halfspace and the boundary.
     
	
  2. 
	Is the point  (2,1)
     in  H?
     What about  (1,2)?
                                                                  

                                                                  
     
	
  3. 
	Verify that the set is convex by checking whether the midpoint between 
     (0,0)
     and  (2,1)
     lies in  H.


[§6.3, Theorem 6.9]


 
Exercise 6.20: Checking an Extreme Point

 
  ⋆ ⋆ Let

 
	
 
  P = {x ∈ ℝ2 : x
1 − 4x2 ≤ 0, − x1 + x2 ≤ 1, − x1 + 2x2 ≤ 4,x1 ≥ 0,x2 ≥ 0}



be the feasible region used to illustrate the Representation Theorem.
     
 
	
  1. 
	Verify that  (2,3) ∈ P,
     identify   the   constraints   that   are   tight   there,   and   show   that
     the    tight    rows    are    linearly    independent.    Conclude    that    
     (2,3)
     is a vertex of  P,
     and hence an extreme point.
     
	
  2. 
	Verify that  (1,2) ∈ P
     and  show  that  only  one  constraint  is  tight  there.  Then  express  
     (1,2)
     as     a     convex     combination     of     two     other     points     of     
     P
     to conclude that  (1,2)
     is not an extreme point.


[§6.2, §6.3]

                                                                  

                                                                  

 
Exercise 6.21: A Convex Combination of Extreme Points

 
  ⋆ ⋆ The polyhedron 
P from Exercise 6.20
has extreme points  (0,0),
 (0,1), and 
(2,3).
Following the illustration of the Representation Theorem, find multipliers 
λ1,λ2,λ3 ≥ 0 with 
λ1 + λ2 + λ3 = 1 such
that 
 
	
 
λ1  [   0   0                                                                                                ]+λ2  [   0   1                                                                                                ]+λ3  [   2   3                                                                                                ] =   [   1     7∕4                                                                                             ].



Why are no extreme directions needed to represent this point?

 
[§6.3, Theorem 6.12]

 
Concepts and connections


 
Exercise 6.22: Is the Union of Convex Sets Convex?

 
  ⋆ ⋆ The
chapter shows that the intersection of two convex sets is always convex.
     
 
	
  1. 
	Give        an        example        of        two        convex        sets        
     C1,C2 ⊆ ℝ2
     whose union  C1 ∪ C2
     is not convex, and verify your claim by exhibiting two points of the union
     whose midpoint is not in the union.
     
	
  2. 
	Find a condition on  C1
     and  C2
     under which the union is convex, and justify it.


                                                                  

                                                                  
[§6.3]


 
Exercise 6.23: Where Boundedness Enters the Vertex Theorem

 
  ⋆ ⋆ The
proof in §6.2 that some optimal solution lies at a vertex assumes the feasible region 
P is
bounded.
     
 
	
  1. 
	Point to the exact step of the proof where boundedness is used, and explain
     what could go wrong without it.
     
	
  2. 
	Let  P = {x ∈ ℝ2 : 0 ≤ x2 ≤ 1}
     and consider maximizing  −x2
     over  P.
     Show that  P
     has no vertex at all, that the LP nevertheless has optimal solutions, and
     describe the set of optima. Which hypothesis of the theorem fails, and
     why does this example not contradict the theorem?


[§6.2]

 
Challenge problems


 
Exercise 6.24: Intersections of Arbitrary Families of Convex Sets

 
  ⋆ ⋆⋆ Let 
{Ci}i∈I be any family of
convex sets in  ℝn,
where the index set  I
may be infinite. Prove that the intersection 
 
	
 
                                           C = ⋂
  i∈ICi



                                                                  

                                                                  
is convex. Explain why this result, applied to halfspaces, gives another proof of Theorem 6.9.
(Note that  C
may be empty; the empty set is convex vacuously.)

 
[§6.3, Theorem 6.9]

 


 

Selected Solutions 

Solution

 
(Exercise 6.13) Working componentwise:
     
 
	
  1. 
	 v + u = [3 + (−1), − 2 + 0,4 + 2] = [2,−2,6].
     
	
  2. 
	 2v = [6,−4,8].
     
	
  3. 
	 v ⋅u = (3)(−1) + (−2)(0) + (4)(2) = −3 + 0 + 8 = 5.


Solution

 
(Exercise 6.18) The triangle  P is
the set of convex combinations of  (0,0),
 (2,0), and 
(0,2); equivalently,
 P = {x ∈ ℝ2 : x1 ≥ 0,x2 ≥ 0,x1 + x2 ≤ 2}.

 

     
 
	
  1. 
	The plot is the triangle with the three given vertices.
     
	
  2. 
	Yes. Take  λ1 = 0,
      λ2 = λ3 = 1 
2:
     	
                                                                  

                                                                  
      
0  [  0   0                                                                                                ]+1
2   [   2   0
                                                                                                     ]+1
2   [   0   2
                                                                                                     ] =   [  1   1                                                                                                ],



     and     the     weights     are     nonnegative     and     sum     to     
     1.
     
 

	
  3. 
	No.      Any      combination      of      the      vertices      hitting      
     (1.5,1.5)
     must satisfy  2λ2 = 1.5
     and  2λ3 = 1.5,
     forcing  λ2 = λ3 = 0.75
     and  λ2 + λ3 = 1.5 > 1.
     Equivalently,  1.5 + 1.5 = 3 > 2
     violates  x1 + x2 ≤ 2,
     so  (1.5,1.5)∉P.


Solution

 
(Exercise 6.21) The first coordinate forces 
2λ3 = 1, so 
λ3 = 1∕2. The second
coordinate then gives  λ2 + 3∕2 = 7∕4,
so  λ2 = 1∕4, and the
normalization  λ1 + λ2 + λ3 = 1
gives  λ1 = 1∕4.
All three multipliers are nonnegative, so 
 
	
 
1
4   [   0   0                                                                                                ]+1
4   [   0   1                                                                                                ]+1
2   [   2   3                                                                                                ] =   [    1     7∕4
                                                                                                     ],



                                                                  

                                                                  
and  (1,7∕4) is a
convex combination of the extreme points. No extreme directions are needed because 
(1,7∕4)
already lies in the convex hull of the three extreme points; all coefficients 
μj in the
Representation Theorem can be taken to be zero.

 
Solution

 
(Exercise 6.22)
     
 
	
  1. 
	Take  C1
     to be the unit disk centered at  (−2,0)
     and  C2
     the unit disk centered at  (2,0).
     Each disk is convex. The points  (−2,0) ∈ C1
     and  (2,0) ∈ C2
     both      lie      in      the      union,      but      their      midpoint      
     (0,0)
     is at distance  2 > 1
     from    both    centers,    so    it    lies    in    neither    disk.    Hence    
     C1 ∪ C2
     is not convex.
     
	
  2. 
	If        one        set        contains        the        other,        say        
     C1 ⊆ C2,
     then  C1 ∪ C2 = C2,
     which  is  convex.  Nesting  is  sufficient  but  not  necessary:  with  
     C1 = {x : x2 ≥ 0}
     and  C2 = {x : x2 ≤ 0},
     neither        halfplane        contains        the        other,        yet        
     C1 ∪ C2 = ℝ2
     is convex.


                                                                  

                                                                  



 




Chapter 7
Simplex Method   

Learning Outcomes

 

     
     	
     Convert linear programs to standard form
     
 


     	
     Reformulate linear programs from the perspective of different bases
     
 


     	
     Define basic solutions and basic feasible solutions
     
 


     	
     Describe optimality condition from the perspective of a reformulation
     
 


     	
     Develop the Simplex Method that pivots through basic feasible solutions
 



     
     Picture hiking to the highest point of a fenced field on a moonless
     night. Your flashlight shows only the ground at your feet: the corner
     you are standing on and the fence lines leading away from it. A
     sensible strategy suggests itself: shine the light along each fence line;
     if one leads uphill, follow it to the next corner and look again; if
     none does, stop. The remarkable fact of this chapter is that for linear
     programs this nearsighted strategy is guaranteed to end at the highest
     point of the entire field. The algebra of “shining the flashlight” is a
     reformulation of the linear program called a dictionary.
 


In this section, we will develop the Simplex Method. This algorithm has been
lauded as one of the most important algorithms of the 20th century. It will
iteratively find better vertex solutions to a linear program until it can prove
optimality.

 
To implement the simplex algorithm, we must first discuss a Standard Form
with which to represent linear programs. After, we will discuss structure of
linear programs in this form using matrix notation and demonstrate how
a linear program can be transformed to new representations. These new
                                                                  

                                                                  
representations will be the backbone of the simplex algorithm. We will pivot
between vertices, and each vertex will have a new representation of the linear
program that will help us understand how to choose a new vertex to move
to.

 
The whole algorithm runs very fast in practice. Here, we will teach you a basic
version of the algorithm, but note that state-of-the-art solvers will employ a number
of tricks to make this process very fast. Linear programs can be solved with millions
of variables!

 

7.1    Standard Form 

To solve a linear program using methods such as the simplex algorithm,
the problem must first be converted to a standard form. This ensures the
problem adheres to a uniform structure, making it easier to analyze and solve
algorithmically.

 
A linear program is in standard form if it satisfies all of the following: 
 

     
     	
     The objective is a maximization.
     
 


     	
     All     constraints     are     equalities     (i.e.,     of     the     form     
     =).
     
 


     	
     All     variables     are     bounded     below     by     zero     (i.e.,     
     xi ≥ 0).
 




Definition 7.1: Standard Form

 
A linear program is in standard form if it is written as
                                                                  

                                                                  

 

                            max ⁡                            c⊤ ⁡x                                                         
                           s.t.                             Ax = b                                                      
                                                          x ≥ 0.                                                       



 

7.1.1    Converting to Standard Form 

We now describe how to handle each of these aspects step-by-step, including common
subcases and examples.

 


 

1. Objective: Convert Minimization to Maximization 

If the linear program is given as a minimization, we convert it
into a maximization by multiplying the objective function by 
−1. This
transformation does not affect the feasible region, and the maximizer of the new
function will be the minimizer of the original.


 
Example 7.2: Convert Min to Max

 
Consider the following objective: 
 
	
 
                                          min ⁡ 3x1 + 4x2.



                                                                  

                                                                  
To convert this to a maximization, we multiply the entire expression by 
−1:

 
	
 
                                        max ⁡ (−3x1 − 4x2).



Now the problem can be treated using standard methods that assume a
maximization objective.

 

                                                                  

                                                                  

 

2. Constraints: Convert Inequalities to Equalities 

All inequality constraints must be transformed into equalities using slack or surplus
variables, which represent the difference between the left- and right-hand sides of the
constraint.

 

     
     	
     Convert  ≤
     to  =
     using a slack variable.
     
 
A    slack    variable    is    added    to    "fill    the    gap"    in    a    
     ≤
     constraint and must be nonnegative.

     
 
Example 7.3: Slack Variable for 
     ≤
     
 
Suppose we have the constraint: 
 
	
      
                                           x1 + 2x2 ≤ 5.



     We introduce a new variable  s1 ≥ 0,
     called a slack variable, and rewrite the constraint as: 
 
	
                                                                  

                                                                  
      
                                        x1 + 2x2 + s1 = 5.



     Here,  s1
     represents the unused portion of the right-hand side (i.e., how far the left-hand
     side is from 5).
     
 


     	
     Convert  ≥
     to  =
     using a surplus variable.
     
 
A surplus variable is subtracted from the left-hand side of a 
     ≥
     constraint to convert it into an equality. This variable also must be
     nonnegative.

     
 
Example 7.4: Surplus Variable for 
     ≥
     
 
Consider the constraint: 
 
	
      
                                            x1 − x2 ≥ 3.



     We introduce a new variable  s2 ≥ 0,
     called a surplus variable, and rewrite the constraint as: 
 
	
                                                                  

                                                                  
      
                                        x1 − x2 − s2 = 3.



     In this case,  s2
     accounts for the extra amount by which the left-hand side exceeds
     3.
     
 





 

3. Variable Bounds: Ensure All Variables Are Nonnegative 

The standard form requires all variables to satisfy 
xi ≥ 0. If
any variable is unbounded below or is restricted in another way, we perform a
variable substitution to enforce this condition.

 

     
     	
     Convert  xi ≤ 0
     to  xi′≥ 0
     by renaming and negating.
     
 
If  a  variable  is  constrained  to  be  nonpositive,  we  can  define  a  new
     nonnegative variable as its negation.

     
 
Example 7.5: Rename and Negate for 
     ≤ 0
     
 
Suppose  x3 ≤ 0.
     Define  x3′ = −x3, which
     implies  x3′≥ 0.
     Then substitute: 
 
	
                                                                  

                                                                  
      
                                   x3 = −x3′,where x
3′≥ 0.



     This transformation allows us to enforce nonnegativity in the standard
     form.
     
 


     	
     Convert unrestricted variables into the difference of two nonnegative
     variables.
     
 
If a variable is unrestricted in sign (i.e., it can be positive or negative), we
     express it as the difference of two new nonnegative variables.

     
 
Example 7.6: Unrestricted Variable to Two Variables
     
 
Suppose  x4
     is unrestricted. We define: 
 
	
      
                            x4 = x4+ − x
4−,with x
4+,x
4−≥ 0.



     Here,  x4+ captures the
     positive part and  x4−
     captures the negative part. At most one of them will be nonzero in a basic
     feasible solution.
     
 



                                                                  

                                                                  
After performing these transformations, the resulting linear program will be in
standard form and ready for solution via the simplex method or other standard
techniques.


 
Example 7.7: Complete Conversion to Standard Form

 
Consider the following linear program:

 
	
 
 min ⁡ 2x1 − 3x2 + x3                                               
 s.t. x1 − x2 ≤ 4,
     2x1 + x3 = 7,
     x2 − x3 ≥ 2,
     x1 is unrestricted,x2 ≥ 0,x3 is unrestricted.
                                                                                        



We will now convert this problem into standard form.

 
Step 1: Convert the objective to maximization.

 
Since the problem is a minimization, we multiply the objective by 
−1:

 
	
 
                                    max ⁡ (−2x1 + 3x2 − x3).



Step 2: Replace unrestricted variables.
                                                                  

                                                                  

 
Both  x1
and  x3
are unrestricted. We express them as the difference of two nonnegative variables:

 
	
 
           x1 = x1+ − x
1−,x
3 = x3+ − x
3−,with x
1+,x
1−,x
3+,x
3−≥ 0.



Substitute these into the objective and constraints.

 
New objective: 
 
	
 
max ⁡ [−2(x1+−x
1−)+3x
2−(x3+−x
3−)] = max ⁡ (−2x
1++2x
1−+3x
2−x3++x
3−).



New constraints:
                                                                  

                                                                  

 

       (x1+ − x
1−) − x
2                 ≤ 4       (original 1st constraint)                            
       2(x1+ − x
1−) + (x
3+ − x
3−)        = 7       (original 2nd constraint)                            
       x2 − (x3+ − x
3−)                 ≥ 2       (original 3rd constraint)                            

Step 3: Convert inequalities to equalities.

 

     
     	
     Add a slack variable  s1 ≥ 0
     to the first constraint: 
 
	
      
                                    x1+ − x
1−− x
2 + s1 = 4



     

     	
     The second constraint is already an equality: 
 
	
                                                                  

                                                                  
      
                                2x1+ − 2x
1− + x
3+ − x
3− = 7



     

     	
     Subtract a surplus variable  s2 ≥ 0
     from the third constraint: 
 
	
      
                                    x2 − x3+ + x
3−− s
2 = 2



     


Final standard form:

 
	
 
max ⁡  − 2x1+ + 2x
1− + 3x
2 − x3+ + x
3−
 s.t.  x1+ − x
1−− x
2 + s1 = 4
       2x1+ − 2x
1− + x
3+ − x
3− = 7
       x2 − x3+ + x
3−− s
2 = 2
       x1+,x
1−,x
2,x3+,x
3−,s
1,s2 ≥ 0.
                                                                                        



                                                                  

                                                                  
This is now in standard form: a maximization problem with equality constraints and
all variables nonnegative.

 


Remark.  Variable Transformations Preserve Solution Meaning To convert a linear
program into standard form, we often introduce new variables: 
 

     
     	
     Slack variables to convert  ≤
     constraints to equalities,
     
 


     	
     Surplus variables for  ≥
     constraints,
     
 


     	
     Split unrestricted variables as  xj = xj+ − xj−,
     
 


     	
     Negate variables with  xj ≤ 0.
 



These transformations may change the number of variables and the way solutions are
expressed, but:
     
 
	
  1. 
	Every feasible solution to the transformed problem corresponds to a feasible
     solution of the original problem.
     
	
  2. 
	Every  optimal  solution  of  the  transformed  problem  yields  an  optimal
     solution to the original.


Thus, while the form of the solution may look different, the meaning and the value of
the solution are preserved.

 




 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Two-row diagram: Original LP (min or max, unrestricted variables, inequalities) connected by arrows labeled 'variable transformations / interpret in original space' to Transformed LP in Canonical Form (max, all equalities, variables >= 0); below, Solution to Original LP is connected to Solution to Transformed LP by 'encode to canonical form / map back (e.g., x_j = x_j-plus minus x_j-minus)'.] 


 
Figure 7.1: Correspondence between original and canonical form solutions.   
                                                                  

                                                                  


Example 7.8: Transformation Preserves Solution Meaning

 
Consider the following linear program: 
 
	
 
 min ⁡  − x1 + 2x2 − 3x3
 s.t. x1 − x2 + x3 ≥ 2,
     x2 ≤ 0,
     x3 unrestricted.
                                                                                        



Step 1: Convert to maximization.

 
Multiply the objective by  −1:

 
	
 
                                       max ⁡ x1 − 2x2 + 3x3.



Step 2: Convert variables to be nonnegative.

 

     
     	
      x2 ≤ 0
      ⇝
     define  x2 = −x2′,
     with  x2′≥ 0.
                                                                  

                                                                  
     
 


     	
      x3
     unrestricted  ⇝
     write  x3 = x3+ − x3−,
     with  x3+,x3−≥ 0.
 



Substitute into the objective and constraint: 
 
	
 
           max ⁡ x1 − 2(−x2′) + 3(x
3+ − x
3−) = x
1 + 2x2′ + 3x
3+ − 3x
3−.



	
 
                       Constraint: x1 + x2′ + x
3+ − x
3−≥ 2.



Step 3: Convert constraint to equality using a surplus variable.

 
Introduce surplus variable  s1 ≥ 0:

 
	
                                                                  

                                                                  
 
                               x1 + x2′ + x
3+ − x
3−− s
1 = 2.



Now the problem is in standard form: 
 
	
 
max ⁡ x1 + 2x2′ + 3x
3+ − 3x
3−    
 s.t.  x1 + x2′ + x
3+ − x
3−− s
1 = 2,
      x1,x2′,x
3+,x
3−,s
1 ≥ 0.
                                                                                        




Example 7.9: Example Continued

 
Step 4: Example solution in standard form.

 
Consider a solution of the canonical form 
 
	
 
                         x1 = 1,x2′ = 0,x
3+ = 1,x
3− = 0,s
1 = 0.



                                                                  

                                                                  
Step 5: Map solution back to original variables. 
 
	
 
                        x2 = −x2′ = 0,x
3 = x3+ − x
3− = 1.



So the solution to the original problem is: 
 
	
 
                                     x1 = 1,x2 = 0,x3 = 1,



and the original objective value is: 
 
	
 
                                   −1(1) + 2(0) − 3(1) = −4.



Conclusion: The transformation allowed us to solve the LP using standard
techniques, and we were able to directly interpret the solution in the space of the
original variables. The solution meaning is preserved.
                                                                  

                                                                  

 

7.1.2    Basic Feasible Solutions for Standard Form 

Consider a linear program in standard form: 
 
	
 
 max ⁡ c⊤ ⁡x     
 s.t.  Ax = b,
      x ≥ 0,
                                                                                        



where  A ∈ ℝm×n, 
b ∈ ℝm, and 
c ∈ ℝn.

 
We assume throughout that: 
 

     
     	
     The matrix  A
     has full row rank, i.e.,  rank(A) = m,
     
 


     	
     The feasible region  {x ∈ ℝn : Ax = b,x ≥ 0}
     is nonempty.
 




Definition 7.10: Basic Feasible Solution

 
A vector  x ∈ ℝn
is called a basic feasible solution (BFS) if:
     
 
	
  1. 
	It satisfies all the constraints of the LP (i.e., it is feasible),
     
	
  2. 
	It has at most  m
     positive components (i.e.,  n − m
     components are set to zero),
                                                                  

                                                                  
     
	
  3. 
	These         positive         components         correspond         to         a
     set         of         linearly         independent         columns         of         
     A.


Let  B ⊆{1,… ⁡,n} be an index set
of size  m such that the
submatrix  AB (formed
from the columns of  A
indexed by  B)
is nonsingular. Then the corresponding basic solution is given by: 
 
	
 
                                     xB = AB−1b,x
N = 0,



where  N = {1,… ⁡,n}∖ B.
If  xB ≥ 0,
the basic solution is feasible, and hence a basic feasible solution.

 
Basic feasible solutions play a central role in the simplex method, which moves from
one BFS to another while improving the objective function value.


 
Example 7.11: Basic Feasible Solution

 
Consider the linear program: 
 
	
                                                                  

                                                                  
 
 max ⁡ 3x1 + 2x2      
 s.t.  x1 + x2 ≤ 4,
      2x1 + x2 ≤ 5,
      x1,x2 ≥ 0.
                                                                                        



We first convert the inequalities to equalities by introducing slack variables 
s1 and 
s2:

 
	
 
x1 + x2 + s1   = 4,
2x1 + x2 + s2 = 5,
x1,x2,s1,s2    ≥ 0.
                                                                                        



This system has 4 variables and 2 equality constraints. A basic feasible solution
corresponds to choosing any 2 variables (equal to the number of constraints) as basic
and solving for them.

 
Choose  s1 and
 s2 as the basic
variables (so  x1 = x2 = 0).
Substituting into the equations: 
 
	
                                                                  

                                                                  
 
s1 = 4,
s2 = 5.
                                                                                        



This gives the solution: 
 
	
 
                                  (x1,x2,s1,s2) = (0,0,4,5),



which is a basic feasible solution. It is feasible because all variables are nonnegative,
and basic because we set two variables (equal to the number of constraints) to
nonzero values.

 
Geometrically, this solution corresponds to the intersection of the two axes (i.e., the origin)
in the  (x1,x2)
plane, a corner point of the feasible region.


 
Learning Checkpoint 7.1.1

 
In a basic feasible solution (BFS) to a linear program in standard form, how many components of
the decision vector  x
can be nonzero?

 
[Hint: Relate your answer to the number of linearly independent constraints in the
system.]

 



Proposition 7.1.  Vertices and BFS Let  P = {x ∈ ℝn : Ax = b,x ≥ 0}
be  the  feasible  region  of  a  linear  program  in  standard  form,  where  
A ∈ ℝm×n
has full row rank  m ≤ n.
                                                                  

                                                                  
Then every vertex of  P
is a basic feasible solution.

 




 


Proof. Let  x∗∈ P
be a vertex of the feasible region  P.
By definition, this means that  x∗
cannot be expressed as a strict convex combination of two distinct points in 
P.
We will show that  x∗
is a basic feasible solution.

 
Let  I := {j ∈{1,… ⁡,n} : xj∗ > 0} be the support
of  x∗, and let 
AI denote the submatrix
of  A consisting of the
columns indexed by  I.
Since  Ax∗ = b,
and  xj∗ = 0 for 
j∉I, the
vector  xI∗∈ ℝ|I|
satisfies: 
 
	
 
                                            AIxI∗ = b.



If the columns of  AI
were   linearly   dependent,   then   there   would   exist   a   nonzero   vector   
d ∈ ℝn
with support in  I
such that  Ad = 0,
                                                                  

                                                                  
and for small enough  𝜀 > 0,
both  x∗ + 𝜀d
and  x∗− 𝜀d
would remain in  P,
contradicting the fact that  x∗
is a vertex.

 
Therefore, the columns of  AI
must be linearly independent, and since 
A has rank
 m, it follows
that  |I|≤ m.
We can now construct a basic solution by selecting any set 
B ⊆{1,… ⁡,n} of
indices such that: 
 

     
     	
      B ⊇ I,
     
 


     	
      |B| = m,
     
 


     	
     The columns  AB
     are linearly independent.
 



Let  xB = AB−1b, and
set  xN = 0, where
 N = {1,… ⁡,n}∖ B. Then 
x is a basic
solution. Since  xj∗ = 0
for  j∉I ⊆ B, and
 xj∗ > 0 for 
j ∈ I, it follows
that  x∗
coincides with this basic solution and is nonnegative; hence it is a basic feasible
solution.                                                                                           □

 




 

7.2    Canonical Form 

                                                                  

                                                                  
For our purposes, it’s not quite enough to have a problem in standard form. We also
want to have easy access to a basic feasible solution. Thus, we like to convert linear
programs to canonical form.


 
Definition 7.12: Canonical Form of a Linear Program

 
A linear program is in canonical form if: 
 

     
     	
     it is in standard form: 
 
	
      
 max ⁡ c⊤ ⁡x     
 s.t.  Ax = b,
      x ≥ 0,
                                                                                        



     

     	
     the constraint matrix  A
     contains the identity matrix  Im
     as   a   submatrix   corresponding   to   some   set   of   basic   variables   
     B ⊆{1,… ⁡,n},
     
 


     	
     and the right-hand side  b ≥ 0.
 



In this case, a basic feasible solution is immediately evident: set the basic variables 
xB = b, and
nonbasic variables to zero.


 
Example 7.13: Canonical Form from Slack Variables

 
Consider the linear program: 
 
	
                                                                  

                                                                  
 
 max ⁡ 2x1 + 3x2      
 s.t.  x1 + x2 ≤ 4,
      x1 + 2x2 ≤ 6,
      x1,x2 ≥ 0.
                                                                                        



We convert the  ≤
constraints to equalities by introducing slack variables 
s1 and 
s2:

 
	
 
x1 + x2 + s1   = 4,
x1 + 2x2 + s2 = 6,
s1,s2              ≥ 0.
                                                                                        



Now the LP is in standard form with 4 variables 
x1,x2,s1,s2. The
constraint matrix is: 
 
	
                                                                  

                                                                  
 
A =   [ 1  1  1  0   1   2   0   1                                                                                  ]



The columns corresponding to  s1
and  s2
form the identity matrix: 
 
	
 
AB =   [ 1  0   0   1                                                                                           ] = I2,andb =   [ 4   6                                                                                                ] ≥ 0.



Hence, this LP is now in canonical form. The evident basic feasible solution is:

 
	
 
                                 x1 = 0,x2 = 0,s1 = 4,s2 = 6.






 
[image: PIC]

                                                                  

                                                                  


 
Figure 7.2: When can you use canonical form?                           




 

7.2.1    Augmenting system and Phase 1 

We can summarize these tricks in the following table. 
 

                                                                  

                                                                  

 

                                                                  

                                                                  
 	
	
	
	
	

	 [image: Type  of Constraint  ]                                                                                                    
 
	 [image: Form  of Constraint  ]                                                                                   
 
	 [image:                                                       Constraint in                                                       Augmented  Form  ]                                                                          
 
	 [image:                                                                                                                             Constraint                                                                                                                             Boundary Eq.  ]                                                                               
 
	 [image:                                                                                                                                                                                                   Indicating                                                                                                                                                                                                   Variable(s)  ]                                                                                   
 


	
	
	
	
	

	 Nonnegativity                                                                                                  	  xj ≥0 	  xj ≥0 	  xj = 0 	  xj 

	
	
	
	
	

	 Nonpositivity                                                                                                   	  xj ≤0 	  xj = −xj′,x
j′≥0 	  x
j′= 0 	  x
j′ 

	
	
	
	
	

	 Unrestricted                                                                                                    	  xj ∈ℝ  	  xj = xj+ −x
j−,x
j+,x
j−≥0 	  x
j+ = x
j− 	  x
j+,x
j− 

	
	
	
	
	

	 Functional (  ≤) 	  ∑ ⁡
  j=1na
ijxj ≤bi 	  ∑ ⁡
  j=1na
ijxj + si = bi 	  ∑ ⁡
  aijxj = bi 	  si 

	
	
	
	
	

	 Functional (  =) 	  ∑ ⁡
  j=1na
ijxj = bi 	  ∑ ⁡
  j=1na
ijxj + ai = bi 	  ∑ ⁡
  aijxj = bi 	  ai 

	
	
	
	
	

	 Functional (  ≥) 	  ∑ ⁡
  j=1na
ijxj ≥bi 	  ∑ ⁡
  j=1na
ijxj −si + ai = bi 	  ∑ ⁡
  aijxj = bi 	  ai −si 

	
	
	
	
	

	                                                                                         




*Indicating variable = 0  ⇒
constraint boundary is satisfied; indicating variable  
≠0 
⇒
constraint boundary is not satisfied.  


 
Table 7.1: Summary of constraint and domain transformations used to convert
to standard/canonical form.

                                                                  

                                                                  



We end this subsection with a motivating result.

 



Proposition 7.2.  Existence of Canonical Form for Feasible LPs Let 
P be a
linear program in standard form: 
 
	
 
max ⁡ c⊤ ⁡x     
 s.t. Ax = b,
      x ≥ 0.
                                                                                        



If  P is feasible
(i.e.,  ∃ ⁡x ≥ 0 such
that  Ax = b),
then there exists an equivalent linear program in canonical form, that is, a
reformulation where: 
 

     
     	
      A
     contains the identity matrix  Im
     as a submatrix,
     
 


     	
     The  corresponding  basic  variables  yield  a  basic  feasible  solution  with  
     b ≥ 0,
     
 


     	
     The objective function is unchanged in value on feasible solutions.
 



                                                                  

                                                                  




 


Idea of Proof.        Start        from        any        feasible        solution        
x ∈ ℝn
with  x ≥ 0
and  Ax = b.
Use the simplex method (or a pivoting method) to move to a basic feasible
solution  x∗.
Since  A
has    full    rank    over    the    feasible    region,    the    basis    matrix    
AB
will be invertible. By reordering variables (i.e., choosing a new basis where 
AB = Im),
we can express the LP in canonical form.

 
If no feasible solution exists, then Phase I must be used to find one (or certify
infeasibility).                                                                                     □

 


7.3    Pivoting and the Simplex Algorithm 

Learning Outcomes

 

     
     	
     See an example of the simplex method in action
     
 


     	
     Formally state the simplex algorithm
     
 


     	
     See  that  changing  the  pivot  rule  can  change  the  path  to  the  optimal
     solution
 



Resources

 
Video 
 

                                                                  

                                                                  
     
     	
     Youtube! - Simplex Method - Watch 3:40 to 11:40
 



Interactive Simplex Method 
 

     
     	
     GILP: Interactive Simplex Pivoting with Dictionary - 2D example
     
 


     	
     GILP: Interactive Simplex Pivoting with Dictionary - 3D example
 



Simplex Dictionary Calculator Using Python + Jupyter 
 

     
     	
     Colab Version (online)
     
 


     	
     Jupyter Notebook for Download
 



Try it out visually!

 
Simplex Pivoter in Dictionary Form: pivot this chapter’s bakery example (or
your own LP) step by step, with a practice mode that checks your entering and
leaving choices.

 
The Simplex Algorithm jumps among the vertices of the feasible region searching for
an optimal point. It does this by moving along the edges of the feasible
region in such a way that the objective function is always increased after each
move.
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(a) The feasible region for a linear
program with 2-dimensional constraints.  




 




 
[image: PIC]
 



(b) The feasible region for a linear
program with 3-dimensional constraints.


 

Figure 7.3: If an optimal point exists, it is one of the vertices of the polyhedron.
The simplex algorithm searches for optimal points by moving between adjacent
vertices in a direction that increases the value of the objective function until it
finds an optimal vertex.


                                                                  

                                                                  

To improve the solution, we:
     
 
	
  1. 
	Select an entering variable with a negative reduced cost.
     
	
  2. 
	Determine the leaving variable using the minimum ratio test.
     
	
  3. 
	Perform a pivot operation to update the basis.


This process continues until no negative reduced costs remain, indicating an optimal
solution.

 

7.3.1    Transforming the LP to Standard Form 

We start with the following linear program:

 

     
 

     	
      
 max ⁡ 2x + 3y 
 s.t.  x + y    ≤ 9,
      2x + y   ≤ 16,
      x + 2y   ≤ 14,
      x,y ≥ 0.
                                                                                        



     

                                                                  

                                                                  



 
[image: Blue feasible region with constraint lines x+y=9 (red), 2x+y=16 (teal), and x+2y=... (orange); the optimum is marked with a red dot at (4,5) and vertices (0,0), (0,7), (7,2), (8,0) are labeled.]
 


To convert these inequalities to equalities, we introduce slack variables 
s1, 
s2, and 
s3.
Specifically, we rewrite each constraint as follows:

 
	
 
x + y + s1   = 9, 
2x + y + s2 = 16,
x + 2y + s3 = 14,
                                                                                        



with the additional nonnegativity constraints 
s1,s2,s3 ≥ 0.

 
Hence, the linear program in standard form becomes:

 

     
 

     	
                                                                  

                                                                  
      
 max ⁡ 2x + 3y           
 s.t.  x + y + s1 = 9,
      2x + y + s2 = 16,
      x + 2y + s3 = 14,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



     



 

Rewriting the System with  {s1,s2,s3}
as the Basis 

When we say  {s1,s2,s3}
is the basis, we solve each equation for the corresponding slack variable:

 
	
 
s1 = 9 −x −y,   
s2 = 16 −2x −y,
s3 = 14 −x −2y.
                                                                                        



Our initial non-basic variables are  x
and  y.
We will call this representation of the linear program a dictionary.

 

     
 

                                                                  

                                                                  
     	
      
 max ⁡ z = 0 + 2x + 3y  
 s.t.  s1 = 9 − x − y,
      s2 = 16 − 2x − y,
      s3 = 14 − x − 2y,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



     From here we can read off a basic solution that is
     
 
 
                          Basic variables: (s1,s2,s3) = (9,16,14),

     
                                                                  

                                                                  
     
 
 
                         Non-basic variables: (x,y) = (0,0)

      with
     
 
 
                                     Objective value: z = 0.

         Since    the    basic    variables    are    all    non-negative    
     (≥ 0),
     we call this a basic feasible solution.
 




Remark.  Reading the Dictionary From the dictionary below, we can read off the
corresponding basic solution and the objective value. The basic solution is
obtained by: 
 

     
     	
     Setting        all        nonbasic        variables       (those        on
     the       right-hand       side       of       the       equations,       i.e.,       
     x
     and  y)
     equal to zero.
     
 


     	
     Reading     off     the     values     of     the     basic     variables    (
     s1,s2,s3)
     from the right-hand side constants.
 



                                                                  

                                                                  
The dictionary is said to be feasible if all basic variables have nonnegative values
(which is true here). Thus, this corresponds to a basic feasible solution:

 
	
 
                      x = 0,y = 0,s1 = 9,s2 = 16,s3 = 14,z = 0.



	
 
max ⁡ z = 0     + 2x + 3y
 s.t. s1 = 9    − x − y,
      s2 = 16  − 2x − y,
      s3 = 14  − x − 2y,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



[image: PIC]

 



                                                                  

                                                                  

 


 

7.3.2    Simplex Assuming Feasible Start 

In this subsection we assume that the slack basis 
{s1,s2,s3}
gives a feasible starting dictionary; that is, setting the original variables 
x,y to
zero produces nonnegative values for every slack. Under this assumption,
the simplex method proceeds by repeatedly choosing an entering variable
whose objective-row coefficient is positive, performing the ratio test to decide
which basic variable leaves, and pivoting to obtain a new dictionary. The
remainder of this section walks through these three steps on the running example
above.

 
We take as our initial basic variables the three slack variables 
s1,s2,s3. Geometrically, this
corresponds to the point  (x,y) = (0,0).
Indeed, if  x = 0
and  y = 0,
then from the original constraints 
 
	
 
x + y + s1   = 9, 
2x + y + s2 = 16,
x + 2y + s3 = 14,
                                                                                        



it follows that 
 
	
                                                                  

                                                                  
 
                                    s1 = 9,s2 = 16,s3 = 14.



All are nonnegative, so  (s1,s2,s3) is
indeed a feasible basis, and  (0,0,9,16,14)
is the basic feasible solution (BFS).

 
Thus, in “basic-variable  =
constant  −
(nonbasic terms)” form, our system becomes 
 
	
 
  {  s1 + x + y = 9,   
  s2 + 2x + y = 16,
  s3 + x + 2y = 14.                                                                   



Since  s1,s2,s3
are taken to be the basic variables, the nonbasic variables in this setup are 
x and 
y. Setting 
x = 0,y = 0
immediately gives the BFS 
 
	
 
                             (x,y,s1,s2,s3) = (0,0,9,16,14).



                                                                  

                                                                  


 

The Objective Function in this Basis 

	
 
                                         max ⁡ z = 2x + 3y.



Value of  z at
the BFS  (0,0,9,16,14).

At  (x,y) = (0,0), we see 
z = 2 ⋅ 0 + 3 ⋅ 0 = 0, so the initial
objective value is  z = 0.
From here, one would normally proceed with the simplex pivots to drive the objective
upwards (since this is a maximization problem). We handle those pivot steps
next.

 


 

Choosing the Entering Variable 


     
 

     We examine the objective row to determine which nonbasic variable
     should enter the basis. At this point, the objective is: 
 
	
                                                                  

                                                                  
      
                                            z = 2x + 3y.



    
    	
    The             nonbasic             variables             are             
    x
    and  y.
    
 


    	
    Both     have     positive     coefficients,     which     means
    that      increasing      either      variable      (while      staying
    feasible)      will      increase      the      objective      value      
    z.
    
 


    	
    To decide between them, we apply a pivot rule, a strategy for
    selecting among eligible entering variables.
    
 
In this example, we use the Steepest Ascent rule: we
    choose the nonbasic variable with the largest positive
    coefficient in the objective row.
    
 


    	
    Between  x
    and  y,
    the coefficient of  y
    is larger ( 3 > 2).
 



     Therefore, we choose  y                                                                                      
     to enter the basis.
     
 


                                                                  

                                                                  


 

First Iteration. Ratio Test to Determine Who Leaves 


     
 

     We hold  x = 0
     fixed and allow  y
     to increase from  0.
     Then         from         the         initial         dictionary,         the
     basic           variables           become           (substituting           
     x = 0):
     
 
	
      
s1 = 9 − y,   
s2 = 16 − y,
s3 = 14 − 2y.
                                                                                        



     To maintain feasibility, we require all basic variables to remain
     nonnegative: 
 
	
                                                                  

                                                                  
      
s1 ≥ 0⇒9 − y ≥ 0⇒y ≤ 9,           
s2 ≥ 0⇒16 − y ≥ 0⇒y ≤ 16,
s3 ≥ 0⇒14 − 2y ≥ 0⇒y ≤ 14∕2 = 7.
                                                                                        



     The tightest constraint is  y ≤ 7,
     which means  s3
     reaches zero first as  y
     increases. Therefore,  s3                                                                                                                             
     will leave the basis in this pivot.
     
 


This is called the Ratio Test because we can compute these numbers as

 
 
                                    9 − y = 0 ⇒ y = 9∕1 = 9



 


 
 
                                 16 − y = 0 ⇒ y = 16∕1 = 16

                                                                  

                                                                  


 


 
 
                                 14 − 2y = 0 ⇒ y = 14∕2 = 7



 
If a coefficient on  y
was positive, we would ignore that constraint as increasing 
y would
never violate the corresponding inequality.

 
The ratio test can also be thought of as changing the solution
via a vector. In particular, we are at the basic feasible solution 
(s1,s2,s3,x,y) = (9,16,14,0,0). Now, as we
increase  y,
we change the solution as

 


 

    (s1,s2,s3,x,y)     = (9,16,14,0,0) + Δy ⋅ (−1,−1,−2,0,1)                    
                     = (9,16,14,0,0) + 7 ⋅ (−1,−1,−2,0,1) = (2,9,0,0,7).        

We will see these numbers appear as we pivot the dictionary to the new
basis.
                                                                  

                                                                  


 

Pivoting on the  s3-Equation
Solved for  y


Originally,  s3 + x + 2y = 14.
Solve for  y:

 
	
 
                                          y = 7 −x 
2  −s3 
 2 .



Substitute into the other rows (and the objective row), isolating each basic variable
on the left and all others on the right: 
 
	
 
 max ⁡ z = 0 + 2x + 3y       = 21 + 1 
2x −3 
2s3
 s.t.  s1 = 9 − x − y         = 2 −1 
2x + 1 
2s3,
      s2 = 16 − 2x − y      = 9 −3 
2x + 1 
2s3,
      s3 = 14 − x − 2y ⇒ y = 7 −1 
2x −1 
2s3,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



Hence the new basic variables are  {z,y,s1,s2}
if we were to place  z
in the dictionary as well. Typically, in a standard simplex dictionary, 
                                                                  

                                                                  
z
is displayed in its own row, but it is not counted as a “basic variable”
in the same sense as the constraints. The nonbasic variables are now 
{x,s3}.

 


 

Updated Dictionary and Basic Feasible Solution 


     
 

     	
      
 max ⁡ z = 21 + 1 
2x −3 
2s3 
 s.t.  s1 = 2 −1 
2x + 1 
2s3,
      s2 = 9 −3 
2x + 1 
2s3,
      y = 7 −1 
2x −1 
2s3,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



    
    	
    Set  x = 0
    and  s3 = 0
    (the new nonbasic variables).
    
 


    	
    Then  (y,s1,s2)
    become: 
 
	
                                                                  

                                                                  
     
                                      y = 7,s1 = 2,s2 = 9.



    

    	
    Substitute in the objective row: 
 
	
     
                                  z = 21 + 1 
2 ⋅ 0 − 3 
2 ⋅ 0 = 21.



    


     Thus the new BFS after the pivot is 
     (x,y,s1,s2,s3) =(0,7,2,9,0) with
      z = 21.
 




 

Second Iteration 

Since the objective function still has variables with positive coefficients in it, we will
seek to pivot again to increase the objective.
                                                                  

                                                                  

 


 

Second Iteration. Identify the Entering Variable 


     
 

     We look at the coefficients of the nonbasic variables in the objective row,
     
 
	
      
                                       z = 21 + 1 
2x −3 
2s3.



    
    	
     x
    has a  1
2
    coefficient (which is positive),
    
 


    	
     s3
    has a  −3
2
    coefficient (negative).
 



     Since this is a maximization problem, increasing a variable
     with a negative objective coefficient would decrease 
     z. Hence we
     choose  x,
     the only nonbasic variable with a positive coefficient, to enter the
     basis.
 


                                                                  

                                                                  


 

Second Iteration. Ratio Test to Determine Who Leaves 


     
 

     We hold  s3 = 0
     for the moment and let  x
     increase from  0.
     Then       from       the       above       system,       the       three
     basic           variables           become           (substituting           
     s3 = 0):
     
 
	
      
y  = 7 − 1 
2x,
s1 = 2 − 1 
2x,
s2 = 9 − 3 
2x.
                                                                                        



     We require these to remain nonnegative: 
 
	
      
y ≥ 0 ⇒7 − 1 
2x ≥0⇒x ≤7∕1
2 = 14,
s1 ≥ 0⇒2 − 1 
2x ≥0⇒x ≤2∕1
2 = 4,
s2 ≥ 0⇒9 − 3 
2x ≥0⇒x ≤9∕3
2 = 6.
                                                                                        



                                                                  

                                                                  
     The           smallest          upper           bound           is           
     x ≤ 4,
     which means  s1
     will reach zero first when  x = 4.
     Hence  s1
     must leave the basis.
 




 

The Pivot: Solve the  s1
Equation for  x


From 
 
	
 
                                       s1 = 2 −1 
2x + 1 
2s3,



we isolate  x:

 
	
 
            s1 − 2 − 1 
2s3 = −1
2x⇒x = −2(s1 − 2 − 1 
2s3) = 4 + s3 −2s1.



Rewriting, 
 
	
                                                                  

                                                                  
 
                                         x + 2s1 −s3 = 4.



This becomes the new pivot row, with  x
on the left side as a basic variable.

 


 

Eliminate  x
from the Other Rows 

Next, we substitute  x = 4 + s3 − 2s1
into the rows for  {y,s2,z}
to remove  x. (In
each row, replace  x
by  4 + s3 − 2s1.)

 

Updating  y:

Originally 
 
	
 
                                        y = 7 − 1 
2x − 1 
2s3.



Substitute  x:

 
	
                                                                  

                                                                  
 
     y = 7 − 1 
2(4 + s3 − 2s1) − 1 
2s3 = 7 − 2 − 1 
2s3 + s1 − 1 
2s3 = 5 + s1 − s3.



Updating  s2:

Originally 
 
	
 
                                       s2 = 9 − 3 
2x + 1 
2s3.



Substitute  x:

 
	
 
  s2 = 9 − 3 
2(4 + s3 − 2s1) + 1 
2s3 = 9 − 6 − 3 
2s3 + 3s1 + 1 
2s3 = 3 + 3s1 − s3.



                                                                  

                                                                  
Updating the Objective Row  z:

Originally 
 
	
 
                                       z = 21 + 1 
2x − 3 
2s3.



Substitute  x:

 
	
 
  z = 21 + 1 
2(4 + s3 − 2s1) − 3 
2s3 = 21 + 2 + 1 
2s3 − s1 − 3 
2s3 = 23 − s1 − s3.





 

The Third Dictionary 


     
 

     After     the     pivot,     the     basic     variables     are     now     
     {x,y,s2},
     and           the           nonbasic           variables           are           
     {s1,s3}.
     Our updated equations, in a clean dictionary form (basic on the
                                                                  

                                                                  
     left) are:
     
 
	
      
 max ⁡ z = 23 − s1 − s3   
 s.t.  x = 4 − 2s1 + s3,
      y = 5 + s1 − s3,
      s2 = 3 + 3s1 − s3,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



    
    	
    Setting the new nonbasic variables 
    s1 = 0 and
     s3 = 0
    gives 
 
	
     
                                  x = 4,y = 5,s2 = 3,z = 23.



    

    	
    Thus our new BFS is  (x,y,s1,s2,s3) =(4,5,0,3,0)
    with objective value  z = 23.
 



                                                                  

                                                                  
     



Remark.  Reading the Final Dictionary From the final dictionary below, we read the
solution using the same process: 
 

     
     	
     Set all nonbasic variables equal to zero. Here, the nonbasic variables are 
     s1
     and  s3.
     
 


     	
     Evaluate       the       values       of       the       basic       variables       
     x,y,s2
     and the objective  z.
 



This yields the final basic feasible solution: 
 
	
 
                       s1 = 0,s3 = 0,x = 4,y = 5,s2 = 3,z = 23.



	
                                                                  

                                                                  
 
max ⁡ z = 23  − s1 − s3   
 s.t. x = 4  − 2s1 + s3,
      y = 5  + s1 − s3,
      s2 = 3  + 3s1 − s3,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



[image: PIC]

 
Why is this optimal? This is a maximization problem, and the final dictionary
expresses the objective as: 
 
	
 
                                      z = 23 − s1 − s3.



Both  s1
and  s3
are nonbasic and currently zero. Since increasing either would decrease the value of 
z, we
cannot improve the objective by pivoting.
 Hence, this solution is optimal.

 




 


 

7.3.3    Summarizing the steps taken 

We now summarize the whole process:

 

                                                                  

                                                                  
     
 
	
  1. 
	Original LP
     
         
 

         	
          
max ⁡ 2x + 3y     
 s.t.  x + y ≤ 9,
      2x + y ≤ 16,
      x + 2y ≤ 14,
      x,y ≥ 0.
                                                                                        



         

     
	
  2. 
	Standard Form with Feasible Basis 
     {s1,s2,s3}
     
         
 

         	
                                                                  

                                                                  
         
max ⁡ 2x + 3y           
 s.t.  x + y + s1 = 9,
      2x + y + s2 = 16,
      x + 2y + s3 = 14,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



         

     
	
  3. 
	Initial Dictionary with Basis 
     (s1,s2,s3)
     
         
 

         	
          
max ⁡ z = 0 + 2x + 3y  
 s.t.  s1 = 9 − x − y,
      s2 = 16 − 2x − y,
      s3 = 14 − x − 2y.
      x,y,s1,s2,s3 ≥ 0
                                                                                                       



         

     Basic Feasible Solution:  (s1,s2,s3) = (9,16,14),(x,y) = (0,0)
     Objective Value:  z = 0.
Since the objective row has a positive coefficient, it is not optimal.
                                                                  

                                                                  
     
 

	
  4. 
	First Iteration:
         	
      (a) 
	Ratio Test:  y
         enters,  s3
         leaves.
         
	
     (b) 
	Dictionary after Pivoting 
         y in,
          s3
         out
         
             
 

             	
              
max ⁡ z = 21 + 1 
2x −3 
2s3 
 s.t.  s1 = 2 −1 
2x + 1 
2s3,
      s2 = 9 −3 
2x + 1 
2s3,
      y = 7 −1 
2x −1 
2s3.
                                                                                        



             

         Basic Feasible Solution:  (s1,s2,y) = (2,9,7),(x,s3) = (0,0)
         Objective Value:  z = 21.
Since the objective row has a positive coefficient, it is not optimal.
 



     
	
  5. 
	Second Iteration
                                                                  

                                                                  
         	
      (a) 
	Ratio Test:  x
         enters,  s1
         leaves.
         
	
     (b) 
	Final Dictionary (Optimal) after pivoting 
         x in,
          s1
         out.
         
             
 

             	
              
max ⁡ z = 23 − s1 − s3   
 s.t.  x = 4 − 2s1 + s3,
      y = 5 + s1 − s3,
      s2 = 3 + 3s1 − s3.
                                                                                        



             

         Basic Feasible Solution:  (x,y,s2) = (4,5,3),(s1,s3) = (0,0)
         Objective Value:  z = 23.
Since all coefficients in the objective row are non-positive, this is the
         optimal solution.
 



     


Resources

 
You can review these calculations using the code available here in Jupyter Notebook
Format. 
 

     
     	
     Colab Version (online)
                                                                  

                                                                  
     
 


     	
     Jupyter Notebook for Download
 



A useful way to internalize what just happened: every vertex of the feasible region has
its own dictionary, the same linear program rewritten from that vertex’s point of
view. Figure 7.4 shows all five dictionaries for our example. The simplex method
simply walks from dictionary to dictionary along edges of the region, and the signs of
the objective-row coefficients at each vertex tell it where to go next. At 
(4,5)
both coefficients are negative, so the walk stops: no neighboring vertex is
better.

 
 

                                                                  

                                                                  
                                                                  

                                                                  



 
[image: PIC]
 




Figure 7.4:  The  same  linear  program  seen  from  every  vertex:  each  basic
feasible solution has its own dictionary, whose objective row reveals whether a
better neighbor exists. The orange arrows trace the pivots taken in the text, 
(0,0) → (0,7) → (4,5);
at  (4,5)
all objective coefficients are negative, certifying optimality.

                                                                  

                                                                  

7.4    The Simplex Algorithm! 

Here we formally describe the simplex algorithm.

 
Algorithm: Simplex Method

 
Input. A linear program in standard form with a feasible starting basis (typically
the slack variables).
Initialization. Write the system in dictionary form (basic variables on the left,
nonbasic variables on the right) and substitute the basic variables into the objective
function.

 
☞ Choose the entering variable Select a nonbasic variable with a positive
coefficient in the objective row. (If no coefficient is positive, the current solution is
already optimal.)

 
✏  Determine the leaving variable For each basic variable
with a positive entering-variable coefficient, compute the ratio 
current value of basic variable
coefficient of entering variable.
The basic variable with the smallest ratio reaches zero first and leaves the
basis.

 
❒ Pivot Rewrite the leaving variable’s equation so it is expressed in terms of the
entering variable, then substitute this expression into all other equations and the
objective function.

 
✔ Repeat until optimal Repeat the three steps above until every objective-row
coefficient of a nonbasic variable is non-positive. The current basic solution is then
optimal.

 
We dive a little deeper into what the ratio test is here: 
 

     
     	
     The Ratio Test (Formal Definition)
     
 
The Ratio Test is used to determine which basic variable should leave
     the basis when a nonbasic variable enters. It ensures that we maintain
     feasibility by preventing any basic variables from becoming negative.
     
 
Given  a  pivot  column  corresponding  to  the  entering  variable  (say,  
     xe),
     the Ratio Test is defined as follows:
     
 

         
         	
         Identify all constraints of the form: 
 
	
                                                                  

                                                                  
          
                                          si = bi − ai,exe



         where  bi
         is         the         right-hand         side         value,         and         
         ai,e
         is    the    coefficient    of    the    entering    variable    in    row    
         i.
         
 


         	
         Compute the ratio for all constraints where 
         ai,e > 0:
         
 
	
          
                                                   bi 
ai,e



         

         	
         The  leaving  variable  corresponds  to  the  row  that  gives  the
         smallest  positive  ratio.   This   ensures   that   the   increase   in   
         xe
         does not cause any basic variable to become negative.
 



     Special Cases: 
 

         
         	
                                                                  

                                                                  
         If all  ai,e ≤ 0,
         then the problem is unbounded, meaning the objective function can
         be increased indefinitely.
         
 


         	
         If multiple rows attain the same minimum ratio, a tie-breaking rule
         is needed (e.g., Bland’s Rule to avoid cycling).
 



     The Ratio Test guarantees that we always select the proper constraint to
     maintain feasibility while pivoting towards an improved solution.
 




Learning Checkpoint 7.4.1

 
When applying the simplex method, why might choosing the wrong leaving variable
during the ratio test lead you to an infeasible basic solution?

 
Hint: Think about what the ratio test is meant to guarantee for the nonnegativity of
variables after the pivot.

 
We will see another example of this, and then modify it to handle LPs that don’t
have a simple initial basic feasible solution.

 


 

7.4.1    Simplex Algorithm Execution 

Here is the same computation from Section 7.3 again, this time in compact
form, so you can see the whole run at a glance now that each step has a
name. Each computation is colour-coded to match the algorithm card above:
entering (green), ratio test / leaving (orange), pivot (blue), and optimal
(purple).

 
Initial dictionary (basis  {s1,s2,s3};
nonbasic  x = y = 0):

 
	
                                                                  

                                                                  
 
 max ⁡ z = 2x + 3y     
 s.t.  s1 = 9 − x − y
      s2 = 16 − 2x − y
      s3 = 14 − x − 2y
                                                                                        



Iteration 1.

 

     
 

     ☞ Entering.  Both  x
     and  y
     have positive coefficients in  z = 2x + 3y.
     By steepest ascent we increase the one with the larger coefficient, 
     y
     (coefficient  3),
     so  y
     enters.
 



     
 

     ✏ Ratio test.  As  y
     increases (with  x = 0),
     each basic variable stays nonnegative only up to its ratio: 
 
	
      
s1 = 9 − y    ≥ 0⇔y ≤ 9∕1 = 9,            
s2 = 16 − y  ≥ 0⇔y ≤ 16∕1 = 16,
s3 = 14 − 2y ≥ 0⇔y ≤ 14∕2 = 7(smallest).
                                                                                        



                                                                  

                                                                  
     The smallest ratio is  7,
     attained by  s3,
     so  s3
     leaves.
 



     
 

     ❒ Pivot.  Solve the  s3
     row for  y:
      y = 7 − 0.5x − 0.5s3.
     Substituting into the objective and the other rows gives 
 
	
      
 max ⁡ z = 21 + 0.5x − 1.5s3
 s.t.  s1 = 2 − 0.5x + 0.5s3
        s2 = 9 − 1.5x + 0.5s3
        y = 7 − 0.5x − 0.5s3
                                                                                                                                



     

Iteration 2.

 

     
 

     ☞ Entering.  Only  x
     has         a         positive         objective         coefficient         (
     0.5),
     so  x
     enters.
 



                                                                  

                                                                  
     
 

     ✏ Ratio test.  As  x
     increases (with  s3 = 0):
     
 
	
      
s1 = 2 − 0.5x ≥ 0⇔x ≤ 2∕0.5 = 4(smallest),
s2 = 9 − 1.5x ≥ 0⇔x ≤ 9∕1.5 = 6,
y = 7 − 0.5x  ≥ 0⇔x ≤ 7∕0.5 = 14.
                                                                                        



     The smallest ratio is  4,
     attained by  s1,
     so  s1
     leaves.
 



     
 

     ❒ Pivot.  Solve the  s1
     row for  x:
      x = 4 − 2s1 + s3.
     Substituting gives 
 
	
                                                                  

                                                                  
      
 max ⁡ z = 23 − s1 − s3  
 s.t.  x = 4 − 2s1 + s3
        s2 = 3 + 3s1 − s3
        y = 5 + s1 − s3
                                                                                                                                



     


     
 

     ✔ Optimal.     Every    nonbasic    objective    coefficient    is    
     ≤ 0,
     so       no       further       improvement       is       possible:       
     x = 4,y = 5,z = 23.
 


In the example worked out in the prior section, we used the steepest ascent pivot
rule, which means that we always used the variable in the objective with the largest
positive coefficient to enter the basis. However, we could make other choices instead.
The choice of how to pivot is left a little ambiguous in the simplex method and
many different pivot rules have been proposed. See Exercise 7.25 to see
how the simplex method plays out when pivoting in a different direction
first.

 
In fact, in the figure below, we show the simplex dictionary at every single vertex.
You can see that from any vertex, you can pivot along an edge of the feasible region
to another vertex. 
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Figure 7.5:  The  feasible  region  with  the  basis  and  objective  value  at  every
vertex; the simplex path leads to...                                     




                                                                  

                                                                  
Remark.  Reduced Costsdef:reduced-cost The coefficients of the nonbasic variables in
the objective row are their reduced costs: 
 
	
 
                  Reduced cost of s1 = −1,Reduced cost of s3 = −1.



	
 
max ⁡ z = 23  − s1 − s3   
 s.t. x = 4  − 2s1 + s3,
      y = 5  + s1 − s3,
      s2 = 3  + 3s1 − s3,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



     
     	
     These      values      indicate      how      much      the      objective      
     z
     would change per unit increase in the corresponding variable, assuming
     all others are held fixed and feasibility is maintained.
                                                                  

                                                                  
     
 


     	
     Because this is a maximization problem, a negative reduced cost implies
     that increasing the variable would decrease the objective.
 



Optimality Condition: A basic feasible solution is optimal if and only if all reduced
costs of nonbasic variables satisfy: 
 
	
 
                          (for maximization):reduced cost ≤ 0.



In this dictionary: 
 
	
 
   Reduced costs of s1,s3 < 0 ⇒no nonbasic variable can enter to improve z.



Therefore, the current solution is optimal.

 





 
Definition 7.14: Reduced Costs in an Arbitrary Dictionary

 
Let a linear program in standard form be given by 
 
	
                                                                  

                                                                  
 
                                 max ⁡ c⊤ ⁡x s.t. Ax = b,x ≥ 0,



and let  B ⊆{1,… ⁡,n} be a basis of linearly
independent columns of  A.
The corresponding dictionary expresses the basic and objective variables in terms of the nonbasic
variables  N = {1,… ⁡,n}∖ B:

 
	
 
z  = z0 + ∑
   j∈Nc¯jxj              
xi = b¯i + ∑
   j∈Nāijxjfor i ∈ B
                                                                                        



Here: 
 

     
     	
      xi
     are the basic variables,
     
 


     	
      xj
     for  j ∈ N
     are the nonbasic variables,
     
 


     	
                                                                  

                                                                  
      z0
     is the current value of the objective,
     
 


     	
      c¯j
     is the reduced cost of variable  xj,
     and
     
 


     	
      b¯i
     is the value of basic variable  xi
     when  xj = 0
     for all  j ∈ N.
 





 

7.5    No Feasible Initial Basis and the Big-M Method 

Try it out visually!

 
Two-Phase Simplex: watch artificial variables enter, Phase 1 drive them out, and
the handoff to Phase 2.

 
Learning Outcomes

 

     
     	
     Address case where initial basis is infeasible
     
 


     	
     Modify the simplex algorithm using the Big-M method to find a feasible
     starting basis 
 

         
         	
         Introduce artificial variables to rows that violate initial feasibility
         
 


         	
         Add  large  penalty  (Big-M)  to  the  objective  on  these  artificial
         variables
                                                                  

                                                                  
         
 


         	
         Run Simplex and pivot until can remove artificial variables
         
 


         	
         Drop the auxiliary variables and proceed with the simplex algorithm
 



     


Every worked example so far started from the origin 
x = y = 0,
where the slack variables handed us an obvious basic feasible solution.
That convenience disappears the moment the problem has a “
 ≥”
constraint: at the origin the corresponding slack is negative, so the natural
starting dictionary is infeasible and there is no basis from which to launch
the simplex method. This section shows how to manufacture a feasible
starting basis with an artificial variable penalized by a large constant 
M (the
Big-M method), and how the same device reveals when a problem has no feasible
solution at all.

 
Consider 
 
	
 
 max ⁡ 2x + 3y     
 s.t.  2x + y ≥ 5,
      2x + y ≤ 16,
      x + 2y ≤ 14,
      x,y ≥ 0.
                                                                                        



The first constraint points the wrong way for an easy start, so the origin is infeasible
and we cannot simply read off a starting basis.

 
Geometrically, the origin lies outside the feasible region, so it cannot serve as a
starting vertex: 
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Figure 7.6:  Feasible  region  after  adding  the  constraint  2x+y>=5:  the  pink
triangle near the origin becomes infeasible.                              



     
 

     Step 1 — Put every constraint in “
      ≤” form. 
     Multiplying the   ≥
     constraint by   − 1
     turns it into a   ≤
     constraint: 
 
	
      
 max ⁡ 2x + 3y         
 s.t.   − 2x − y ≤−5,
      2x + y ≤ 16,
      x + 2y ≤ 14,
      x,y ≥ 0.
                                                                                        



     


     
 

     Step 2 — Form the slack dictionary and spot the infeasibility. 
     Introducing slack variables gives 
 
	
                                                                  

                                                                  
      
 max ⁡ 2x + 3y            
 s.t.  s1 = −5 + 2x + y,
      s2 = 16 − 2x − y,
      s3 = 14 − x − 2y,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



     At  x = y = 0
     this gives  s1 = −5 < 0,
     so  the  dictionary  is  infeasible  and  the  usual  simplex  start  is
     unavailable.
 



     
 

     Step 3 — Introduce an artificial variable.  Add a nonnegative artificial variable
      a1
     to the offending equation and penalize it heavily in the objective (here 
     M = 1000),
     so the simplex method is driven to push it back to zero: 
 
	
      
 max ⁡ 2x + 3y − 1000a1         
 s.t.  s1 = −5 + 2x + y + a1,
      s2 = 16 − 2x − y,
      s3 = 14 − x − 2y,
      x,y,s1,s2,s3,a1 ≥ 0.
                                                                                        



                                                                  

                                                                  
     


     
 

     Step 4 — Pivot to a feasible basis.  Swapping 
     a1 into the basis
     in place of  s1
     makes every right-hand side nonnegative at 
     x = y = 0,
     giving a genuine starting point: 
 
	
      
 max ⁡  − 5000 + 2002x + 1003y − 1000s1
 s.t.  a1 = 5 − 2x − y + s1,
      s2 = 16 − 2x − y,
      s3 = 14 − x − 2y,
      x,y,s1,s2,s3,a1 ≥ 0.
                                                                                        



     

With a feasible basis in hand, we run the simplex method as usual. Letting 
x enter
drives the artificial variable back out of the basis: 
 
	
                                                                  

                                                                  
 
 max ⁡ 5 + 2y + s1 − 1001a1                          
 s.t.  x = 2.50 − 0.50y + 0.50s1 − 0.50a1,
      s2 = 11 − s1 + a1,
      s3 = 11.50 − 1.50y − 0.50s1 + 0.50a1,
      x,y,s1,s2,s3,a1 ≥ 0.
                                                                                        



The structure of this feasible dictionary is worth pausing on.

 


Remark.  Artificial  Variable  Can  Be  Removed:  Feasible  Start  for  Phase  II
This  is  the  second  artificial  dictionary  from  Phase  I  of  the  two-phase
simplex   method.   Our   goal   was   to   eliminate   the   artificial   variable   
a1
while finding a feasible solution to the original problem.

 
Consider this dictionary: 
 

     
     	
     The artificial variable  a1
     appears in the system, but it is not basic.
     
 


     	
     Because  a1
     is a nonbasic variable and its value is currently zero, it can be removed
     from the dictionary without violating feasibility.
     
 


     	
     All basic variables ( x,s2,s3)
     have nonnegative values when  a1 = 0,
     and all coefficients of  a1
     can simply be deleted.
 



Conclusion: We now have a basic feasible solution to the original problem (with no
artificial variables present), so we can begin Phase II of the simplex method
using this dictionary as the starting point.

 
	
                                                                  

                                                                  
 
max ⁡ 5  + 2y + s1 − 1001a1                          
 s.t. x = 2.50  − 0.50y + 0.50s1 − 0.50a1,
      s2 = 11  − s1 + a1,
      s3 = 11.50  − 1.50y − 0.50s1 + 0.50a1,
      x,y,s1,s2,s3,a1 ≥ 0.
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Learning Checkpoint 7.5.1

 
Why can the artificial variable be removed from this system?

 
Now  a1
is nonbasic, so the basis is feasible for the original problem. We may discard the
artificial variable and continue from the feasible dictionary 
 
	
 
 max ⁡ 5 + 2y + s1                           
 s.t.  x = 2.50 − 0.50y + 0.50s1,
      s2 = 11 − s1,
      s3 = 11.50 − 1.50y − 0.50s1,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



                                                                  

                                                                  


 

7.5.1    Big-M Method Algorithm 

Algorithm: Big-M Method

 
Input. A linear program in standard form (maximize), possibly with an infeasible
initial basic solution.

 
☞ Add artificial variables For each constraint with a negative right-hand side, multiply the
constraint by   − 1 so
the RHS becomes positive. For each constraint without an obvious feasible basic variable, add an
artificial variable  ai ≥ 0.

 
✏  Penalize the artificials Add a penalty term 
 − Mai (with 
M a
very large constant) for each artificial variable to the objective. Form the initial
dictionary (including slack/surplus and artificial variables) using this modified
objective, with the artificials in the starting basis.

 
❒ Drive the artificials out While an artificial variable is in the basis (or the basic
solution is infeasible), perform a simplex pivot, using the modified objective, that
moves at least one artificial variable out of the basis.

 
☞ Restore and continue Once all artificial variables are zero, remove their
columns and continue the standard simplex iterations using the original objective
function.

 
✔ Output The optimal solution to the original problem, or a declaration of
infeasibility if any artificial variable remains positive.

 


 

7.5.2    Detecting Infeasibility via the Big-M Method 

Consider the linear program 
 
	
                                                                  

                                                                  
 
 max ⁡ 2x + 3y                                            
 s.t.  2x + y ≥ 22,2x + y ≤ 16,x + 2y ≤ 14,x,y ≥ 0.
                                                                                        



The first two constraints demand that 
2x + y be simultaneously at
least  22 and at most 
16, so we should expect
trouble. Rewriting the   ≥
constraint as   − 2x − y ≤−22 and
adding a slack gives  s1 = −22 + 2x + y,
which is negative at the origin. Exactly as before, we add an artificial variable 
a1 (penalty 
M = 1000) and
pivot it into the basis to obtain a feasible starting dictionary: 
 




 

     
 

     	
       
 max ⁡     − 22000 + 2002x + 1003y − 1000s1
  s.t. a1 = 22 − 2x − y + s1,
        s2 = 16 − 2x − y,
        s3 = 14 − x − 2y.
                                                                                        



     

                                                                  

                                                                  


Pivot:  x
enters,  s2
leaves. 

 




 

     
 

     	
       
 max ⁡     − 5984 + 2y − 1000s1 − 1001s2
  s.t. a1 = 6 + s1 + s2,
        x = 8 − 0.50y − 0.50s2,
        s3 = 6 − 1.50y + 0.50s2.
                                                                                        



     



Pivot:  y
enters,  s3
leaves. 

 




 

                                                                  

                                                                  
     
 

     	
      
 max ⁡  − 5976 − 1000s1 − 1000.33s2 − 1.33s3
 s.t.  a1 = 6 + s1 + s2,
      x = 6 − 0.67s2 + 0.33s3,
      y = 4 + 0.33s2 − 0.67s3.
                                                                                        



     



Every objective-row coefficient is now nonpositive, so this dictionary is optimal for
the penalized (Big-M) problem, yet the artificial variable is still basic.

 


 

Interpreting the Final Dictionary 

In the final dictionary, the artificial variable 
a1
appears in the equation 
 
	
 
                                         a1 = 6 + s1 + s2.



                                                                  

                                                                  
When the nonbasic variables  s1
and  s2
are set to zero (which is typical in a basic solution), we find 
 
	
 
                                               a1 = 6.



Because  a1 > 0
in the optimal dictionary, this indicates that the original linear program has no
feasible solution. The presence of a positive artificial variable in the final optimal
dictionary is the standard signal in the Big-M method that the original problem is
infeasible.

 
In summary, the contradictory constraints (requiring 
2x + y
to be both at least 22 and at most 16) force the artificial variable 
a1
to remain positive. Thus, the Big-M method confirms that the problem is
infeasible.

 


Remark.  Final                          Artificial                          Dictionary
Indicates Infeasibility This is the final dictionary at the end of Phase I of the
two-phase simplex method, where the goal was to eliminate the artificial variable 
a1
and reach a feasible solution to the original problem.

 
To interpret this: 
 

     
     	
     The artificial variable  a1
     is still in the basis.
     
 


     	
                                                                  

                                                                  
     Its value is expressed as  a1 = 6 + s1 + s2,
     and      since      all      variables      on      the      right-hand      side
     are      constrained      to      be      nonnegative,      we      have      
     a1 ≥ 6.
     
 


     	
     Therefore, we cannot make  a1 = 0,
     which is required to reach feasibility in Phase I.
 



Thus, there is no feasible solution to the original problem. 
Conclusion: The original linear program is infeasible.

 
	
 
max ⁡  − 5976  − 1000s1 − 1000.33s2 − 1.33s3
 s.t. a1 = 6  + s1 + s2,
      x = 6  − 0.67s2 + 0.33s3,
      y = 4  + 0.33s2 − 0.67s3,
      x,y,s1,s2,s3,a1 ≥ 0.
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Theorem 7.15: Infeasibility Detection via the Big-M Method

 
Consider the linear programming problem 
 
	
                                                                  

                                                                  
 
 max ⁡ c⊤ ⁡x     
 s.t.  Ax ≤b,
      x ≥0.
                                                                                        



After converting inequalities to equalities by introducing slack, surplus, and, if
needed, artificial variables, the system takes the form 
 
	
 
                                    Ax − Iaa = b,x,a ≥0,



where  Ia is
a submatrix of the identity matrix, with each column corresponding to an artificial
variable introduced to enforce equality in a constraint that initially lacked a basic
variable with a nonnegative right-hand side. The Big-M formulation is then given by

 
	
 
                                    max ⁡ c⊤ ⁡x − M∑
   i∈Iai.



                                                                  

                                                                  
If, in any optimal solution of the Big-M problem, there exists an artificial variable 
ai > 0 for some 
i ∈ I, then
the original linear programming problem is infeasible.

 


Proof. Assume that an optimal solution  (x∗,a∗)
of the Big-M problem satisfies  ai∗ > 0
for some  i ∈ I.

 
Suppose, for contradiction, that the original linear programming problem is feasible. Then there
exists some  x′≥0
such that  Ax′≤b.
In the reformulation process, if a constraint lacked a basic
variable with a nonnegative right-hand side, an artificial variable 
ai was
introduced, rewriting the constraint as 
 
	
 
                                (original constraint) − ai = bi.



For                            any                            feasible                            
x′
of         the         original         problem,         we         can         set         
a′ = 0
for all artificial variables, and the equality constraints will still be satisfied.

 
Thus, the solution  (x′,0)
is feasible for the Big-M formulation, and its objective value is exactly 
c⊤ ⁡x′. On the other hand,
the optimal solution  (x∗,a∗)
yields an objective value of 
 
	
                                                                  

                                                                  
 
                                      c⊤ ⁡x∗− M∑
   i∈Iai∗.



Since                                                                                                 
M
is chosen to be a very large positive constant, any positive contribution from 
∑ ⁡
  i∈Iai∗
imposes   a   severe   penalty.   Consequently,   the   objective   value   of   
(x′,0)
would         be         strictly         greater         than         that         of         
(x∗,a∗)
provided                                           that                                           
M
is sufficiently large.

 
This      contradiction      implies      that      no      feasible      solution      
(x′,0)
exists for the original problem. In other words, the assumption that the original
problem is feasible is false.

 
Hence,  if  in  the  optimal  solution  of  the  Big-M  problem  any  artificial
variable remains positive, the original linear programming problem must be
infeasible.                                                                                         □

 




 

7.5.3    A second example: two artificial variables 

When several constraints point the “wrong” way, we simply add one artificial variable
per offending constraint. Consider 
 
	
                                                                  

                                                                  
 
 max ⁡ 3x + y                                          
 s.t.  2x + y ≥ 5,2x + y ≤ 16,x + 2y ≥ 3,x,y ≥ 0.
                                                                                        



Two constraints are of “  ≥”
type, so the origin violates both. Flipping them to 
 − 2x − y ≤−5 and 
 − x − 2y ≤−3 and adding
slacks gives  s1 = −5 + 2x + y
and  s3 = −3 + x + 2y,
both negative at the origin. We introduce two artificial variables 
a1,a3 (each
penalized by  M = 1000)
and pivot them into the basis, producing a feasible starting dictionary whose
objective row carries the Big-M penalty: 
 




 

     
 

     	
       
 max ⁡     − 8000 + 3003x + 3001y − 1000s1 − 1000s3
  s.t. a1 = 5 − 2x − y + s1,
        s2 = 16 − 2x − y,
        a3 = 3 − x − 2y + s3.
                                                                                        



     

                                                                  

                                                                  


The large penalties make  x
and  y
attractive to increase, and successive pivots drive both artificial variables out of the basis.
Once  a1 = a3 = 0 the
basis is feasible for the original problem; we drop the artificials and continue on the true
objective  3x + y
until every reduced cost is nonpositive: 
 




 

     
 

     	
       
 max ⁡    24 − 0.5y − 1.5s2        
  s.t. x = 8 − 0.5y − 0.5s2,
        s1 = 11 − s2,
        s3 = 5 + 1.5y − 0.5s2.
                                                                                        



     



Reading the optimal dictionary gives  x = 8,
 y = 0, and 
z = 3x + y = 24, with the first and third
constraints slack ( s1 = 11,
 s3 = 5) and the second
constraint tight ( s2 = 0).
                                                                  

                                                                  

 


 

7.6    Degeneracy, Cycling, and Bland’s Rule 


Definition 7.16: Degeneracy

 
A basic feasible solution (BFS) in the Simplex Method is said to be degenerate if one or
more of its basic variables take a value of zero. Mathematically, a BFS corresponding to
a basis  B
is degenerate if there exists at least one basic variable 
xB such
that  xB = 0.

 


Remark.  Degenerate  Dictionary  The  dictionary  below  represents  a  feasible
solution, but one of the basic variables is equal to zero. This situation is called
degeneracy.

 
What is degeneracy? A dictionary is called degenerate if any basic variable is
equal to zero. This is important because: 
 

     
     	
     It can cause the simplex method to perform a pivot without changing the
     objective value.
     
 


     	
     It can potentially lead to cycling, revisiting the same basic solution more
     than once.
 



In this dictionary: 
 

     
     	
     The basic variables are  x3,x4,x5,x6.
     
 


     	
     When we set the nonbasic variables 
     x1 = 0, 
     x2 = 0,
     we find: 
 
	
                                                                  

                                                                  
      
x3 = 4,x4 = 2,x5 = 3,x6 = 0                                                                                                      ,z = 0.



     

     	
     Since  x6 = 0
     and it is in the basis, this is a degenerate basic feasible solution.
 



	
 
max ⁡ z = 0  + x1 + 2x2         
 s.t. x3 = 4  − x2,
      x4 = 2  − x1 + x2,
      x5 = 3  − x1,
      x6 = 0  + 2x1 − x2,
      x1,x2,x3,x4,x5,x6 ≥ 0.
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In this case, the basic feasible solution is (basic variables) 
(x3,x4,x5,x6) = (4,2,3,0) and (non-basic
variables)  (x1,x2) = (0,0).
                                                                  

                                                                  

 


 

7.6.1    Degeneracy and Unchanged BFS after Pivoting 

Degeneracy can lead to cases where pivoting in the Simplex Method does not change
the basic feasible solution. When a pivot is performed, the entering variable
is increased until one of the current basic variables reaches zero, at which
point that variable leaves the basis. However, if multiple constraints yield
the same minimum ratio in the ratio test, then a tie-breaking rule must be
applied. If the variable that leaves the basis was already zero, the BFS remains
unchanged.

 
Notice in the prior example, we can try to let 
x2
enter the basis. What happens? By the ratio test, we see that 
x6 leaves
the basis. This results in the following new dictionary:

 


Remark.  Degenerate   Pivot:   No   Change   in   BFS   After   pivoting   
x2
into                   the                   basis                   and                   
x6
out, we arrive at the dictionary below.

 
Here is what happened:

 

     
     	
     Before       the       pivot,       the       basic       variables       were       
     x3,x4,x5,x6,
     and the nonbasic variables were  x1 = 0,x2 = 0.
     
 


     	
     After the pivot,  x2
     enters and  x6
     leaves.         The         new         basic         variables         are         
     x3,x4,x5,x2.
     
 


     	
     However, when we plug in the nonbasic values 
     x1 = 0,x6 = 0,
     we get: 
 
	
                                                                  

                                                                  
      
                          x3 = 4,x4 = 2,x5 = 3,x2 = 0,z = 0.



     

     	
     This is identical to the previous basic feasible solution.
 



Conclusion: This is a case of a degenerate pivot: we performed a pivot step, but
the resulting basic feasible solution did not change. The simplex algorithm moved to a
new dictionary (i.e., a new basis), but the point in solution space stayed the
same.

 
	
 
max ⁡ z = 0  + 5x1 − 2x6        
 s.t. x3 = 4  − 2x1 + x6,
      x4 = 2  + x1 − x6,
      x5 = 3  − x1,
      x2 = 0  + 2x1 − x6,
      x1,x2,x3,x4,x5,x6 ≥ 0.
                                                                                        



[image: PIC]

 




 
But! The basic feasible solution is the same!!!
                                                                  

                                                                  

 
Fortunately, the next pivot leads to a new solution.

 
However, this phenomenon can cause the algorithm to visit the same BFS multiple
times, potentially leading to cycling.

 
See https://gilp.henryrobbins.com/en/latest/examples/3d/SQUARE_PYRAMID_3D_LP.html
for a highly degenerate case where the first two pivots do not change the
solution.

 


 

7.7    Cycling in the Simplex Method 

In the Simplex Method, a pivot operation normally improves the objective function
by moving from one basic feasible solution (BFS) to another. However, in rare cases,
the method can revisit the same BFS multiple times without progress. This
phenomenon is called cycling.

 
Cycling occurs due to: 
 

     
     	
     Degeneracy: when one or more basic variables are zero.
     
 


     	
     Unlucky  pivot  rules:  which  cause  the  algorithm  to  rotate  through
     different bases that correspond to the same BFS.
 



The following example demonstrates cycling. The entering variable is chosen
by the largest-coefficient rule, and ties in the minimum ratio test are
broken naively, by taking the tied row whose basic variable is listed first. This
combination cycles on the example below. Anti-cycling pivot rules, such as the
lexicographic rule or Bland’s rule (described later in this section), prevent this
behavior.

 


 

7.7.1    Cycling in the Simplex Method 

Cycling occurs when the Simplex Method revisits the same set of basic variables
repeatedly without making progress in improving the objective function. This
happens when degeneracy is present and the choice of entering and leaving variables
results in looping between a set of degenerate BFSs.

 
The following example demonstrates cycling in the Simplex Method. It is a
rescaled version of the classic cycling example constructed by E. M. L. Beale
(1955), the first published instance of an LP on which the simplex method
cycles; only the units of two variables have been changed, which preserves the
cycle.
                                                                  

                                                                  

 
Initial Dictionary 
 
	
 
max ⁡ z = 0 + 0.75x1 − 20x2 + 0.50x3 − 6x4   
 s.t.  s1 = 0 − 0.25x1 + 8x2 + x3 − 9x4,
      s2 = 0 − 0.50x1 + 12x2 + 0.50x3 − 3x4,
      s3 = 1 − x3,
      x1,x2,x3,x4,s1,s2,s3 ≥ 0.
                                                                                        



Pivot:  x1
enters,  s1
leaves. 

 
	
 
 max ⁡ z = 0 + 4x2 + 3.50x3 − 33x4 − 3s1   
 s.t.  x1 = 0 + 32x2 + 4x3 − 36x4 − 4s1,
      s2 = 0 − 4x2 − 1.50x3 + 15x4 + 2s1,
      s3 = 1 − x3,
      x1,x2,x3,x4,s1,s2,s3 ≥ 0.
                                                                                        



Pivot:  x2
enters,  s2
leaves. 

 
	
                                                                  

                                                                  
 
 max ⁡ z = 0 + 2x3 − 18x4 − s1 − s2                        
 s.t.  x1 = 0 − 8x3 + 84x4 + 12s1 − 8s2,
      x2 = 0 − 0.38x3 + 3.75x4 + 0.50s1 − 0.25s2,
      s3 = 1 − x3,
      x1,x2,x3,x4,s1,s2,s3 ≥ 0.
                                                                                        



Pivot:  x3
enters,  x1
leaves. 

 
	
 
 max ⁡ z = 0 − 0.25x1 + 3x4 + 2s1 − 3s2                 
 s.t.  x3 = 0 − 0.12x1 + 10.50x4 + 1.50s1 − s2,
      x2 = 0 + 0.05x1 − 0.19x4 − 0.06s1 + 0.12s2,
      s3 = 1 + 0.12x1 − 10.50x4 − 1.50s1 + s2,
      x1,x2,x3,x4,s1,s2,s3 ≥ 0.
                                                                                        



Pivot:  x4
enters,  x2
leaves. 

 
	
                                                                  

                                                                  
 
 max ⁡ z = +0.50x1 − 16x2 + s1 − s2                       
 s.t.  x3 = 0 + 2.50x1 − 56x2 − 2s1 + 6s2,
      x4 = 0 + 0.25x1 − 5.33x2 − 0.33s1 + 0.67s2,
      s3 = 1 − 2.50x1 + 56x2 + 2s1 − 6s2,
      x1,x2,x3,x4,s1,s2,s3 ≥ 0.
                                                                                        



Pivot:  s1
enters,  s3
leaves. 

 
	
 
 max ⁡ z = +1.75x1 − 44x2 − 0.50x3 + 2s2         
 s.t.  s1 = 0 + 1.25x1 − 28x2 − 0.50x3 + 3s2,
      x4 = 0 − 0.17x1 + 4x2 + 0.17x3 − 0.33s2,
      s3 = 1 − x3,
      x1,x2,x3,x4,s1,s2,s3 ≥ 0.
                                                                                        



Pivot:  s2
enters,  x4
leaves. 

 
	
                                                                  

                                                                  
 
 max ⁡ z = +0.75x1 − 20x2 + 0.50x3 − 6x4      
 s.t.  s1 = 0 − 0.25x1 + 8x2 + x3 − 9x4,
      s2 = 0 − 0.50x1 + 12x2 + 0.50x3 − 3x4,
      s3 = 1 − x3,
      x1,x2,x3,x4,s1,s2,s3 ≥ 0.
                                                                                        



This last dictionary is identical to the initial one: after six pivots the
method has returned to its starting basis with the objective still at 
z = 0. The
simplex method is cycling, and without an anti-cycling safeguard it will loop
forever.

 


 

7.7.2    Bland’s Rule 

Bland’s Rule is a tie-breaking strategy used to prevent cycling in the Simplex
Method. The rule ensures that:
     
 
	
  1. 
	The variable with the smallest index enters the basis when multiple
     choices exist.
     
	
  2. 
	The variable with the smallest index leaves the basis when multiple
     choices exist.


By enforcing this lexicographic ordering, the method guarantees progress and
prevents the algorithm from revisiting the same basis indefinitely.


 
Theorem 7.17: Bland’s Rule Prevents Cycling

 
If Bland’s Rule is used to select the entering and leaving variables in the
Simplex Method, then the algorithm will terminate in a finite number of
steps, either by reaching an optimal solution or by detecting an unbounded
problem.

 


                                                                  

                                                                  
Proof sketch.  Suppose, for contradiction, that the method cycles: a sequence
of degenerate pivots returns to a basis visited before. During a cycle the basic
feasible solution and the objective value never change, and some set of variables
enters and leaves the basis over and over. Consider the largest-indexed variable 
xt
that  takes  part  in  the  cycle.  Comparing  the  dictionary  at  a  step  where  
xt
enters       with       the       dictionary       at       a       step       where       
xt
leaves, a sign analysis of the two objective rows shows that at one of these steps
some          variable          with          index          smaller          than          
t
was    also    eligible,    so    Bland’s    rule    could    not    have    selected    
xt
there, a contradiction. Hence no basis repeats; since there are finitely many
bases, the algorithm terminates. The full argument is standard and can be found,
for example, in Chvátal’s Linear Programming.                                      □

 


From the example above, following the same sequence, we arrive at this dictionary.

 
	
 
 max ⁡ z = +0.50x1 − 16x2 + s1 − s2                       
 s.t.  x3 = 0 + 2.50x1 − 56x2 − 2s1 + 6s2,
      x4 = 0 + 0.25x1 − 5.33x2 − 0.33s1 + 0.67s2,
      s3 = 1 − 2.50x1 + 56x2 + 2s1 − 6s2,
      x1,x2,x3,x4,s1,s2,s3 ≥ 0.
                                                                                        



Pivot:  x1
enters,  s3
leaves. Bland’s rule: choose the lowest-index eligible entering and leaving
variables

 
	
                                                                  

                                                                  
 
 max ⁡ z = 0.20 − 4.80x2 + 1.40s1 − 2.20s2 − 0.20s3     
 s.t.  x3 = 1 − s3,
      x4 = 0.10 + 0.27x2 − 0.13s1 + 0.07s2 − 0.10s3,
      x1 = 0.40 + 22.40x2 + 0.80s1 − 2.40s2 − 0.40s3,
      x1,x2,x3,x4,s1,s2,s3 ≥ 0.
                                                                                        



Bland’s rule breaks the tie differently from before: the method moves
to a genuinely new basis and the objective strictly increases to 
z = 0.20.
The cycle is broken, and the simplex method now makes progress toward
optimality.

 


 

7.8    Simplex and Unbounded LPs 


Example 7.18: Unbounded Linear Program

 
Consider the linear program:

 
	
 
maximizex1                 
 s.t.       x1 − x2 ≤ 1
            2x1 − x2 ≤ 3
            x1,x2 ≥ 0
                                                                                                       



                                                                  

                                                                  



 
[image: Desmos plot of the feasible region defined by x1-x2<=1, 2x1-x2<=3, x1,x2>=0: an unbounded region extending to the right in the first quadrant, illustrating the unbounded LP example.]



 
Figure 7.7: Desmos plot of the feasible region defined by x1-x2<=1, 2x1-x2<=3,
x1,x2>=0: an unbounded region...                                     


We convert the inequalities into equalities using slack variables 
s1 and 
s2:

 
	
 
s1                 = 1 − x1 + x2  
s2                 = 3 − 2x1 + x2
x1,x2,s1,s2 ≥ 0
                                                                                                       



Initial dictionary. 
 
	
 
max ⁡ z = x1                   
 s.t.  s1 = 1 − x1 + x2,
      s2 = 3 − 2x1 + x2.
                                                                                        



                                                                  

                                                                  
Pivot:  x1 enters,
 s1 leaves. ratio
test:  1∕1 < 3∕2,
so  s1
leaves

 
	
 
 max ⁡ z = 1 + x2 − s1    
 s.t.  x1 = 1 + x2 − s1,
      s2 = 1 − x2 + 2s1.
                                                                                        



Pivot:  x2
enters,  s2
leaves. only  s2
limits  x2

 
	
 
 max ⁡ z = 2 + s1 − s2     
 s.t.  x1 = 2 + s1 − s2,
      x2 = 1 + 2s1 − s2.
                                                                                        



Now  s1 is eligible to enter
(its objective coefficient   + 1
is positive), but its column is entirely nonnegative: in 
x1 = 2 + s1 − s2 and 
                                                                  

                                                                  
x2 = 1 + 2s1 − s2 the
coefficients of  s1
are   + 1 and 
 + 2. Increasing 
s1 raises both
basic variables and never drives one to zero, so the ratio test finds no limiting row. The
objective  z = 2 + s1
grows without bound, and the linear program is unbounded.

 
Conclusion: This linear program is unbounded. Once 
s1
enters the basis, there is no constraint limiting how large it can grow while
maintaining feasibility. Therefore, the objective function can increase without
bound.

 
Pioneer Spotlight: George Dantzig

 
George Dantzig, known for spearheading linear programming with the
simplex algorithm, was born in Portland, Oregon on November 8,
1914.1
George received his Bachelor of Arts in Mathematics and Physics from the University
of Maryland, College Park. After marrying his wife, Anne Shmuner, he completed his
Master of Arts in Mathematics at the University of Michigan in 1938. Before
graduating with his Master’s degree, he began working at the United States Bureau
of Labor Statistics as a junior statistician. George took interest in statistics through
the work of Jerzy Neyman, which led him to earn a Ph.D. in Statistics with
Neyman’s guidance from the University of California, Berkeley in 1946. Before his
dissertation, he began working with the Army Air Force Combat Analysis Branch of
Statistical Control at the Pentagon, then transferred to the Department of the
Air Force as a mathematical advisor. After his work at the Pentagon, he
became a professor in operations research at the University of California,
Berkeley, and Stanford. He went on to receive the National Medal of Science in
1975. He was also a member of the National Academy of Engineering, the
National Academy of Sciences, and the American Association of Arts and
Sciences.2

 
 


  1Gass, S. I. (2008). Memorial Tributes, Vol. 12, pp. 100–106. National Academies
Press.
 
 


  2UC Berkeley Engineering (2018). “George Dantzig: Operations research phenom.”
https://engineering.berkeley.edu/george-dantzig-operations-research-phenom/
 
 
      
 
While in
school at the University of California, Berkeley, George became widely known for solving
two of the “unsolved” statistics problems, which he mistakenly thought were homework.
In 1947, Dantzig proposed the simplex algorithm, which started the field of linear
programming.3
Geometrically, the simplex method consists of traveling along the edges of a
polyhedron from vertex to vertex. The feasible region of a linear program is always
convex, and if the program has an optimal solution and its feasible region has a
                                                                  

                                                                  
vertex, then some optimal solution occurs at a vertex. The linear program should be
in the following standard form: 
 
	
 
                              max ⁡ c⊤ ⁡xsubject toAx = b,x ≥0.



 


  3Cottle, R., Johnson, E., and Wets, R. (2007). “George B. Dantzig (1914–2005).” Notices of the
AMS, pp. 344–357. https://www.ams.org/journals/notices/200703/fea-cottle.pdf
 
 
     
 
The
corresponding vertices of the feasible region are the basic feasible solutions. If a
system is nondegenerate, the process of simplex pivoting can occur, where the
previous solution is used to pivot towards a better feasible basis.

 
After Dantzig’s development of the simplex algorithm, he presented a talk
geared toward the application of his linear programming model in the digital
world, including games and computers. His algorithm was implemented in
the animal feed industry and computing machines for the Air Force. It was
also used to solve Stigler’s “diet problem,” a simple question with modern
technology, but a long computation process in 1947. Dantzig’s procedure has been
utilized in countless industries, such as communications, railroads, petroleum,
airlines, and the economy. His utilization of linear algebra theory and the
creation of pivoting will continue to be used when solving complex linear
problems.

 
Dantzig also studied network flow problems, which led to the duality theorem in the
1950s. The dual theorem utilizes the costs as integers to create a pair that
highlights integer basic solutions, which was used in the application of the “fleet
assignment model.” With a great understanding of real-world problems,
Dantzig developed the recourse stochastic program, which accounted for
uncertain constraints and utilized statistical tests to determine the likelihood of
an optimal solution. Dantzig was responsible for the solution to countless
military problems through his development of linear programming in the
late-1940s.

 
This spotlight was contributed by Irma Adams

 

                                                                  

                                                                  

 

7.9    Exercises 

Warm-ups


 
Exercise 7.19: Standard form and the first dictionary

 
 ⋆ 
Consider the linear program 
 
	
 
 max ⁡ 4x + 5y       
 s.t.  x + 2y ≤ 12,
      3x + 2y ≤ 24,
      x,y ≥ 0.
                                                                                        




     
 
	
  1. 
	Convert the program to standard form by introducing slack variables 
     s1,s2.
     
	
  2. 
	Write     the     initial     dictionary     for     the     slack     basis     
     {s1,s2},
     exactly as in the Initial Dictionary of Section 7.3.
     
	
  3. 
	Read off the basic feasible solution and its objective value.
     
	
  4. 
	Under the steepest ascent rule, which variable would enter the basis first?


[§7.3, Initial Dictionary; §7.1]


 
Exercise 7.20: Convert to Standard Form

 
 ⋆ 
Convert the following linear program to standard form:
                                                                  

                                                                  

 
	
 
 max ⁡ 3x1 − 5x2           
 s.t.  2x1 + x2 ≤ 6,
       − x1 + 3x2 ≥ 2,
      x1,x2 ≥ 0.
                                                                                        



[§7.1, Example: Complete Conversion to Standard Form]


 
Exercise 7.21: Convert to Standard Form

 
 ⋆ 
Convert the following linear program to standard form:

 
	
 
 min ⁡  − x1 + 2x2 + x3                    
 s.t. x1 − x2 + 2x3 = 4,
      − 2x1 + x2 ≤ 1,
     x3 is unrestricted,x1,x2 ≥ 0.
                                                                                        



[§7.1, Example: Complete Conversion to Standard Form]


 
Exercise 7.22: Convert to Standard Form

 
 ⋆ 
Convert the following linear program to standard form:
                                                                  

                                                                  

 
	
 
 max ⁡ 5x1 + x2 − 3x3                       
 s.t.  x1 + 2x2 − x3 ≥ 7,
      x2 − 4x3 = 3,
      x1 is unrestricted,x2,x3 ≤ 0.
                                                                                        



[§7.1, Example: Complete Conversion to Standard Form]


 
Exercise 7.23: Convert to Standard Form

 
 ⋆ 
Convert the following linear program to standard form:

 
	
 
 min ⁡ 2x1 + 4x2                          
 s.t. x1 + x2 ≥ 3,
     2x1 − x2 ≤ 5,
     x1 is unrestricted,x2 ≥ 0.
                                                                                        



[§7.1, Example: Complete Conversion to Standard Form]


 
Exercise 7.24: Convert to Standard Form

 
 ⋆ 
Convert the following linear program to standard form:
                                                                  

                                                                  

 
	
 
 min ⁡ 5y1 − 3y2 + y3        
 s.t. 2y1 − y2 + 3y3 = 7,
      − y1 + 4y2 ≤ 5,
     y3 is unrestricted.
                                                                                        



[§7.1, Example: Complete Conversion to Standard Form]

 
Core problems


 
Exercise 7.25: Pivoting in a different direction

 
  ⋆ ⋆  We
consider the example from Section 7.3. In that example, we pivoted first on the 
y variable.
This choice of pivot called the steepest ascent rule since we chose the variable in the
objective with the largest coefficient. However, we can consider pivoting on any
variable with a positive coefficient in the objective. We will now pivot first on the 
x
variable.

 
Starting Point 
 
	
                                                                  

                                                                  
 
max ⁡ 2x + 3y           
 s.t.  s1 = 9 − x − y,
      s2 = 16 − 2x − y,
      s3 = 14 − x − 2y,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        




     
 
	
  1. 
	Let  x
     increase first.
     
	
  2. 
	Determine which variable leaves the basis using the ratio test.
     
	
  3. 
	Pivot  by  rewriting  the  equation  of  the  leaving  variable  in  terms  of  
     x
     and substitute it into the other equations and the objective.
     
	
  4. 
	Write down the new dictionary.
     
	
  5. 
	Decide  whether  the  resulting  dictionary  is  optimal.  If  not,  repeat  the
     process.


[§7.3; §7.4]


 
Exercise 7.26: Simplex Method Practice

 
  ⋆ ⋆ 
Solve the following linear programming problem using the simplex method:

 
	
                                                                  

                                                                  
 
Maximize:z = 5x1 + 3x2 
subject to:x1 + x2 ≤ 12,
            2x1 + x2 ≤ 16,
            x1,x2 ≥ 0.
                                                                                        



[§7.3; §7.4]


 
Exercise 7.27: Simplex Method Practice

 
  ⋆ ⋆ 
Solve the following linear programming problem using the simplex method:

 
	
 
Maximize:z = 5x1 + 8x2 
subject to:x1 + 2x2 ≤ 30,
            3x1 + x2 ≤ 30,
            x1,x2 ≥ 0.
                                                                                        



[§7.3; §7.4]


 
Exercise 7.28: Simplex Method Practice

 
  ⋆ ⋆ 
Solve the following linear programming problem using the simplex method:

 
	
                                                                  

                                                                  
 
Maximize:z = 2x1 + 3x2 + x3     
subject to:4x1 + 2x2 + 5x3 ≤ 32,
            2x1 + 4x2 + 3x3 ≤ 28,
            x1,x2,x3 ≥ 0.
                                                                                        



[§7.3; §7.4]


 
Exercise 7.29: Simplex Method Practice

 
  ⋆ ⋆ 
Solve the following linear programming problem using the simplex method:

 
	
 
Maximize:z = 6x1 + 8x2 + 5x3,   
subject to:4x1 + x2 + x3 ≤ 1800,
            2x1 + 2x2 + x3 ≤ 2000,
            4x1 + 2x2 + x3 ≤ 3200,
            x1,x2,x3 ≥ 0.
                                                                                        



[§7.3; §7.4]


 
Exercise 7.30: Simplex Method Practice

 
  ⋆ ⋆ 
Solve the following linear programming problem using the simplex method:

 
	
                                                                  

                                                                  
 
Minimize: z = 4x1 + 6x2 + 7x3,
subject to:x1 + x2 + 2x3 ≥ 20,
            x1 + 2x2 + x3 ≥ 30,
            x1,x2,x3 ≥ 0.
                                                                                        



[§7.5]


 
Exercise 7.31: Simplex Method Practice

 
  ⋆ ⋆ 
Solve the following linear programming problem using the simplex method:

 
	
 
Minimize: z = 40x1 + 48x2 + 30x3,
subject to:2x1 + 2x2 + x3 ≥ 25,
            x1 + 3x2 + 2x3 ≥ 30,
            x1,x2,x3 ≥ 0.
                                                                                        



[§7.5]

 
Concepts and connections


 
Exercise 7.32: Dictionary Optimality

 
  ⋆ ⋆ 
Conditions in the dictionary. The following is a dictionary of a
maximization problem. State conditions (i.e., the range of values) on 
                                                                  

                                                                  
a1,a2,b,c1,c5,c6 that
are required to make the following true. Note: This does not require any simplex
pivots. 
 




 


 

                      max ⁡                      0 + c1x1 + c5x5 + c6x6                                          
                     x2                        = 1 + x1 − a1x5                                               
                     x4                        = 2 + x1 + 2x5 − x6                                           
                     x3                        = b − a2x1 − x5 − x6                                           




     
 
	
  1. 
	The current solution is feasible and optimal.
     
	
  2. 
	The current basic solution is not feasible.
     
	
  3. 
	The current basic solution is degenerate.
     
	
  4. 
	The current basic solution is feasible, and the LP is unbounded.


[§7.4; §7.6]


 
Exercise 7.33: Basic Feasible Solutions

 
  ⋆ ⋆ 
Consider the following linear programming feasible region in 2 variables that is
depicted in the plot below.
                                                                  

                                                                  

 
 
    maximize    2x1      +    x2  
    subject to    2x1      +   3x2     ≥  7   
                                   x2     ≥  1   
                     x1      −  x2     ≤  4   
                     x1      +   3x2     ≤  16 
                           x1,    x2     ≥  0.  



 
Here is a graph of the feasible region: 
 




 
[image: Desmos graph of a 2-variable LP feasible region with vertices labeled A, B, C, D used to identify basic and nonbasic variables and to trace pivot moves between adjacent basic feasible solutions.]



 
Figure 7.8: Desmos graph of a 2-variable LP feasible region with vertices labeled
A, B, C, D used to identify...                                          


The variables in the augmented linear program are 
{x1,x2,s1,s2,s3,s4}, where 
s1 and 
s2 are the surplus
variables of the two   ≥
constraints and  s3
and  s4 are the slack
variables of the two   ≤
constraints, in the order listed (matching the labels in the figure). In the context of
the simplex method, answer the following questions:

 
(a) At the basic feasible solution  D,
which variables are non-basic and which variables are basic?
                                                                  

                                                                  

 
 
B =  {                                            },                      N =  {                           }.



 
(b) If we pivot from the basic feasible solution at 
D to the basic feasible
solution at  C,

 

     
     	
     Which variable enters the basis?

     
 


     	
     Which variable leaves the basis?
 



[§7.3, Figure 7.4]


 
Exercise 7.34: What the ratio test protects

 
  ⋆ ⋆  In
the second dictionary of the running example of Section 7.3, 
 
	
 
 max ⁡ z = 21 + 1 
2x − 3 
2s3 
 s.t.  s1 = 2 − 1 
2x + 1 
2s3,
      s2 = 9 − 3 
2x + 1 
2s3,
      y = 7 − 1 
2x − 1 
2s3,
      x,y,s1,s2,s3 ≥ 0,
                                                                                        



                                                                  

                                                                  
the entering variable is  x,
and the ratio test selects  s1
(ratio  4)
to leave.
     
 
	
  1. 
	Suppose   you   ignore   the   ratio   test   and   instead   pivot   on   the   
     s2
     row (ratio  6),
     so that  s2
     leaves. Compute the resulting basic solution and show that it is infeasible
     by finding the basic variable that becomes negative.
     
	
  2. 
	Explain in general terms what goes wrong when a row other than the
     minimum-ratio row is chosen: which variables does the minimum ratio
     protect, and why does overshooting it break feasibility?


[§7.4, Learning Checkpoint 7.4.1]

 
Challenge problems


 
Exercise 7.35: A tie in the ratio test forces degeneracy

 
  ⋆ ⋆⋆ 
Consider the linear program 
 
	
 
 max ⁡ 2x + y     
 s.t.  x + y ≤ 4,
      2x + y ≤ 8,
      x,y ≥ 0.
                                                                                        




     
 
	
  1. 
	Write   the   initial   dictionary   for   the   slack   basis   and   let   
     x
                                                                  

                                                                  
     enter.    Show    that    the    ratio    test    produces    a    tie:    both    
     s1
     and  s2
     reach zero at  x = 4.
     
	
  2. 
	Pivot with  s1
     leaving and write the next dictionary. Show that it is degenerate: a basic
     variable sits at value zero.
     
	
  3. 
	Repeat the pivot with  s2
     leaving   instead,   and   show   that   the   resulting   dictionary   is   also
     degenerate.   What   do   you   notice   about   the   reduced   cost   of   
     y
     in  this  dictionary,  and  what  does  it  suggest  about  the  set  of  optimal
     solutions?
     
	
  4. 
	Explain why this is a general phenomenon: whenever the minimum ratio
     is attained by two rows, the dictionary after the pivot must be degenerate.
     Then construct your own linear program, different from the one above,
     whose first pivot has a tied ratio test.


[§7.6; §7.4]

 


 

Selected Solutions 

Solution

 
(Exercise 7.23)

 
1. Convert the minimization problem to a maximization problem by negating the
objective function: 
 
	
 
                                     max ⁡  − 2x1 − 4x2.



                                                                  

                                                                  
2. Convert the  ≥
constraint into an equality by introducing a surplus variable 
s1 ≥ 0:

 
	
 
                                      x1 + x2 − s1 = 3.



3. Convert the  ≤
constraint into an equality by introducing a slack variable 
s2 ≥ 0:

 
	
 
                                     2x1 − x2 + s2 = 5.



4. Since  x1 is unrestricted,
replace it with  x1 = x1′− x1″ ⁡,
where  x1′,x1″ ⁡ ≥ 0.

 
Final Standard Form: 
 
	
                                                                  

                                                                  
 
max ⁡  − 2(x1′− x
1″ ⁡) − 4x
2         
 s.t. (x1′− x
1″ ⁡) + x
2 − s1 = 3,
      2(x1′− x
1″ ⁡) − x
2 + s2 = 5,
      x1′,x
1″ ⁡,x
2,s1,s2 ≥ 0.
                                                                                        



Solution

 
(Exercise 7.24)

 
1. Convert the minimization problem to a maximization problem by negating the
objective function: 
 
	
 
                                  max ⁡  − 5y1 + 3y2 − y3.



2. Convert the  ≤
constraint into an equality by introducing a slack variable 
s1 ≥ 0:

 
	
                                                                  

                                                                  
 
                                    −y1 + 4y2 + s1 = 5.



3. Since  y3 is unrestricted,
replace it with  y3 = y3′− y3″ ⁡,
where  y3′,y3″ ⁡ ≥ 0.

 
Final Standard Form: 
 
	
 
max ⁡  − 5y1 + 3y2 − (y3′− y
3″ ⁡)   
 s.t. 2y1 − y2 + 3(y3′− y
3″ ⁡) = 7,
       − y1 + 4y2 + s1 = 5,
      y1,y2,y3′,y
3″ ⁡,s
1 ≥ 0.
                                                                                        



Solution

 
[Solution for Exercise 7.25] We will have to do 3 pivots!

 
We begin with the original linear program: 
 
	
                                                                  

                                                                  
 
max ⁡ 2x + 3y           
 s.t. s1 = 9 − x − y,
      s2 = 16 − 2x − y,
      s3 = 14 − x − 2y,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



First Pivot:  x
Enters the Basis

 
Let  x increase first.
The ratio test gives  9∕1 = 9
for  s1, 
16∕2 = 8 for 
s2, and 
14∕1 = 14 for 
s3. The smallest
ratio is  8, so 
s2 leaves the basis.
Rewriting the  s2
equation in terms of  x
and substituting into the other equations and the objective, we obtain: 
 
	
 
max ⁡ 16 + 2y − s2                   
 s.t. s1 = 1 − 0.50y + 0.50s2,
      x = 8 − 0.50y − 0.50s2,
      s3 = 6 − 1.50y + 0.50s2,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



Second Pivot:  y
Enters the Basis

 
Now  y
is the only variable with a positive objective coefficient, so 
                                                                  

                                                                  
y enters. The
ratio test gives  1∕0.5 = 2
for  s1, 
8∕0.5 = 16 for 
x, and 
6∕1.5 = 4 for 
s3, so 
s1 leaves. After
rewriting the  s1
equation in terms of  y
and substituting into the remaining equations and the objective function, the
dictionary becomes: 
 
	
 
max ⁡ 20 − 4s1 + s2        
 s.t. y = 2 − 2s1 + s2,
      x = 7 + s1 − s2,
      s3 = 3 + 3s1 − s2,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



Third Pivot:  s2
Enters the Basis

 
The coefficient of  s2 in the
objective is positive, so  s2
enters. In the  y
row  s2
appears with a positive coefficient, so that row imposes no limit; the ratio test gives 
7∕1 = 7 for 
x and 
3∕1 = 3 for 
s3, so 
s3
leaves. The new dictionary is 
 
	
                                                                  

                                                                  
 
max ⁡ 23 − s1 − s3         
 s.t. x = 4 − 2s1 + s3,
      s2 = 3 + 3s1 − s3,
      y = 5 + s1 − s3,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



This is optimal!

 
Solution

 
(Exercise 7.26) Add slacks  s1,s2
to obtain the initial dictionary 
 
	
 
max ⁡ z = 5x1 + 3x2         
 s.t. s1 = 12 − x1 − x2,
      s2 = 16 − 2x1 − x2.
                                                                                        



First pivot:  x1
enters (coefficient  5).
Ratio test:  12∕1 = 12
and  16∕2 = 8, so 
s2 leaves.
Solving the  s2
equation for  x1
and substituting gives 
 
	
                                                                  

                                                                  
 
max ⁡ z = 40 + 1 
2x2 − 5 
2s2 
 s.t. x1 = 8 − 1 
2x2 − 1 
2s2,
      s1 = 4 − 1 
2x2 + 1 
2s2.
                                                                                        



Second pivot:  x2
enters. Ratio test:  8∕1
2 = 16
and  4∕1
2 = 8,
so  s1
leaves. The new dictionary is 
 
	
 
max ⁡ z = 44 − s1 − 2s2 
 s.t. x2 = 8 − 2s1 + s2,
      x1 = 4 + s1 − s2.
                                                                                        



Both objective coefficients are negative, so this dictionary is optimal: 
(x1,x2) = (4,8) with 
z∗ = 44.

 
Solution

 
(Exercise 7.27) The initial dictionary is 
 
	
                                                                  

                                                                  
 
max ⁡ z = 5x1 + 8x2         
 s.t. s1 = 30 − x1 − 2x2,
      s2 = 30 − 3x1 − x2.
                                                                                        



First pivot:  x2
enters (coefficient  8 > 5).
Ratio test:  30∕2 = 15
and  30∕1 = 30, so 
s1 leaves.
Substituting  x2 = 15 − 1 
2x1 − 1 
2s1
gives 
 
	
 
max ⁡ z = 120 + x1 − 4s1    
 s.t. x2 = 15 − 1 
2x1 − 1 
2s1,
      s2 = 15 − 5 
2x1 + 1 
2s1.
                                                                                        



Second pivot:  x1
enters. Ratio test:  15∕1
2 = 30
and  15∕5
2 = 6,
so  s2
leaves, and the dictionary becomes 
 
	
                                                                  

                                                                  
 
max ⁡ z = 126 − 19 
 5 s1 − 2 
5s2
 s.t. x1 = 6 + 1 
5s1 − 2 
5s2,
      x2 = 12 − 3 
5s1 + 1 
5s2.
                                                                                        



This dictionary is optimal:  (x1,x2) = (6,12)
with  z∗ = 126.

 
Solution

 
(Exercise 7.32) The basic solution reads off the constant terms: 
x2 = 1, 
x4 = 2, 
x3 = b, with 
x1 = x5 = x6 = 0.

 

     
 
	
  1. 
	Feasible          and          optimal:        feasibility          requires
     every          constant          term          nonnegative,          so          
     b ≥ 0;
     optimality      requires      no      improving      direction,      so      
     c1 ≤ 0,
      c5 ≤ 0,
      c6 ≤ 0.
     The values  a1,a2
     may be arbitrary.
     
	
  2. 
	Not feasible:  b < 0
     (the constants  1
     and  2
     are already nonnegative, so only  x3
     can fail).
     
	
  3. 
	Degenerate:  b = 0,
     so that the basic variable  x3
     sits at value zero.
     
	
  4. 
	Feasible         and         unbounded:        we         need         
                                                                  

                                                                  
     b ≥ 0
     together with an entering variable whose objective coefficient is positive
     and  whose  column  never  decreases  a  basic  variable.  The  variable  
     x5
     appears as   − x5
     in the  x3
     row and  x6
     appears as   − x6
     in the  x4
     and  x3
     rows,    so    the    ratio    test    always    stops    them.     Only    
     x1
     can       certify       unboundedness:       its       coefficients       are       
      + 1,
       + 1,
     and   − a2,
     so we need  c1 > 0
     and  a2 ≤ 0
     (with  b ≥ 0
     for feasibility).


Solution

 
(Exercise 7.35) (a) The initial dictionary is 
 
	
 
max ⁡ z = 2x + y      
 s.t. s1 = 4 − x − y,
      s2 = 8 − 2x − y,
      x,y,s1,s2 ≥ 0.
                                                                                        



With  x entering
(and  y = 0), the
ratio test gives  4∕1 = 4
for  s1 and 
                                                                  

                                                                  
8∕2 = 4 for 
s2: a tie
at  x = 4.

 
(b) Let  s1 leave.
Solving the  s1
row for  x
gives  x = 4 − y − s1,
and substituting, 
 
	
 
max ⁡ z = 8 − y − 2s1   
 s.t. x = 4 − y − s1,
      s2 = 0 + y + 2s1,
      x,y,s1,s2 ≥ 0.
                                                                                        



The basic variable  s2
has value  0,
so the dictionary is degenerate. (It is also optimal: both reduced costs are negative, and the
solution is  (x,y) = (4,0)
with  z = 8.)

 
(c) Let  s2 leave
instead. Solving the  s2
row for  x
gives  x = 4 − 1 
2y − 1 
2s2,
and substituting, 
 
	
                                                                  

                                                                  
 
max ⁡ z = 8 + 0 ⋅ y − s2   
 s.t. x = 4 − 1 
2y − 1 
2s2,
      s1 = 0 − 1 
2y + 1 
2s2,
      x,y,s1,s2 ≥ 0.
                                                                                        



Again a basic variable ( s1)
equals zero, so this dictionary is degenerate as well. The reduced cost of 
y is exactly 
0: increasing 
y does not change
 z, which signals
that the optimum is not unique along that direction of the boundary (any point of the edge from 
(4,0) toward the
constraint  x + y = 4
with  2x + y = 8 held tight
gives  z = 8 only at 
(4,0) itself here, since
increasing  y is
blocked at once by  s1;
the zero reduced cost still flags the possibility of alternative optimal bases).

 
(d) If two rows tie at the minimum ratio, the entering variable stops at a value
where both corresponding basic variables hit zero simultaneously. Only one
of them leaves the basis; the other remains basic at value zero, so the new
dictionary necessarily has a basic variable equal to zero, which is the definition of
degeneracy. Any linear program in which two constraint boundaries pass through
the same point of the entering edge works as a construction, for example 
max ⁡ x + y subject
to  x ≤ 3, 
x + 2y ≤ 3, 
x,y ≥ 0: entering
 x gives
ratios  3∕1 = 3
and  3∕1 = 3,
a tie.
                                                                  

                                                                  

 



 




Chapter 8
Simplex - Matrix Calculations   

In the previous chapter we ran the simplex method through dictionaries:
rewrite, pivot, repeat. That view is good for intuition. In this chapter we work
out the linear algebra behind it. Every dictionary you wrote is a statement
about matrices: choosing a basis means selecting an invertible submatrix 
AB, pivoting means
changing that submatrix, and the objective row of a dictionary is a vector of reduced costs
computed from  AB−1.
Making this precise explains why the method works, and it is how simplex is
implemented in software, where solvers manipulate basis matrices rather than rewrite
equations.

 
We proceed in two steps. Section 8.1 shows how partitioning variables into basic and nonbasic
sets turns  Ax = b
into a formula for basic solutions. Section 8.2 then rewrites the objective from the
perspective of a basis, giving an algebraic certificate of optimality.

 

8.1    Solutions to  Ax = b


Learning Outcomes

 

     
     	
     Explore how a system of equations can be rewritten via partitioning the
     variables
     
 


     	
     See how we can also partition the matrix and rewrite the equation in a
     new format that solves for basic variables
     
 


     	
     Familiarize with matrix notation
     
 


     	
     Define terminology of a basic solution and a basic feasible solution
 



We will now explore ways to represent solutions to this linear system of
equations. This is meant to give the theoretical backbone of the simplex
algorithm.
                                                                  

                                                                  

 
We consider a linear system

 


 
 
                                              Ax = b,



 
where  A ∈ ℝm×n, 
x ∈ ℝn, and 
b ∈ ℝm.
Explicitly,

 


 
 
A =   [  a11    ⋯   a1n  
    ⋮ ⁡    ⋱    ⋮ ⁡     a
m1    ⋯  amn                                                                                   ] ,x =   [  x1  
    ⋮ ⁡    x
n                                                                                                  ] ,b =   [  b1  
    ⋮ ⁡    b
m                                                                                                  ] .



 


 

Assumptions on  A


We assume: 
 

     
     	
                                                                  

                                                                  
      rank(A) = m,
     i.e., the rows of  A
     are linearly independent (full row rank);
     
 


     	
      m ≤ n,
     so the system is not overdetermined.
 



If  A lacked full
row rank, some equations would be redundant and removable without changing the solution
set. When  m > n,
the system is typically overdetermined and inconsistent; if consistent, it can be reduced
to  m ≤ n
via row operations.

 
Under these assumptions,  Ax = b
represents a system of  m
independent equations in  n
unknowns with a feasible (possibly infinite) solution space.

 


 

Example Problem - Small Bakery 

A small bakery produces two products: loaves of bread (denoted by 
x) and cakes
(denoted by  y).
Each loaf of bread contributes $2 in profit, while each cake contributes $3 in profit.
The bakery must operate under the following daily constraints:

 

     
     	
     Oven Time: The total number of bread loaves and cakes baked each day
     cannot exceed 9, due to limited oven time. This gives the constraint:
     
 
	
                                                                  

                                                                  
      
                                             x + y ≤ 9.



     

     	
     Flour Supply: Bread uses more flour than cake. Each loaf uses 2 units of flour
     and each cake uses 1 unit. The bakery has a maximum of 16 units of flour
     available each day, leading to: 
 
	
      
                                            2x + y ≤ 16.



     

     	
     Sugar Supply: Cakes use more sugar than bread. Each loaf uses 1 unit of
     sugar and each cake uses 2 units. The daily sugar supply is limited to 14 units,
     so: 
 
	
      
                                            x + 2y ≤ 14.



                                                                  

                                                                  
     

     	
     Non-negativity: The bakery cannot produce a negative number of items, so:
     
 
	
      
                                            x ≥ 0,y ≥ 0.



     


Model:

 
The bakery wants to determine how many loaves of bread (
x) and
cakes ( y)
to produce each day in order to maximize total profit. The resulting linear program
is:

 

     
 

     	
                                                                  

                                                                  
      
 max ⁡ 2x + 3y      
 s.t.  x + y ≤ 9    (hours)
       2x + y ≤ 16 (flour) 
       x + 2y ≤ 14 (sugar)
       x ≥ 0,y ≥ 0.
                                                                                        



     

We begin by adding slack variables  s1,s2,s3
to convert the inequalities to equalities:

 

     
 

     	
      
 max ⁡ 2x + 3y           
 s.t.  x + y + s1 = 9    (hours)
       2x + y + s2 = 16 (flour) 
       x + 2y + s3 = 14 (sugar)
       x,y,s1,s2,s3 ≥ 0
                                                                                                       



     

It will be useful to also understand standard form from the matrix perspective.

 

     
 

                                                                  

                                                                  
     In matrix-vector notation, define: 
 
	
      
x =   [  x    y
 s1  
   s2  
   s3  
                                                                                                                             ] ,c =   [ 2   3
 0   0
 0                                                                                                 ],A =   [ 1  1  1  0  0   2   1   0   1   0
 1  2  0  0  1                                                                               ],b =   [  9    16
 14                                                                                               ]



     The standard form linear program is then: 
 
	
      
 max ⁡ c⊤ ⁡x     
 s.t.  Ax = b,
      x ≥0
                                                                                          



     



 

Submatrix Notation 

We extract submatrices of  A
by selecting columns corresponding to specific variable sets. For a set 
I, we let 
AI denote the submatrix
of  A corresponding
to the columns in  I.
                                                                  

                                                                  

 
	
 
      xys1s2s3                                                                                                                                       
      [  11100  2 1 0 1 0
  12001                                                                                              ]  ⇒A{x} =   [ 1   2
 1                                                                                                 ]



	
 
      xys1s2s3                                                                                                                                       
      [  11100  2 1 0 1 0
  12001                                                                                              ]  ⇒A{y,s2} =   [ 1  0   1   1
 2  0                                                                                            ]



	
 
      xys1s2s3                                                                                                                                       
      [  11100  2 1 0 1 0
  12001                                                                                              ]  ⇒A{s1,s2,s3} =   [ 1  0  0   0   1   0
 0  0  1                                                                                        ]



                                                                  

                                                                  


 

            Ax             =   [ 1  1  1  0  0   2   1   0   1   0
 1  2  0  0  1                                                                               ]  [  x    y
 s1  
   s2  
   s3                                                                                                                       ]  =   [ 1x + 1y + 1s1  
   2x + 1y + 1s2  
   1x + 2y + 1s3                                                                                                    ]                                                                                                                 
                            =   [ 1  1   2   1
 1  2                                                                                            ]  [ x   y                                                                                 ]︸ A{x,y}(x,y) +   [ 1  0  0   0   1   0
 0  0  1                                                                                        ]  [ s1  
   s2  
   s3                                                                                                                       ]︸ A{s
1,s2,s3}(s1,s2,s3)                        



 

              Ax               =   [ 1  1  0   2   1   1
 1  2  0                                                                                        ]  [  x    y
 s2                                                                                                                       ]︸ A{x,y,s
2}(x,y,s2) +   [ 1  0   0   0
 0  1                                                                                            ]  [ s1  
   s3                                                                                                                       ]︸ A{s1,s3}(s1,s3) =   [  9    16
 14                                                                                               ]                            

This implies:

 

                                                                  

                                                                  

 

                 A{x,y,s2} [ x    y
 s2                                                                                                                       ]                   =   [  9    16
 14                                                                                               ] − A{s1,s3} [ s1  
   s3                                                                                                                       ]                                   

So,

 


 

                 [  x    y
 s2                                                                                                                       ]                 = A{x,y,s2}−1  (  [    9    16
 14                                                                                               ] − A{s1,s3} [ s1  
   s3                                                                                                                       ] )                              



 

8.1.1    Partitioning the Variables 

In solving the system  Ax = b
in the context of linear programming, we introduce the concept of partitioning the
variables. This approach is essential in the Simplex Method for identifying and
analyzing basic solutions.


 
Definition 8.1: Basis

 
Given a matrix  A of
full row rank  m, a
basis  B is an index
set of  m of the 
n columns such that
the corresponding  m
columns of the matrix  A
are linearly independent. We then form the submatrix 
                                                                  

                                                                  
AB that contains only
those columns of  A.

 
The remaining  n − m
columns are referred to as the nonbasic columns, which form the matrix 
AN.

 
Given a basis  B and the
nonbasic set  N, this partitions
the variable vector  x
into two sets: 
 
	
 
x =   [  xB  
   xN                                                                                                 ] ,



where: 
 

     
     	
      xB
     consists  of  the  basic  variables,  associated  with  the  basis  matrix  
     AB,
     
 


     	
      xN
     consists of the nonbasic variables, associated with the nonbasic matrix 
     AN.
 



Rewriting the system  Ax = b
in terms of these partitions gives: 
 
	
                                                                  

                                                                  
 
                                      ABxB + ANxN = b.
	(8.1)


If the basis matrix  AB is
invertible, we can express  xB
in terms of  xN:

 
	
 
                                 xB = AB−1b − A
B−1A
NxN.
	(8.2)



Definition 8.2: Basic solution and Basic Feasible Solution (BFS)

 
A basic solution is obtained by setting 
xN = 0,
yielding: 
 
	
 
                                     xB = AB−1b,x
N = 0.
	(8.3)


A basic feasible solution (BFS) is a basic solution that satisfies the nonnegativity
constraint  xB ≥0,
ensuring that all basic variables are nonnegative.
                                                                  

                                                                  

 


 

Example 1: A 3-variable, 2-equation System 

Consider the following system: 
 
	
 
x1 + 2x2 + x3   = 4,
3x1 + x2 + 2x3 = 5.
                                                                                        



Here, the matrix  A and
the variable vector  x
are: 
 
	
 
A =   [ 1  2  1   3   1   2                                                                                       ],x =   [ x1  
   x2  
   x3                                                                                                                       ] ,b =   [ 4   5                                                                                                ].



Selecting  B = {1,2}
as the basis, the corresponding submatrix is: 
 
	
                                                                  

                                                                  
 
AB =   [ 1  2   3   1                                                                                           ],AN =   [ 1   2                                                                                                ].



If  AB is
invertible, we compute: 
 
	
 
AB−1 =   [ −1∕5    2∕5   
   3∕5    −1∕5                                                                                  ].



Setting  x3 = 0
(i.e.,  xN = 0), we
solve for  xB:

 
	
 
xB = AB−1b =   [ −1∕5    2∕5   
   3∕5    −1∕5                                                                                  ]  [ 4   5                                                                                                ] =   [ 6∕5 
 7∕5                                                                                              ].



Since  xB ≥ 0,
this is a basic feasible solution.
                                                                  

                                                                  

 


 

Example 2: A System with Slack Variables 

Consider a linear program in inequality form: 
 
	
 
x1 + 3x2 ≤ 6,
2x1 + x2 ≤ 4.
                                                                                        



We introduce slack variables  s1,s2 ≥ 0
to convert inequalities into equalities: 
 
	
 
x1 + 3x2 + s1 = 6,
2x1 + x2 + s2 = 4.
                                                                                        



The augmented system has: 
 
	
                                                                  

                                                                  
 
A =   [ 1  3  1  0   2   1   0   1                                                                                  ],x =   [ x1  
   x2  
   s1  
   s2                                                                                                                       ] ,b =   [ 6   4                                                                                                ].



Choosing the slack variables as the basis (
B = {s1,s2}), the
basis matrix is: 
 
	
 
AB =   [ 1  0   0   1                                                                                           ],AN =   [ 1  3   2   1                                                                                           ].



Since  AB
is the identity matrix, its inverse is itself, and we obtain: 
 
	
 
xB = AB−1b =   [ 6 
 4                                                                                                 ],xN = 0.



Since  xB ≥ 0,
this is a basic feasible solution.
                                                                  

                                                                  

 


 

8.1.2    Another Example 

To convert the given problem into standard form, we introduce slack variables 
s1,s2 to
convert the inequalities into equalities.

 
	
 
 max ⁡ 2x1 + 5x2                  
 s.t.  x1 + 2x2 + s1 = 16,
      5x1 + 3x2 + s2 = 45,
      x1,x2,s1,s2 ≥ 0.
                                                                                        



Now the system is in standard form: 
 
	
 
  [  1  2  1  0   5   3   0   1                                                                                  ]  [ x1  
   x2  
   s1  
   s2                                                                                                                       ]  =   [ 16   45                                                                                              ],x1,x2,s1,s2 ≥ 0.





 

8.1.3    Selecting and Evaluating Different Bases 

A basis consists of any two linearly independent columns from 
A. We
select three different bases: 
 

                                                                  

                                                                  
     
     	
     Basis 1:  B = {x1,x2}
     (Feasible) The basis matrix is: 
 
	
      
AB =   [ 1  2   5   3                                                                                           ].



     Computing  AB−1:
     
 
	
      
AB−1 =          1 
(1)(3) − (2)(5)  [   3    −2   −5   1
                                                                                                     ] =     1 
3 − 10  [   3    −2   −5   1
                                                                                                     ] =   1 
 − 7  [   3    −2   −5   1
                                                                                                     ] =   [ −3∕7    2∕7   
   5∕7    −1∕7                                                                                  ].



     Computing the basic solution: 
 
	
                                                                  

                                                                  
      
xB = AB−1b =   [ −3∕7    2∕7     5∕7   −1∕7
                                                                                                     ]  [ 16   45                                                                                              ] =   [ (−3∕7)(16) + (2∕7)(45) 
 (5∕7)(16) + (−1∕7)(45)                                                                    ]



     	
      
=   [ −48∕7 + 90∕7 
   80∕7 − 45∕7                                                                                  ] =   [ 42∕7 
 35∕7                                                                                            ] =   [ 6   5
                                                                                                     ].



     Since  xB = (6,5)
     contains no negative values, this basis indeed yields a feasible solution.
     
 


     	
     Basis 2:  B = {x1,s2}
     (Infeasible) The basis matrix (the columns of 
     x1 and 
     s2)
     is: 
 
	
      
AB =   [ 1  0   5   1                                                                                           ].



                                                                  

                                                                  
     Computing  AB−1:
     
 
	
      
AB−1 =          1 
(1)(1) − (0)(5)  [   1    0   −5   1                                                                                         ] =   [   1    0   −5   1                                                                                         ].



     Computing the basic solution: 
 
	
      
xB =   [ x1  
   s2  
                                                                                                                             ]  = AB−1b =   [   1    0   −5   1
                                                                                                     ]  [ 16   45                                                                                              ] =   [   (1)(16) + (0)(45)   
 (−5)(16) + (1)(45)                                                                          ] =   [      16        −80 + 45
                                                                                                     ] =   [   16     −35                                                                                            ].



     Since  s2 = −35 < 0,
     this    basis    is    infeasible.    The    corresponding    point    is    
     (x1,x2) = (16,0),
     which violates the constraint  5x1 + 3x2 ≤ 45.
     
 


     	
     Basis 3:  B = {s1,s2}
     (Feasible) The basis matrix is: 
 
	
                                                                  

                                                                  
      
AB =   [ 1  0   0   1                                                                                           ].



     Since this is the identity matrix, its inverse is itself. Thus, the basic solution is:
     
 
	
      
xB =   [ s1  
   s2  
                                                                                                                             ]  = AB−1b =   [ 16   45
                                                                                                     ].



     Since all basic variables are nonnegative, this is a feasible solution.
 



Figure 8.1 shows where these three basic solutions sit relative to the feasible
region.

 
 

                                                                  

                                                                  
                                                                  

                                                                  



 
[image: Feasible region shaded blue for x1+2x2<=16 (orange line) and 5x1+3x2<=45 (teal line) with corner points (0,0), (0,8), (6,5), and (9,0) marked as filled dots; labels give the basis at several points, for example B={x1,x2} at (6,5), and the point (16,0) is drawn as an open circle labeled an infeasible basic solution.]
 




Figure 8.1:   The   three   bases   of   this   subsection,   seen   geometrically.
Each   basis   fixes   the   nonbasic   variables   at   zero,   which   places   the
basic  solution  at  the  intersection  of  two  constraint  boundaries.  Bases  
{x1,x2}
and  {s1,s2}
give        basic        feasible       solutions        at        the        vertices        
(6,5)
and  (0,0)
(filled dots). Basis  {x1,s2}
gives the basic solution  (16,0)
(open dot), the intersection of the  x1-axis
( x2 = 0)
with the boundary  x1 + 2x2 = 16
( s1 = 0);
it violates  5x1 + 3x2 ≤ 45,
so it is an infeasible basic solution and lies outside the region.

                                                                  

                                                                  

8.2    Optimality Conditions 

Learning Outcomes

 

     
     	
     Define reduced costs at a basic feasible solution
     
 


     	
     Establish optimality conditions via the reduced costs
 



The objective function of the linear program is given by: 
 
	
 
                                              z = c⊤ ⁡x.



Substituting the partitioned variables  xB
and  xN,

 
	
 
                                     z = cB⊤ ⁡x
B + cN⊤ ⁡x
N.



                                                                  

                                                                  
Expressing  xB in
terms of  xN, using
the basic solution  xB = AB−1b − AB−1ANxN,
we rewrite the objective function as: 
 
	
 
                       z = cB⊤ ⁡(A
B−1b − A
B−1A
NxN) + cN⊤ ⁡x
N.
	(8.4)


Expanding and regrouping terms: 
 
	
 
                      z = cB⊤ ⁡A
B−1b + (c
N⊤ ⁡−c
B⊤ ⁡A
B−1A
N)xN.
	(8.5)



Definition 8.3: Reduced Costs

 
The term  cN⊤ ⁡−cB⊤ ⁡AB−1AN
represents the reduced costs.

 
This is explained as the objective rewritten from the viewpoint of a basic
feasible solution. In particular, these are the coefficients on the non-basic
variables.

 
The system is rewritten as the dictionary form at basis 
B as in
the following definition.


 
Definition 8.4: Revised Simplex Dictionary at basis 
B

 
The revised simplex dictionary  at a basis 
B is

 
	
                                                                  

                                                                  
 
                                                                                                        maxcB⊤A
B−1b + (c
N⊤−c
B⊤A
B−1A
N)xN
 s.t.  xB = AB−1b −A
B−1A
NxN.
      x ≥ 0

	(8.6)


Here is an example: the same linear program written first at the slack basis and then at
the basis  {x,y}.

 
	
 
 max ⁡ 2x + y             
 s.t.  s1 = 23 − 3x − y,
      s2 = 45 − 5x − 3y,
      x,y,s1,s2 ≥ 0.
                                                                                        



	
                                                                  

                                                                  
 
max ⁡ 17 − 0.25s1 − 0.25s2      
 s.t.  x = 6 − 0.75s1 + 0.25s2,
      y = 5 + 1.25s1 − 0.75s2,
      x,y,s1,s2 ≥ 0.
                                                                                        




Theorem 8.5: Optimality Condition in Simplex Method

 
Given a linear program in standard form: 
 
	
 
                                  max ⁡ c⊤ ⁡x s.t. Ax = b,x ≥ 0,



let  B
be a basis corresponding to a basic feasible solution 
xB = AB−1b, with nonbasic
variables  xN = 0.

 
If all reduced costs satisfy: 
 
	
 
                                   cN⊤ ⁡−c
B⊤ ⁡A
B−1A
N ≤ 0,



then the current basic feasible solution is optimal.
                                                                  

                                                                  

 


Proof. Let  x¯ = (x¯B,x¯N) = (AB−1b,0).

 
If all reduced costs are nonpositive, i.e., 
 
	
 
                                   cN⊤ ⁡−c
B⊤ ⁡A
B−1A
N ≤ 0,



then for any feasible choice of  xN ≥ 0,
we have

 

                c⊤ ⁡x                 = c
B⊤ ⁡A
B−1b + (c
N⊤ ⁡−c
B⊤ ⁡A
B−1A
N)xN                                (8.7)
                                     = c⊤ ⁡x¯ + (c
N⊤ ⁡−c
B⊤ ⁡A
B−1A
N)xN                                      (8.8)
                                     ≤c⊤ ⁡x¯,                                                             (8.9)

where the last line follows since  (cN⊤ ⁡−cB⊤ ⁡AB−1AN) ≤ 0
and  xN ≥ 0.

 
Thus,  x¯ is
an optimal solution!                                                                            □
                                                                  

                                                                  

 


A note on sign conventions. The three treatments of the simplex method in this book
state the same optimality test in three ways. In the dictionary form of Chapter 7, we
improve the solution by increasing a nonbasic variable with a positive coefficient in
the objective row, and we stop when there is none. The theorem above says
the same thing in matrix language: those coefficients are the reduced costs 
cN⊤ ⁡−cB⊤ ⁡AB−1AN, and the solution is
optimal once they are all   ≤ 0.
In the tableau form of Chapter 9, the objective is stored as the equation 
z −c⊤ ⁡x = 0,
which flips the signs of these coefficients, so there you look for negative 
z-row
entries and stop when every entry is nonnegative. All three are the same
test.


 
Example 8.6: Verifying Optimality Using Reduced Costs

 
We aim to verify that the basic feasible solutions 
(6,5) and 
(0,8) are
optimal for the following linear program:

 
	
 
 max ⁡ 2x1 + 5x2                  
 s.t.  x1 + 2x2 + s1 = 16,
      5x1 + 3x2 + s2 = 45,
      x1,x2,s1,s2 ≥ 0.
                                                                                        



Solution

 
Checking Optimality of  (6,5)

 

     
 

                                                                  

                                                                  
     Step 1 — Identify the Basis.  At the point 
     (x,y) = (6,5), we see that
      (s1,s2) = 0. Thus, we
     can choose  B = {x1,x2}
     and  N = {s1,s2},
     so: 
 
	
      
AB =   [  1  2   5   3                                                                                           ],cB⊤ ⁡ =   [  2  5                                                                                            ].



     The nonbasic variables are 
     s1,s2,
     so: 
 
	
      
AN =   [  1  0   0   1                                                                                           ],cN⊤ ⁡ =   [  0  0                                                                                            ].



     


     
 

     Step 2 — Compute  AB−1. 
     
 
	
                                                                  

                                                                  
      
AB−1 =          1 
(1)(3) − (2)(5)  [    3    −2   −5   1
                                                                                                     ] =   [  −3∕7    2∕7   
    5∕7    −1∕7                                                                                  ].



     Thus, the system can be written as
     
 
 
                               xB = AB−1b − A
B−1A
NxN,

      that is 
 
	
      
    [  x1  
   x2  
                                                                                                                             ]=   [  6   5                                                                                                ]− [ −3∕7    2∕7   
    5∕7    −1∕7                                                                                  ]  [  s1  
   s2  
                                                                                                                             ] ,
	(8.10)


     or equivalently 
 
	
                                                                  

                                                                  
      
    [  x1  
   x2  
                                                                                                                             ]=   [  6   5                                                                                                ]−s1  [   −3∕7 
    5∕7                                                                                             ]−s2  [    2∕7   
  −1∕7                                                                                           ]
	(8.11)


     


     
 

     Step 3 — Compute Reduced Costs.  
 
	
      
AB−1A
N =   [  −3∕7    2∕7   
    5∕7    −1∕7                                                                                  ].



     	
      
cN⊤ ⁡−c
B⊤ ⁡A
B−1A
N =   [  0  0                                                                                            ]− [ 2  5                                                                                            ]  [  −3∕7    2∕7   
    5∕7    −1∕7                                                                                  ].



                                                                  

                                                                  
     Computing: 
 
	
      
  [  0  0                                                                                            ]− [ (2)(−3
7) + (5)(5
7)  (2)(2
7) + (5)(−1
7)                                                   ] =   [  0  0                                                                                            ]− [ 19 
 7     −1
7                                                                                                             ]  =   [  −19
 7     1 
7                                                                                                             ] .



     The reduced cost on  s2
     is positive ( 1
7 > 0),
     so  (6,5)
     is not optimal: increasing  s2
     improves the objective.
 


Verifying Optimality of  (0,8)

 

     
 

     Step 1 — Identify the Basis. 
     
 
At the point  (x1,x2) = (0,8)
     we have  s1 = 16 − 2(8) = 0 and
      s2 = 45 − 3(8) = 21, so the basic
     variables are  x2
     and  s2. We
     choose  B = {x2,s2},
     so: 
 
	
                                                                  

                                                                  
      
AB =   [  2  0   3   1                                                                                           ],cB⊤ ⁡ =   [  5  0                                                                                            ].



     The nonbasic variables are 
     x1,s1,
     so: 
 
	
      
AN =   [  1  1   5   0                                                                                           ],cN⊤ ⁡ =   [  2  0                                                                                            ].



     


     
 

     Step 2 — Compute  AB−1. 
     
 
	
      
AB−1 =          1 
(2)(1) − (0)(3)  [    1    0   −3   2                                                                                         ] =   [    1 
2      0 
  −3
2    1                                                                                         ].



                                                                  

                                                                  
     As a check,  AB−1b =  (16
 2 , − 3 
2(16) + 45) = (8,21),
     matching  (x2,s2) = (8,21) ≥ 0:
     a basic feasible solution.
     
 



     
 

     Step 3 — Compute Reduced Costs.  
 
	
      
AB−1A
N =   [    1 
2      0 
  −3
2    1                                                                                         ]  [  1  1   5   0                                                                                           ] =   [   1 
2      1 
2    
   7 
2    −3
2                                                                                                               ] .



     	
      
cN⊤ ⁡−c
B⊤ ⁡A
B−1A
N =   [  2  0                                                                                            ]− [ 5  0                                                                                            ]  [   1 
2      1 
2    
   7 
2    −3
2                                                                                                               ]  =   [  2  0                                                                                            ]− [ 5 
2    5 
2                                                                                                                  ]  =   [  −1
2    −5
2                                                                                                            ] .



     

Since both reduced costs are negative, this confirms that 
(0,8) is an
optimal solution.

 
Conclusion 
 

                                                                  

                                                                  
     
     	
      (6,5)
     is not necessarily optimal because it has a positive reduced cost.
     
 


     	
      (0,8)
     is optimal because all reduced costs are nonpositive.
 



The reduced-cost computation we just carried out is the algebraic version of a picture
worth revisiting: every vertex of the feasible region has its own dictionary, and the
signs of its reduced costs say whether a better neighbor exists. See Figure 7.4 in
Section 7.3 for that vertex-by-vertex view.

 
Resources

 

     
     	
     Desmos: Interactive plot of an LP from different BFS perspectives (backup
     interactive plot).
 





 

8.3    Exercises 

Warm-ups


 
Exercise 8.7: Basis matrix and basic solution

 
 ⋆ 
Consider the system from Example 1, 
 
	
                                                                  

                                                                  
 
x1 + 2x2 + x3   = 4,
3x1 + x2 + 2x3 = 5,
                                                                                        



and take the basis  B = {x2,x3}.
     
 
	
  1. 
	Write down the basis matrix  AB
     and compute  AB−1.
     
	
  2. 
	Compute the basic solution  xB = AB−1b
     with  x1 = 0.
     
	
  3. 
	Is this basic solution a basic feasible solution?


[§8.1, Example 1]


 
Exercise 8.8: A basic solution that is not feasible

 
 ⋆ 
For the same system as Exercise 8.7, take the basis 
B = {x1,x3}. Compute 
AB, 
AB−1, and
the basic solution, and explain why this basis gives a basic solution that is not
feasible.

 
[§8.1, Example 1]


 
Exercise 8.9: A fourth basis for the three-bases example

 
 ⋆  In Section 8.1.3 we
evaluated the bases  {x1,x2},
 {x1,s2}, and 
{s1,s2} of the
system 
 
	
                                                                  

                                                                  
 
  [  1  2  1  0   5   3   0   1                                                                                  ]  [ x1  
   x2  
   s1  
   s2                                                                                                                       ]  =   [ 16   45                                                                                              ].



Now evaluate the basis  B = {x2,s2}:
compute  AB, 
AB−1,
and the basic solution, and decide whether it is feasible. Which point 
(x1,x2) does
this basis correspond to?

 
[§8.1.3]

 
Core problems


 
Exercise 8.10: Reduced costs at two bases

 
  ⋆ ⋆ 
Consider the bakery linear program of Section 8.1 in standard form, 
 
	
 
A =   [ 1  1  1  0  0   2   1   0   1   0
 1  2  0  0  1                                                                               ],b =   [  9    16
 14                                                                                               ],c⊤ ⁡ =   [ 2  3  0  0  0                                                                               ],



with variables ordered  (x,y,s1,s2,s3).
For each of the bases 
 
	
                                                                  

                                                                  
 
                             B1 = {y,s1,s2}andB2 = {x,y,s2},



compute  AB−1, the
basic solution  xB = AB−1b, the
objective value  cB⊤ ⁡AB−1b, and
the reduced costs  cN⊤ ⁡−cB⊤ ⁡AB−1AN.
Use the optimality condition to decide whether each basis is optimal.

 
[§8.2, §8.1]


 
Exercise 8.11: Which bases are feasible?

 
  ⋆ ⋆  For
the  2 × 4
system 
 
	
 
  [  1  2  1  0   5   3   0   1                                                                                  ]  [ x1  
   x2  
   s1  
   s2                                                                                                                       ]  =   [ 16   45                                                                                              ],x1,x2,s1,s2 ≥ 0,



there are  4
2 = 6
ways to choose two columns.
     
 
	
  1. 
	Verify that every one of the six column pairs is linearly independent, so
     each choice is a basis.
     
	
  2. 
	For each basis, compute the basic solution and classify it as feasible or
     infeasible.
     
	
  3. 
	Give an example of a  2 × 4
     matrix in which some pair of columns does not form a basis.


                                                                  

                                                                  
[§8.1.3, Figure 8.1]


 
Exercise 8.12: Rebuilding a dictionary from the formula

 
  ⋆ ⋆ 
Section 8.2 displays the linear program 
 
	
 
 max ⁡ 2x + y             
 s.t.  3x + y + s1 = 23,
      5x + 3y + s2 = 45,
      x,y,s1,s2 ≥ 0,
                                                                                        



together with its dictionary at the basis 
B = {x,y}.
Using the revised simplex dictionary formula (8.6), compute 
AB−1, 
AB−1b, 
AB−1AN, and
the reduced costs, and confirm that the formula reproduces the displayed dictionary

 
	
 
 max ⁡ 17 − 0.25s1 − 0.25s2      
 s.t.  x = 6 − 0.75s1 + 0.25s2,
      y = 5 + 1.25s1 − 0.75s2.
                                                                                        



[§8.2]
                                                                  

                                                                  

 
Concepts and connections


 
Exercise 8.13: Reduced costs of basic variables

 
  ⋆ ⋆ 
The reduced-cost vector of the nonbasic variables is 
cN⊤ ⁡−cB⊤ ⁡AB−1AN.
Apply the same formula to the basic columns: show that 
 
	
 
                                  cB⊤ ⁡−c
B⊤ ⁡A
B−1A
B = 0⊤ ⁡,



so every basic variable has reduced cost exactly zero. Explain what this says about the dictionary
at basis  B:
why can a basic variable never appear in the objective row?

 
[§8.2]


 
Exercise 8.14: Reduced-cost signs and the entering rule

 
  ⋆ ⋆ 
In the dictionary form of Chapter 7, the entering variable is a nonbasic
variable with a positive coefficient in the objective row, while the
optimality theorem of this chapter stops when all reduced costs are 
≤ 0.
     
 
	
  1. 
	Explain  why  these  are  the  same  rule:  show  that  the  objective-row
     coefficient  of  a  nonbasic  variable  in  a  dictionary  is  its  reduced  cost  
     cj −cB⊤ ⁡AB−1A{j}.
     
	
  2. 
	A  positive  reduced  cost  signals  an  improving  direction.  Describe
     geometrically what happens to the solution when that variable increases
     from zero.
     
	
  3. 
	The   tableau   form   of   Chapter 9   instead   looks   for   negative   
                                                                  

                                                                  
     z-row
     entries.  Using  the  sign-convention  paragraph  of  §8.2,  explain  why  no
     contradiction arises.


[§8.2, sign-convention paragraph; §8.2]

 
Challenge problems


 
Exercise 8.15: Strictly negative reduced costs imply a unique optimum

 
  ⋆ ⋆⋆  Let 
B
be a basis of an LP in standard form whose basic solution 
x¯ = (AB−1b,0) is
feasible, and suppose every reduced cost is strictly negative: 
 
	
 
                       cN⊤ ⁡−c
B⊤ ⁡A
B−1A
N < 0⊤ ⁡(componentwise).



Prove that  x¯ is the
unique optimal solution of the LP. (This is an argument, not a computation. Suggested route: take
any feasible  x≠x¯, write
 c⊤ ⁡x = c⊤ ⁡x¯ + (cN⊤ ⁡−cB⊤ ⁡AB−1AN)xN, and consider
the two cases  xN = 0
and  xN≠0.)

 
[§8.2, Optimality Condition theorem]

 


 

Selected Solutions 

Solution

 
(Exercise 8.7) The columns of  x2
and  x3
give 
 
	
                                                                  

                                                                  
 
AB =   [  2  1   1   2                                                                                           ],AB−1 = 1 
3  [    2    −1   −1   2                                                                                       ].



The basic solution is 
 
	
 
xB = AB−1b = 1 
3  [    2    −1   −1   2                                                                                       ]  [  4   5                                                                                                ] = 1 
3  [  3   6                                                                                                ] =   [  1   2                                                                                                ],



so  (x1,x2,x3) = (0,1,2).
Both basic variables are nonnegative, so this is a basic feasible solution.

 
Solution

 
(Exercise 8.10) Basis  B1 = {y,s1,s2}.
Ordering the basic variables  (y,s1,s2),

 
	
 
AB1 =   [  1  1  0   1   0   1
  2  0  0                                                                                        ],xB1 = AB1−1b =   [  7   2
  9                                                                                                 ],



                                                                  

                                                                  
so  y = 7, 
s1 = 2, 
s2 = 9: a basic feasible solution
with objective value  cB1⊤ ⁡xB1 = 3 ⋅ 7 = 21. The
nonbasic variables are  x
and  s3,
and the reduced costs work out to 
 
	
 
cN⊤ ⁡−c
B1⊤ ⁡A
B1−1A
N =   [   1 
2    −3
2                                                                                                               ] .



The reduced cost of  x
is  1
2 > 0,
so  B1
is not optimal; this matches the second dictionary of Chapter 7, 
z = 21 + 1 
2x − 3 
2s3.

 
Basis  B2 = {x,y,s2}.
Here 
 
	
 
AB2 =   [  1  1  0   2   1   1
  1  2  0                                                                                        ],xB2 = AB2−1b =   [  4   5
  3                                                                                                 ],



a basic feasible solution with value  2 ⋅ 4 + 3 ⋅ 5 = 23.
The nonbasic variables are  s1
and  s3,
with reduced costs 
 
	
                                                                  

                                                                  
 
cN⊤ ⁡−c
B2⊤ ⁡A
B2−1A
N =   [  −1  −1                                                                                        ] ≤0⊤ ⁡,



so  B2 is optimal, matching
the final dictionary  z = 23 − s1 − s3.

 
Solution

 
(Exercise 8.15) Write  c¯N⊤ ⁡ = cN⊤ ⁡−cB⊤ ⁡AB−1AN
and  z∗ = c⊤ ⁡x¯ = cB⊤ ⁡AB−1b. Every
feasible  x
satisfies  ABxB + ANxN = b,
so  xB = AB−1b − AB−1ANxN
and, exactly as in the optimality theorem, 
 
	
 
                                   c⊤ ⁡x = z∗ + c¯
N⊤ ⁡x
N.



Take any feasible  x≠x¯.

 
Case 1:  xN≠0. Then
some component  xj > 0
with  j ∈ N, and since
every entry of  c¯N is
strictly negative,  c¯N⊤ ⁡xN < 0.
Hence  c⊤ ⁡x < z∗,
so  x is
not optimal.

 
Case 2:  xN = 0. Then
 ABxB = b, and since 
AB is invertible
                                                                  

                                                                  
this forces  xB = AB−1b,
i.e.,  x = x¯,
contradicting  x≠x¯.

 
Therefore every feasible point other than 
x¯ has objective value
strictly less than  z∗:
the solution  x¯
is optimal and no other optimal solution exists.
                                                                  

                                                                  

 



 




Chapter 9
Simplex Method in Tableau Form   

Learning Outcomes

 

     
     	
     Record a linear program and its slack form in a simplex tableau
     
 


     	
     Read the basic feasible solution, objective value, and reduced costs directly
     from a tableau
     
 


     	
     Carry out one simplex pivot as a sequence of elementary row operations
     
 


     	
     Recognize  the  optimality  condition  in  tableau  form  and  read  off  the
     optimal solution
 



Try it out visually!

 
Simplex Pivoter in Tableau Form: the same pivoting mechanics as this chapter,
with every row operation shown.

 
Free Tableau Pivoter: a Gauss–Jordan sandbox; pivot on any entry and see what
happens.

 
The dictionary method of Chapter 7 and the matrix calculations of Chapter 8 both
carry out the same arithmetic; they differ only in how much of it we write down. The
simplex tableau is the most compact bookkeeping of all: a single table of numbers
that stores the slack form of the linear program and updates it in place at each
pivot. Everything the simplex method needs (which variable to bring in,
which to send out, and whether we are finished) can be read straight off the
table.

 
We use the same linear program solved by dictionaries earlier, 
 
	
                                                                  

                                                                  
 
 max ⁡ z = 2x + 3y 
 s.t.  x + y ≤ 9,
      2x + y ≤ 16,
      x + 2y ≤ 14,
      x,y ≥ 0,
                                                                                        



so that you can compare the two presentations line for line.

 

9.1    Building the tableau 

First put the program in standard form by adding a nonnegative slack variable to
each constraint: 
 
	
 
x + y + s1   = 9, 
2x + y + s2 = 16,
x + 2y + s3 = 14,
                                                                                        x,y,s1,s2,s3 ≥ 0.



We also record the objective as an equation. Moving the cost terms to the left,

 
	
                                                                  

                                                                  
 
                                         z − 2x − 3y = 0,



so that the objective sits in the table on the same footing
as the constraints. This equation is the objective row (or 
z-row);
we place it on top.

 
Each row of the tableau lists the coefficients of one equation, and the
final column holds its right-hand side. The leftmost column names the
basic variable of that row: the variable that appears with coefficient 
1 in that
row and  0
in every other row. Reading the starting tableau, 
 




 

 	                                Basis                                                  	 
 x  
 
	 
 y  
 
	 
 s1  
 
	 
 s2  
 
	 
 s3  
 
	 RHS    
 



	  z  	 
 − 2  
 
	 
 − 3  
 
	 
 0  
 
	 
 0  
 
	 
 0  
 
	 
 0  
 



	  s1  	 
 1  
 
	 
 1  
 
	 
 1  
 
	 
 0  
 
	 
 0  
 
	 
 9  
 


	  s2  	 
 2  
 
	 
 1  
 
	 
 0  
 
	 
 1  
 
	 
 0  
 
	 
 16  
 


	  s3  	 
 1  
 
	 
 2  
 
	 
 0  
 
	 
 0  
 
	 
 1  
 
	 
 14  
 



	                                                                     





the basis is  {s1,s2,s3}. Setting the
nonbasic variables  x = y = 0 gives
the basic feasible solution  s1 = 9,s2 = 16,s3 = 14
read directly from the RHS column, with objective value 
z = 0 (the RHS of the 
z-row). The entries
of the  z-row, 
 − 2 and 
 − 3, record the reduced
costs of  x and 
y with the sign
flipped: increasing  x
or  y from zero
would change  z
                                                                  

                                                                  
at the rates   + 2
and   + 3,
the negatives of the stored entries.

 

     
 

     ❒ Sign   convention.    In   the   dictionary   form   we   wrote   
     z = 2x + 3y
     and    increased    the    variable    with    the    largest    positive
     coefficient.     The     tableau     instead     stores     the     row     
     z − 2x − 3y = 0,
     so  the  very  same  coefficients  appear  negated.  The  two  rules
     therefore  read  as  mirror  images  and  give  identical  decisions:  in
     tableau  form  we  bring  in  the  variable  with  the  most  negative  
     z-row
     entry,         and         we         stop         when         every         
     z-row
     entry is nonnegative.
 




 

9.2    One pivot, three colors 

A pivot has three moves, and we color them consistently throughout the
book: green chooses the entering variable, orange runs the ratio test to
find the leaving variable, and blue marks the pivot element where the two
meet.

 




 

 	                                Basis                                                  	 
 x  
 
	 18!//
  y  
 
	 
 s1  
 
	 
 s2  
 
	 
 s3  
 
	 RHS    
 
	                                  ratio                                                     


	  z  	 
 − 2  
 
	 
− 3  
 
	 
 0  
 
	 
 0  
 
	 
 0  
 
	 
 0  
 
	                                                                       


	  s1  	 
 1  
 
	 
1  
 
	 
 1  
 
	 
 0  
 
	 
 0  
 
	 
 9  
 
	    9∕1 = 9    

	  s2  	 
 2  
 
	 
1  
 
	 
 0  
 
	 
 1  
 
	 
 0  
 
	 
 16  
 
	    16∕1 = 16    
15!//

	  s3  	 
 1  
 
	 30!//
  2  
 
	 
 0  
 
	 
 0  
 
	 
 1  
 
	 
 14  
 
	  14∕2 = 7 ✏  


	                                                                     





                                                                  

                                                                  
☞ Entering:  y
( z-row entry 
 − 3, the most negative).
✏ Leaving:  s3
(smallest ratio  7).
❒ Pivot on the blue element.

 
The pivot itself is just Gaussian elimination on the pivot column, driving it to a unit column
with the  1
in the pivot row.

 

     
 

     ☞ Entering.  The  z-row
     entries are   − 2
     (for  x)
     and   − 3
     (for  y).
     The most negative is   − 3,
     so  y
     enters: increasing  y
     improves  z
     fastest.
 



     
 

     ✏ Ratio test.  Divide each constraint’s RHS by its positive entry in the 
     y
     column: 
 
	
      
                              9 
1 = 9,16 
 1  = 16,14 
 2  = 7(smallest).



                                                                  

                                                                  
     The smallest ratio,  7,
     occurs in the  s3
     row, so  s3
     leaves.    The    pivot    element    is    the    entry    where    the
     entering     column     meets     the     leaving     row,     namely     
     2.
 



     
 

     ❒ Pivot.  Scale the pivot row so the pivot element becomes 
     1, then
     clear the  y
     column everywhere else: 
 
	
      
new y-row ← 1 
2(s3-row) = [1
2,1,0,0,1 
2∣7],
z-row       ← z-row + 3(new y-row),
s1-row      ← s1-row − 1(new y-row),
s2-row      ← s2-row − 1(new y-row).
                                                                                        



     

The result is the second tableau, with basis 
{s1,s2,y}:

 



                                                                  

                                                                  

 

 	                                Basis                                                  	 
x  
 
	 
 y  
 
	 
 s1  
 
	 
 s2  
 
	 
 s3  
 
	 RHS    
 
	                                  ratio                                                     


	  z  	 
− 1 
2  
 
	 
 0  
 
	 
 0  
 
	 
 0  
 
	 
 3
2  
 
	 
 21  
 
	                                                                       


	  s1  	 
1
2  
 
	 
 0  
 
	 
 1  
 
	 
 0  
 
	 
 − 1 
2  
 
	 
 2  
 
	  2∕(1∕2) = 4 ✏  

	  s2  	 
3
2  
 
	 
 0  
 
	 
 0  
 
	 
 1  
 
	 
 − 1 
2  
 
	 
 9  
 
	    9∕(3∕2) = 6    

	  y  	 
1
2  
 
	 
 1  
 
	 
 0  
 
	 
 0  
 
	 
 1
2  
 
	 
 7  
 
	    7∕(1∕2) = 14    


	                                                                     





☞ Entering:  x
(only negative  z-row
entry,   − 1 
2).
✏ Leaving:  s1
(smallest ratio  4).
❒ Pivot on  1
2.

 
Notice the objective value has already climbed from 
0 to 
21.
One more pivot on the blue element (scale the 
s1-row by 
2, then clear the 
x column) produces the
third tableau, with basis  {x,s2,y}:

 




 

 	                                Basis                                                  	 
 x  
 
	 
 y  
 
	 
 s1  
 
	 
 s2  
 
	 
 s3  
 
	 RHS    
 


12!//

	  z  	 
 0  
 
	 
 0  
 
	 
 1  
 
	 
 0  
 
	 
 1  
 
	 
 23  
 



	  x  	 
 1  
 
	 
 0  
 
	 
 2  
 
	 
 0  
 
	 
 − 1  
 
	 
 4  
 


	  s2  	 
 0  
 
	 
 0  
 
	 
 − 3  
 
	 
 1  
 
	 
 1  
 
	 
 3  
 


	  y  	 
 0  
 
	 
 1  
 
	 
 − 1  
 
	 
 0  
 
	 
 1  
 
	 
 5  
 



	                                                                     





                                                                  

                                                                  


 

9.3    Optimality and reading the solution 

Every entry of the  z-row
is now nonnegative, so no variable can enter and improve the objective: the tableau is
optimal. We read the solution straight from the RHS column, taking each basic
variable equal to its right-hand side and each nonbasic variable equal to zero:

 
	
 
x = 4,y = 5,z = 23                                                                              with s2 = 3,s1 = s3 = 0.



The result matches the dictionary solution exactly, as it must. The nonzero slack 
s2 = 3 says the second
constraint  2x + y ≤ 16 is
slack (indeed  2(4) + 5 = 13 < 16),
while  s1 = s3 = 0
says the first and third constraints are tight at the optimum.

 
Algorithm: Simplex Method (Tableau Form)

 
☞ Choose the entering variable Scan the objective row. Pick a nonbasic variable
with a negative entry; a common choice is the most negative. If no entry is negative,
stop: the current tableau is optimal.

 
✏ Ratio test for the leaving variable For each row with a positive entry in the entering column,
form the ratio              RHS
entering-column entry.
The row with the smallest ratio leaves. (If no entry is positive, the problem is
unbounded.)

 
❒  Pivot Scale the pivot row so the pivot element becomes 
1, then add
multiples of it to every other row, including the objective row, so the rest of the entering column
becomes  0.

 
✔ Repeat until optimal Repeat until every objective-row entry is nonnegative.
Then read the optimal solution and objective value from the RHS column.
                                                                  

                                                                  

 
The tableau, the dictionary, and the matrix form are three windows onto one
algorithm: the tableau is fastest to compute by hand, the dictionary makes the
underlying equations explicit, and the matrix form (Chapter 8) shows why each
update is a change of basis.

 


 

9.4    Artificial Variables and the Big-M Method 

Every tableau so far began from the slack basis, where the slack variables
supplied a ready-made identity block and a feasible starting point. A “
 ≥”
constraint spoils that: its surplus variable enters with a coefficient of 
 − 1, so it
cannot serve as a basic variable, and the origin is infeasible. The tableau form
handles this exactly as the dictionary form does (Chapter 7), by adding an
artificial variable to each such constraint and penalizing it by a large constant 
M in the
objective (the Big-M method). The one new wrinkle is bookkeeping: because each
artificial variable starts in the basis, we must first clear its column from the objective
row before the simplex rules apply.

 


 

9.4.1    A problem with no slack-basis start 

Return to the linear program 
 
	
 
 max ⁡ 2x + 3y                                          
 s.t.  2x + y ≥ 5,2x + y ≤ 16,x + 2y ≤ 14,x,y ≥ 0.
                                                                                        



The first constraint needs a surplus variable 
e1 and an artificial
variable  a1;
the other two take ordinary slacks: 
 
	
                                                                  

                                                                  
 
2x + y − e1 + a1 = 5, 
2x + y + s2         = 16,
x + 2y + s3         = 14,
                                                                                        max ⁡ z = 2x+3y−Ma1.




     
 

     Step    1    —    Price    the    artificial    variable    out
     of    the    objective    row.     Writing    the    objective    as    
     z − 2x − 3y + Ma1 = 0
     would   leave   a   nonzero   entry   under   the   basic   variable   
     a1.
     Subtracting  M
     times the  a1-row
     restores   a   proper   tableau,   at   the   cost   of   introducing   
     M
     into the other entries:
 





 

 	                                   Basis                                                      	  x 	  y 	  e1  	  s2  	  s3  	  a1  	                                    RHS                                                       	                                     ratio                                                         

	  z 	  −2 −2M 	  −3 −M 	  M 	  0 	  0 	  0 	  −5M 	                                                                              

	  a1  	  2 	  1 	  −1 	  0 	  0 	  1 	  5 	  5∕2 = 2.5 ✏  

	  s2  	  2 	  1 	  0 	  1 	  0 	  0 	  16 	   16∕2 = 8    

	  s3  	  1 	  2 	  0 	  0 	  1 	  0 	  14 	   14∕1 = 14    


	                                                                            





☞ Entering:  x
(its  z-row entry
  − 2 − 2M is the most
negative for large  M).
✏ Leaving:  a1
(smallest ratio  2.5).
❒ Pivot on  2.
                                                                  

                                                                  

 
The very first pivot drives the artificial variable out of the basis. After pivoting on
the blue element we obtain 
 




 

 	                                   Basis                                                      	  x 	  y 	  e1  	  s2  	  s3  	  a1  	                                    RHS                                                       

	  z 	  0 	  −2 	  −1 	  0 	  0 	  1 + M 	  5 

	  x 	  1 	  1
2  	  − 1 
2  	  0 	  0 	  1
2  	  5
2  

	  s2  	  0 	  0 	  1 	  1 	  0 	  −1 	  11 

	  s3  	  0 	  3
2  	  1
2  	  0 	  1 	  − 1 
2  	  23
 2   

	                                                                            





The artificial variable  a1
is now nonbasic, and its objective-row entry 
1 + M
is positive, so it will never re-enter: we may delete the 
a1
column and forget it ever existed. What remains is an ordinary feasible tableau,
which we drive to optimality with the plain simplex rules of the previous sections. A
few pivots later every objective-row entry is nonnegative: 
 




 

 	                                   Basis                                                      	  x 	  y 	  e1  	  s2  	  s3  	                                    RHS                                                       

	  z 	  0 	  0 	  0 	  1
3  	  4
3  	  24 

	  x 	  1 	  0 	  0 	  2
3  	  − 1 
3  	  6 

	  e1  	  0 	  0 	  1 	  1 	  0 	  11 

	  y 	  0 	  1 	  0 	  − 1 
3  	  2
3  	  4 

	                                                                            





Reading the optimal tableau gives  x = 6,
 y = 4, and 
z = 24, with
surplus  e1 = 11
on the first constraint and both later constraints tight (
s2 = s3 = 0).

 


 

9.4.2    Detecting infeasibility in tableau form 

The Big-M method also announces when a problem has no feasible solution: an
artificial variable that refuses to leave the basis. Consider 
 
	
                                                                  

                                                                  
 
 max ⁡ 2x + 3y                                            
 s.t.  2x + y ≥ 22,2x + y ≤ 16,x + 2y ≤ 14,x,y ≥ 0,
                                                                                        



whose first two constraints demand that 
2x + y be simultaneously
at least  22 and
at most  16.
Setting it up exactly as before and pricing out the artificial variable gives the starting
tableau 
 




 

 	                                   Basis                                                      	  x 	  y 	  e1  	  s2  	  s3  	  a1  	                                    RHS                                                       

	  z 	  −2 −2M 	  −3 −M 	  M 	  0 	  0 	  0 	  −22M 

	  a1  	  2 	  1 	  −1 	  0 	  0 	  1 	  22 

	  s2  	  2 	  1 	  0 	  1 	  0 	  0 	  16 

	  s3  	  1 	  2 	  0 	  0 	  1 	  0 	  14 


	                                                                            





Running the simplex method to optimality of the penalized problem (two pivots
suffice) leads to 
 




 

 	                                   Basis                                                      	  x 	  y 	  e1  	  s2  	  s3  	  a1  	                                    RHS                                                       

	  z 	  0 	  0 	  M 	  1
3 + M 	  4
3  	  0 	  24 −6M 

	  a1  	  0 	  0 	  −1 	  −1 	  0 	  1 	  6 

	  x 	  1 	  0 	  0 	  2
3  	  − 1 
3  	  0 	  6 

	  y 	  0 	  1 	  0 	  − 1 
3  	  2
3  	  0 	  4 

	                                                                            





Every objective-row entry is nonnegative, so this tableau is
optimal for the Big-M problem, yet the artificial variable 
a1 is still basic, at the
positive value  a1 = 6.
Because a genuine solution of the original problem would let us set every artificial
variable to zero, a positive artificial variable in the optimal Big-M tableau is
                                                                  

                                                                  
the signal that the original linear program is infeasible. The tell-tale 
 − 6M in the objective
value  24 − 6M
says the same thing: no finite objective can escape the penalty.

 




 

 	Artificial   variable   leaves   the
basis                                     
 
	 Artificial variable stays basic (
   > 0) 
 



	A  feasible  basis  for  the  original
problem   was   found;   delete   the
artificial columns and continue.         
 
	 The original problem is infeasible; no
  feasible basis exists.                      
 



	                                





Table 9.1:               Interpreting               the               final               Big-
M
tableau: the artificial variable leaves the basis versus stays basic.





 

9.5    Exercises 

Warm-ups


 
Exercise 9.1: Reading a mid-solve tableau

 
 ⋆  The
tableau below is the second tableau of this chapter’s running example, reached after
one pivot: 
 



                                                                  

                                                                  

 

 	                                Basis                                                  	 
 x  
 
	 
 y  
 
	 
 s1  
 
	 
 s2  
 
	 
 s3  
 
	 RHS    
 



	  z  	 
 − 1 
2  
 
	 
 0  
 
	 
 0  
 
	 
 0  
 
	 
 3
2  
 
	 
 21  
 



	  s1  	 
 1
2  
 
	 
 0  
 
	 
 1  
 
	 
 0  
 
	 
 − 1 
2  
 
	 
 2  
 


	  s2  	 
 3
2  
 
	 
 0  
 
	 
 0  
 
	 
 1  
 
	 
 − 1 
2  
 
	 
 9  
 


	  y  	 
 1
2  
 
	 
 1  
 
	 
 0  
 
	 
 0  
 
	 
 1
2  
 
	 
 7  
 



	                                                                     






     
 
	
  1. 
	Which variables are basic and which are nonbasic?
     
	
  2. 
	Read off the basic feasible solution and the objective value.
     
	
  3. 
	What are the reduced costs of the nonbasic variables?
     
	
  4. 
	Is this tableau optimal? If not, which variable enters next?


[§9.1, first worked tableau; §9.2]


 
Exercise 9.2: Reading a tableau

 
 ⋆  The
following tableau arose while solving a maximization problem, with the objective row
on top: 
 




 

 	                                Basis                                                  	 
 x1  
 
	 
 x2  
 
	 
 s1  
 
	 
 s2  
 
	 RHS    
 



	  z  	 
 0  
 
	 
 0  
 
	 
 3  
 
	 
 1  
 
	 
 40  
 



	  x1  	 
 1  
 
	 
 0  
 
	 
 2  
 
	 
 − 1  
 
	 
 6  
 


	  x2  	 
 0  
 
	 
 1  
 
	 
 − 1  
 
	 
 1  
 
	 
 4  
 



	                                                                     





                                                                  

                                                                  
Identify the basic and nonbasic variables, state the corresponding basic feasible
solution and its objective value, and explain how you can tell from the objective row
that this tableau is optimal.

 
[§9.1; §9.3]


 
Exercise 9.3: Entering variable, ratio test, and pivot element

 
 ⋆ 
Consider the tableau 
 




 

 	                                Basis                                                  	 
 x1  
 
	 
 x2  
 
	 
 s1  
 
	 
 s2  
 
	 
 s3  
 
	 RHS    
 



	  z  	 
 − 4  
 
	 
 − 3  
 
	 
 0  
 
	 
 0  
 
	 
 0  
 
	 
 0  
 



	  s1  	 
 2  
 
	 
 3  
 
	 
 1  
 
	 
 0  
 
	 
 0  
 
	 
 6  
 


	  s2  	 
 4  
 
	 
 1  
 
	 
 0  
 
	 
 1  
 
	 
 0  
 
	 
 8  
 


	  s3  	 
 3  
 
	 
 4  
 
	 
 0  
 
	 
 0  
 
	 
 1  
 
	 
 12  
 



	                                                                     





Determine the entering variable, carry out the ratio test showing every ratio, name
the leaving variable, and circle the pivot element.

 
[§9.2]

 
Core problems


 
Exercise 9.4: Perform one pivot

 
  ⋆ ⋆ 
Starting from the tableau in Exercise 9.3, perform the pivot you
identified and write the resulting tableau. Verify that the entering
column has become a unit column and that the objective value in the 
z-row
has increased.

 
[§9.2]


 
Exercise 9.5: Solve a linear program in tableau form

 
  ⋆ ⋆  Use
the simplex method in tableau form to solve 
 
	
                                                                  

                                                                  
 
 max ⁡ z = x + 2y 
 s.t.  x + y ≤ 4,
      x + 3y ≤ 6,
      x,y ≥ 0.
                                                                                        



Show every tableau, coloring or labelling the entering column, leaving row, and pivot
element at each step. State the optimal solution and objective value. (You should
reach the optimum in two pivots.)

 
[§9.2; §9.3]


 
Exercise 9.6: A full two-pivot solve

 
  ⋆ ⋆ 
Solve the following linear program in tableau form, using the most-negative-entry
rule to choose the entering variable: 
 
	
 
 max ⁡ z = 3x + 2y 
 s.t.  2x + y ≤ 10,
      x + 3y ≤ 15,
      x,y ≥ 0.
                                                                                        



Show the starting tableau and each tableau after a pivot, and state the optimal
solution, the optimal objective value, and the values of the slack variables at the
optimum.

 
[§9.2; §9.3]

                                                                  

                                                                  

 
Exercise 9.7: Setting up a Big-M tableau

 
  ⋆ ⋆ 
Consider the linear program 
 
	
 
 max ⁡ 4x + 3y                           
 s.t.  x + y ≥ 4,x + 2y ≤ 10,x,y ≥ 0.
                                                                                        



Introduce a surplus variable  e1
and an artificial variable  a1 for
the first constraint and a slack  s2
for the second, and write the objective as 
 max ⁡ 4x + 3y − Ma1. Build
the initial tableau with the objective row on top, and then price out the artificial
variable  a1
so that its objective-row entry becomes zero. Which variable enters first, and does the
artificial variable leave on the first pivot?

 
[§9.4]

 
Concepts and connections


 
Exercise 9.8: The  z-row
sign convention

 
  ⋆ ⋆ 
The dictionary form of Chapter 7 selects an entering variable with a
positive objective coefficient, while the tableau selects one with a negative 
z-row
entry.
     
 
	
  1. 
	Explain    where    the    sign    flip    comes    from,    using    the    fact
     that    the    tableau    stores    the    objective    as    the    equation    
     z −c⊤ ⁡x = 0.
                                                                  

                                                                  
     
	
  2. 
	A dictionary reads  z = 12 + 3x1 − 2x2.
     Write the corresponding  z-row
     of a tableau, including its RHS entry.
     
	
  3. 
	Explain        why        the        RHS        entry        of        the        
     z-row
     equals the current objective value even though every other coefficient is
     negated.


[§9.1, sign-convention panel]


 
Exercise 9.9: From tableau to dictionary

 
  ⋆ ⋆ 
Write the dictionary that corresponds to the tableau in Exercise 9.2, expressing 
z
and each basic variable in terms of the nonbasic variables 
s1 and 
s2.
Confirm that setting the nonbasic variables to zero reproduces the same basic feasible
solution.

 
[§9.1; Chapter 7]


 
Exercise 9.10: Recognizing an unbounded problem

 
  ⋆ ⋆ 
While solving a maximization problem you obtain 
 




 

 	                                Basis                                                  	 
 x1  
 
	 
 x2  
 
	 
 s1  
 
	 
 s2  
 
	 RHS    
 



	  z  	 
 − 2  
 
	 
 0  
 
	 
 0  
 
	 
 1  
 
	 
 10  
 



	  x2  	 
 − 1  
 
	 
 1  
 
	 
 0  
 
	 
 1  
 
	 
 3  
 


	  s1  	 
 − 3  
 
	 
 0  
 
	 
 1  
 
	 
 2  
 
	 
 5  
 



	                                                                     





Which variable should enter? Attempt the ratio test and explain why it fails. What
does this tell you about the linear program?

 
[§9.3, ratio test step of the algorithm card]
                                                                  

                                                                  


 
Exercise 9.11: Reading off infeasibility

 
  ⋆ ⋆ 
Suppose the Big-M method applied to some maximization problem terminates (every
objective-row entry nonnegative) with the tableau 
 




 

 	                                   Basis                                                      	  x 	  y 	  e1  	  s2  	  a1  	                                    RHS                                                       

	  z 	  0 	  0 	  M 	  2 	  0 	  8 −3M 

	  a1  	  0 	  0 	  −1 	  −1 	  1 	  3 

	  x 	  1 	  0 	  0 	  1 	  0 	  5 

	  y 	  0 	  1 	  −1 	  0 	  0 	  2 


	                                                                            





Is the tableau optimal for the penalized problem? What is the value of the artificial
variable  a1,
and what does it tell you about the original linear program? Explain the role of the 
 − 3M term
in the objective value.

 
[§9.4]

 
Challenge problems


 
Exercise 9.12: Certifying unboundedness from a tableau

 
  ⋆ ⋆⋆ 
Applying the simplex method to 
 
	
 
 max ⁡ z = x1 + x2      
 s.t.  x1 − x2 ≤ 1,
       − x1 + x2 ≤ 2,
      x1,x2 ≥ 0
                                                                                                       



produces, after one pivot, the tableau 
 

                                                                  

                                                                  



 

 	                                Basis                                                  	 
 x1  
 
	 
 x2  
 
	 
 s1  
 
	 
 s2  
 
	 RHS    
 



	  z  	 
 0  
 
	 
 − 2  
 
	 
 1  
 
	 
 0  
 
	 
 1  
 



	  x1  	 
 1  
 
	 
 − 1  
 
	 
 1  
 
	 
 0  
 
	 
 1  
 


	  s2  	 
 0  
 
	 
 0  
 
	 
 1  
 
	 
 1  
 
	 
 3  
 



	                                                                     






     
 
	
  1. 
	Detect the unboundedness: identify the entering variable and show that
     the ratio test finds no limiting row.
     
	
  2. 
	Certify      it:      letting      the      entering      variable      equal      
     t ≥ 0,
     write         the         resulting         family         of         solutions         
     x(t)
     in   all   four   variables,   and   verify   by   direct   substitution   that   
     x(t)
     satisfies             both             original             constraints             and
     the          nonnegativity          conditions          for          every          
     t ≥ 0.
     
	
  3. 
	Show that  z(t) →∞
     as  t →∞,
     and sketch the feasible region to explain geometrically which direction
     the certificate ray points in.


[§9.3; Example 7.18]

 


 

Selected Solutions 

Solution

 
(Exercise 9.2) The basic variables are the row labels 
x1 and 
x2; the nonbasic
                                                                  

                                                                  
variables are  s1
and  s2.
Setting the nonbasic variables to zero and reading the RHS column gives the basic
feasible solution 
 
	
 
                           x1 = 6,x2 = 4,s1 = s2 = 0,z = 40.



The objective-row entries of the nonbasic variables are 
3 and 
1,
both nonnegative. In this convention a positive entry means that
increasing the corresponding nonbasic variable would decrease 
z, so
no pivot can improve the objective and the tableau is optimal.

 
Solution

 
(Exercise 9.3) The most negative objective-row entry is 
 − 4, so 
x1
enters. The ratio test divides each RHS by the positive entries of the 
x1
column: 
 
	
 
                                   6 
2 = 3,8 
4 = 2,12 
 3  = 4.



                                                                  

                                                                  
The minimum ratio  2
occurs in the  s2 row,
so  s2 leaves and the
pivot element is the  4
in the  s2 row
of the  x1
column.

 
Solution

 
(Exercise 9.5) Adding slacks  s1,s2, the
initial tableau has objective row  (−1,−2,0,0∣0).

 
First pivot:  y
enters (  − 2 is most
negative). Ratios:  4∕1 = 4
and  6∕3 = 2, so 
s2 leaves; the pivot
element is the  3 in
the  s2 row. Dividing
the pivot row by  3
and clearing the  y
column gives 
 




 

 	                                Basis                                               	 
 x  
 
	 
 y  
 
	 
 s1  
 
	 
 s2  
 
	 RHS    
 



	  z  	 
 − 1 
3  
 
	 
 0  
 
	 
 0  
 
	 
 2
3  
 
	 
 4  
 



	  s1  	 
 2
3  
 
	 
 0  
 
	 
 1  
 
	 
 − 1 
3  
 
	 
 2  
 


	  y  	 
 1
3  
 
	 
 1  
 
	 
 0  
 
	 
 1
3  
 
	 
 2  
 



	                                                                     





Second pivot:  x
enters (  − 1 
3).
Ratios:  2∕2
3 = 3
and  2∕1
3 = 6, so 
s1 leaves; the pivot
element is the  2
3
in the  s1
row. The resulting tableau is 
 



                                                                  

                                                                  

 

 	                                Basis                                               	 
 x  
 
	 
 y  
 
	 
 s1  
 
	 
 s2  
 
	 RHS    
 



	  z  	 
 0  
 
	 
 0  
 
	 
 1
2  
 
	 
 1
2  
 
	 
 5  
 



	  x  	 
 1  
 
	 
 0  
 
	 
 3
2  
 
	 
 − 1 
2  
 
	 
 3  
 


	  y  	 
 0  
 
	 
 1  
 
	 
 − 1 
2  
 
	 
 1
2  
 
	 
 1  
 



	                                                                     





Every objective-row entry is nonnegative, so the tableau is optimal: 
(x,y) = (3,1) with 
z∗ = 5.

 
Solution

 
(Exercise 9.6) Adding slacks  s1,s2,
the starting tableau is 
 




 

 	                                Basis                                               	 
 x  
 
	 
 y  
 
	 
 s1  
 
	 
 s2  
 
	 RHS    
 



	  z  	 
 − 3  
 
	 
 − 2  
 
	 
 0  
 
	 
 0  
 
	 
 0  
 



	  s1  	 
 2  
 
	 
 1  
 
	 
 1  
 
	 
 0  
 
	 
 10  
 


	  s2  	 
 1  
 
	 
 3  
 
	 
 0  
 
	 
 1  
 
	 
 15  
 



	                                                                     





First pivot:  x
enters (  − 3 is most
negative). Ratios:  10∕2 = 5
and  15∕1 = 15, so 
s1 leaves; the pivot
element is the  2 in
the  s1 row. Scaling
the pivot row by  1
2
and clearing the  x
column gives 
 



                                                                  

                                                                  

 

 	                                Basis                                               	 
 x  
 
	 
 y  
 
	 
 s1  
 
	 
 s2  
 
	 RHS    
 



	  z  	 
 0  
 
	 
 − 1 
2  
 
	 
 3
2  
 
	 
 0  
 
	 
 15  
 



	  x  	 
 1  
 
	 
 1
2  
 
	 
 1
2  
 
	 
 0  
 
	 
 5  
 


	  s2  	 
 0  
 
	 
 5
2  
 
	 
 − 1 
2  
 
	 
 1  
 
	 
 10  
 



	                                                                     





Second pivot:  y
enters (  − 1 
2).
Ratios:  5∕1
2 = 10
and  10∕5
2 = 4, so 
s2 leaves; the pivot
element is the  5
2
in the  s2
row. The resulting tableau is 
 




 

 	                                Basis                                               	 
 x  
 
	 
 y  
 
	 
 s1  
 
	 
 s2  
 
	 RHS    
 



	  z  	 
 0  
 
	 
 0  
 
	 
 7
5  
 
	 
 1
5  
 
	 
 17  
 



	  x  	 
 1  
 
	 
 0  
 
	 
 3
5  
 
	 
 − 1 
5  
 
	 
 3  
 


	  y  	 
 0  
 
	 
 1  
 
	 
 − 1 
5  
 
	 
 2
5  
 
	 
 4  
 



	                                                                     





Every  z-row
entry is nonnegative, so the tableau is optimal: 
(x,y) = (3,4) with 
z∗ = 17 and 
s1 = s2 = 0 (both
constraints are tight at the optimum).
                                                                  

                                                                  

 



 




Chapter 10
Sensitivity Analysis   

Learning Outcomes

 

     
     	
     Understand what happens to the optimal solution as we slightly vary the
     parameters
     
 


     	
     Calculate the range of parameters where the optimal solution (or optimal
     basis) remains optimal.
     
 


     	
     Understand  the  change  of  objective  function  value  as  parameters  are
     changed.
 



Try it out visually!

 
Sensitivity Analysis Walkthrough: shadow prices, allowable ranges, and reduced
costs derived step by step.

 
Duality and Sensitivity Explorer: change the data and watch the optimal
solution and shadow prices respond.
     
 

     Your bakery’s production plan is set, and the profit works out to $23.
     Then the phone rings twice. A neighboring shop offers to rent you
     one more hour of oven time; a supplier offers a deal on extra flour.
     Should you take either offer, and what is the most you would pay?
     Sensitivity analysis answers before you spend a dime: the extra hour
     would raise your profit by exactly $1, while the extra flour is worth
     nothing to you at all: you already have three units you aren’t using.
 


Every resource in a linear program has a price tag like this, telling you what one
more unit of it is worth to your bottom line, and every such price tag comes with an
expiration: it is only valid until the data move far enough that the optimal plan itself
changes. Solving a linear program answers one question about one set of
numbers. In practice the numbers (objective coefficients, resource limits)
are estimates: prices move, machines break, a supplier delivers more flour
than promised. Sensitivity analysis asks how the optimal solution and the
                                                                  

                                                                  
optimal value respond when the data change, and how far the data can move
before the answer changes structurally. All of this, including both claims
in the story above, can be read from the final simplex dictionary, which
is why optimization software such as Excel Solver reports it alongside the
solution.

 
We return to the linear program solved by dictionaries in Chapter 7 and by tableaus
in Chapter 9,
     
 

     	
       
 max ⁡ z = 2x + 3y
 s.t.  x + y ≤ 9   (hours)
       2x + y ≤ 16(flour) 
       x + 2y ≤ 14(sugar)
       x,y ≥ 0,
                                                                                        



     

so that every range we compute here can be checked against the dictionaries and
tableaus computed there. After applying the simplex method, we obtain the following
optimal dictionary:
     
 

     	
                                                                  

                                                                  
      
 max ⁡ z = 23 − s1 − s3   
 s.t.  x = 4 − 2s1 + s3,
      y = 5 + s1 − s3,
      s2 = 3 + 3s1 − s3,
      x,y,s1,s2,s3 ≥ 0.
                                                                                        



     The current basis is  B = {x,y,s2},
     with nonbasic variables  N = {s1,s3}.
     
 
The optimal solution is: 
 
	
      
                         (x,y,s2,s1,s3) = (4,5,3,0,0)withz = 23.



     

     
     Before any algebra, build intuition by dragging the right-hand sides
     and the objective slope in the Desmos sensitivity explorer (backup
     interactive explorer) and watching when the optimal vertex jumps
     to a different corner of the feasible region.
 


10.1    What can change, and what happens 

Three kinds of data appear in a linear program: the objective coefficients 
c, the right-hand
sides  b, and the
constraint matrix  A.
Before computing exact ranges, it is worth understanding qualitatively how each one
enters the final dictionary.
                                                                  

                                                                  

 


 

10.1.1    Changing an objective coefficient 
ci


The objective row of the revised dictionary is 
 
	
 
                      z = cB⊤ ⁡A
B−1b + (c
N⊤ ⁡−c
B⊤ ⁡A
B−1A
N)xN,



where the coefficients of  xN,
namely  cN⊤ ⁡−cB⊤ ⁡AB−1AN, are the reduced
costs. A change in  ci lands
in one of two places. If  i is a
basic variable, then  ci sits
inside  cB, so it moves the
constant term  cB⊤ ⁡AB−1b: the optimal
value changes linearly in  ci
for as long as the basis stays optimal. If 
i is a nonbasic
variable, then  ci
appears only in its own reduced cost: the current solution and objective value do not move
at all until the change is large enough to flip the sign of that reduced cost, at which point
variable  i
wants to enter the basis and the current dictionary is no longer optimal.

 


 

10.1.2    Changing a right-hand side  bi


The basic solution is  xB = AB−1b,
so a change in  b
moves the basic variables directly. Small changes rescale 
                                                                  

                                                                  
xB
while keeping it nonnegative, and the objective value 
z∗ = cB⊤ ⁡AB−1b moves
linearly along with it. A large enough change drives some basic variable
negative: the dictionary becomes infeasible, and restoring feasibility requires a
pivot to a different basis (or reveals that the problem has become infeasible
altogether).

 


 

10.1.3    Changing a constraint coefficient 
aij


Geometrically, changing  aij
tilts the corresponding constraint, reshaping the feasible region.
Algebraically, the effect depends on which column is touched. If column 
j is nonbasic, then 
AB−1 is untouched; only the
reduced cost of variable  j
changes, and the current solution survives unless that reduced cost changes sign. If column
 j is basic, the
change alters  AB
itself, and since the entire dictionary is built from 
AB−1, even
a small change can move the basic solution, every reduced cost, and the optimal
value all at once.

 


 

10.1.4    Summary 




 

 	Change                                                                                                               	                                   Basic solution                                                       	                                  Objective value                                                     	                                   Basis change when…                                                     

	 ci (objective)  	                                    unchanged                                                         	 moves if  i basic  	                               a reduced cost changes sign                                                

	 bi (RHS)       	                                   always moves                                                       	                                  moves linearly                                                      	 a basic variable hits  0

	 aij (matrix)     	 moves if  j basic  	                                 via reduced costs                                                    	                              feasibility or optimality breaks                                              


	                                                                             






                                                                  

                                                                  
Table 10.1: Effect of each type of data change on the basic solution and the
objective value.



In the remainder of the chapter we make these statements quantitative for the running
example: for each parameter we compute the exact range of values over which the current basis 
B = {x,y,s2} remains optimal,
and how  z
moves inside that range. We treat the right-hand sides first, then the objective
coefficients, then redo both computations in matrix notation.

 


 

10.2    Ranging the right-hand side 

In standard form, a linear program is written as 
Ax = b,x ≥ 0. We perturb
one entry of  b
at a time, holding the objective coefficients and constraint matrix fixed, and answer
three questions:
     
 
	
  1. 
	For which changes in the RHS does the current basis remain optimal?
     
	
  2. 
	How does the optimal solution vary with these changes?
     
	
  3. 
	How does the objective value change?


Each case follows the same three moves: perturb the standard form, adapt the final
dictionary, and read off the range.

 


 

10.2.1    Perturbing  b2:
A Basic Slack Variable 

The second constraint (corresponding to slack variable 
s2) originally has RHS
value  b2 = 16. We now
perturb this to  16 + Δ,
where  Δ ∈ ℝ,
and investigate the effect.

 
Perturbed Standard Form (RHS of Constraint 2)

 
	
                                                                  

                                                                  
 
max ⁡ 2x + 3y               
 s.t.  x + y + s1 = 9        (hours)
       2x + y + s2 = 16 + Δ(flour) 
       x + 2y + s3 = 14     (sugar)
       x,y,s1,s2,s3 ≥ 0
                                                                                                       



To isolate the effect of  Δ,
define a new variable: 
 
	
 
                                 s2 := s2′ + Δ ⇒s
2′ = s
2 −Δ.



Substituting into the system yields: 
 
	
                                                                  

                                                                  
 
 max ⁡ 2x + 3y               
 s.t.  x + y + s1 = 9
       2x + y + s2 = 16 + Δ ⇒2x + y + s2′ = 16
       x + 2y + s3 = 14
       x,y,s1,s2′,s
3 ≥ 0
                                                                                                       




     
 

     ➤ Adapt the final dictionary.  Since the structure of
     the problem remains the same in terms of the new variable 
     s2′,
     we can substitute into the final dictionary: 
 
	
      
 max ⁡ z = 23 − s1 − s3                                           
 s.t.  x = 4 − 2s1 + s3
        y = 5 + s1 − s3
        s2′ = 3 + 3s
1 − s3 ⇒s2 −Δ = 3 + 3s1 − s3
        x,y,s1,s2′,s
3 ≥ 0
                                                                                                       



     Only the row of  s2
     is affected:  s2 = (3 + Δ) + 3s1 − s3.
 



     
 

                                                                  

                                                                  
     ➤ Read off the range.  To remain optimal, the dictionary must still
     satisfy feasibility: all basic variables must remain nonnegative when 
     s1 = s3 = 0. Only 
     s2 depends
     on  Δ,
     so: 
 
	
      
s2 = 3+Δ ≥ 0⇔Δ ≥−3                                                                                              ⇔b2 ≥ 13.



     Since  s2
     is      a      slack      variable,      the      objective      value      
     z = 23
     does   not   move   at   all   inside   this   range.   Beyond   it,   
     s2 < 0
     and  the  current  dictionary  becomes  infeasible,  triggering  a  new
     pivot in the simplex method.
 




 

10.2.2    Perturbing  b1:
A Nonbasic Slack Variable 

The first constraint corresponds to slack variable 
s1, which is
currently nonbasic and set to 0 in the optimal solution. Its original right-hand side is 
b1 = 9. We now
perturb it to  9 + Δ,
where  Δ ∈ ℝ,
and examine how this affects the dictionary.

 
Perturbed Standard Form (RHS of Constraint 1)

 
	
                                                                  

                                                                  
 
max ⁡ 2x + 3y            
 s.t.  x + y + s1 = 9 + Δ(hours)
       2x + y + s2 = 16  (flour) 
       x + 2y + s3 = 14  (sugar)
       x,y,s1,s2,s3 ≥ 0
                                                                                                       



To isolate the effect of  Δ,
define a new variable: 
 
	
 
                                 s1 := s1′−Δ ⇒s
1′ = s
1 + Δ.



Substituting into the system yields: 
 
	
 
x + y + s1            = 9 + Δ
x + y + (s1′−Δ) = 9 + Δ
x + y + s1′     = 9
                                                                                                       



                                                                  

                                                                  
So the perturbed system is equivalent to the original, but now expressed in terms of 
s1′.

 

     
 

     ➤ Adapt the final dictionary.  We substitute 
     s1 = s1′−Δ
     into the optimal dictionary: 
 
	
      
 max ⁡ z = 23 − s1 − s3 = 23 − (s1′−Δ) − s
3 = (23 + Δ) − s1′− s
3  
x      = 4 − 2s1 + s3 = 4 − 2(s1′−Δ) + s
3 = (4 + 2Δ) − 2s1′ + s
3
y       = 5 + s1 − s3 = 5 + (s1′−Δ) − s
3 = (5 −Δ) + s1′− s
3
s2        = 3 + 3s1 − s3 = 3 + 3(s1′−Δ) − s
3 = (3 − 3Δ) + 3s1′− s
3
                                                                                                                                



     


     
 

     ➤ Read off the range.  To ensure the basis remains feasible, set 
     s1′ = s3 = 0
     and check that the basic variables remain nonnegative: 
 
	
                                                                  

                                                                  
      
                             x = 4 + 2Δ,y = 5 −Δ,s2 = 3 − 3Δ.



     Feasibility conditions: 
 
	
      
x ≥ 0  ⇒Δ ≥−2
y ≥ 0  ⇒Δ ≤ 5
s2 ≥ 0 ⇒Δ ≤ 1
                                                                                                       



     Thus, all conditions are satisfied when: 
 
	
      
−2 ≤Δ ≤ 1                                                                                        ⇔7 ≤ b1 ≤ 10.



     Within  this  range,  the  objective  value  changes  linearly  as  
     z = 23 + Δ.
     Outside this range, one or more basic variables becomes negative,
     and the current solution becomes infeasible, prompting a new pivot
     in the simplex method.
 


                                                                  

                                                                  


 

10.2.3    Perturbing  b3:
Another Nonbasic Slack Variable 

The third constraint corresponds to slack variable 
s3, which is
currently nonbasic and equal to 0 in the optimal solution. Its original right-hand side is 
b3 = 14. We now
perturb it to  14 + Δ,
where  Δ ∈ ℝ,
and examine how this affects the dictionary.

 
Perturbed Standard Form (RHS of Constraint 3)

 
	
 
max ⁡ 2x + 3y               
 s.t.  x + y + s1 = 9        (hours)
       2x + y + s2 = 16     (flour) 
       x + 2y + s3 = 14 + Δ(sugar)
       x,y,s1,s2,s3 ≥ 0
                                                                                                       



To isolate the effect of  Δ,
define a new variable: 
 
	
 
                                 s3 := s3′−Δ ⇒s
3′ = s
3 + Δ.



                                                                  

                                                                  
Substituting into the system yields: 
 
	
 
                    x + 2y + (s3′−Δ) = 14 + Δ ⇒x + 2y + s
3′ = 14.



So the perturbed system returns to the original structure but in terms of 
s3′.

 

     
 

     ➤ Adapt the final dictionary.  Substitute 
     s3 = s3′−Δ
     into the optimal dictionary: 
 
	
      
 max ⁡ z = 23 − s1 − s3 = 23 − s1 − (s3′−Δ) = (23 + Δ) − s
1 − s3′
x      = 4 − 2s1 + s3 = 4 − 2s1 + (s3′−Δ) = (4 −Δ) − 2s
1 + s3′
y       = 5 + s1 − s3 = 5 + s1 − (s3′−Δ) = (5 + Δ) + s
1 − s3′
s2        = 3 + 3s1 − s3 = 3 + 3s1 − (s3′−Δ) = (3 + Δ) + 3s
1 − s3′
                                                        



     


                                                                  

                                                                  
     
 

     ➤ Read off the range.  Now test feasibility at the basic solution 
     s1 = s3′ = 0:
     
 
	
      
                               x = 4 −Δ,y = 5 + Δ,s2 = 3 + Δ.



     Feasibility requires: 
 
	
      
x ≥ 0  ⇒Δ ≤ 4  
s2 ≥ 0 ⇒Δ ≥−3
                                                                                                       



     Thus, the allowable range for 
     Δ
     is: 
 
	
                                                                  

                                                                  
      
−3 ≤Δ ≤ 4                                                                                        ⇔11 ≤ b3 ≤ 18.



     Within  this  range,  the  objective  value  changes  linearly  as  
     z = 23 + Δ.
     Outside this range,  x < 0
     or  s2 < 0,
     and the dictionary becomes infeasible.
 


Recipe: RHS Ranging in the Dictionary

 
➤ Perturb Replace  bi
by  bi + Δ and absorb 
Δ into the constraint’s
slack variable:  si′ = si + Δ
restores the original right-hand side.

 
➤  Substitute Rewrite the optimal dictionary in terms of 
si′;
only the constant column changes, each constant shifting by a multiple of 
Δ.

 
➤  Impose feasibility Require every basic variable 
 ≥ 0 at 
xN = 0; each row gives one
linear inequality in  Δ.

 
✔  Read the range Intersect the inequalities. Inside the range, 
z changes linearly in
 Δ; at an endpoint a
basic variable hits  0,
and any further change triggers a pivot.

 


Remark.  Shadow        Prices        The        rate        at        which        
z
changes with  bi
is        called        the        shadow         price        of        constraint        
i.
For the binding constraints we found  z = 23 + Δ:
                                                                  

                                                                  
an   extra   hour   or   an   extra   unit   of   sugar   is   worth   exactly   
1
in objective value, as long as  Δ
stays  within  its  allowable  range.  For  the  non-binding  flour  constraint  (
s2 = 3 > 0),
the    objective    did    not    move    at    all:    its    shadow    price    is    
0.
This    settles    both    phone    calls    from    the    start    of    the    chapter:
pay   up   to   $1   for   the   extra   oven   hour   (and   no   more   than   $1
total   for   up   to   one   extra   hour,   since   the   price   expires   at   
b1 = 10),
and  politely  decline  the  flour.  Shadow  prices  are  the  central  objects  of  the
next chapter, where they reappear as the variables of the dual linear program
(Chapter 11).

 





 
Learning Checkpoint 10.2.1

 
The optimal dictionary gives  z = 23 + Δ
when  b1 = 9 + Δ.
What is the shadow price of constraint 1, and over what range of 
b1
is that price valid? What happens to the shadow price at 
b1 = 10?

 


 

10.3    Ranging the objective coefficients 

We now examine how changes to the objective function coefficients affect the
optimality of the current basis. In the original problem, the objective is:

 
	
                                                                  

                                                                  
 
                                           max ⁡ 2x + 3y.



We now perturb these coefficients to: 
 
	
 
                                   max ⁡ (2 + δ1)x + (3 + δ2)y,



where  δ1,δ2 ∈ ℝ.
Recall the final dictionary: 
 
	
 
z  = 23 − s1 − s3 
x  = 4 − 2s1 + s3
y  = 5 + s1 − s3
s2 = 3 + 3s1 − s3,
                                                                                        



with basis  B = {x,y,s2} and
nonbasic variables  N = {s1,s3}.
Unlike an RHS change, a cost change never threatens feasibility (the solution
stays where it is), but it can destroy optimality by making a reduced cost
positive.
                                                                  

                                                                  

 


 

10.3.1    Perturbing  c1:
Objective Coefficient of  x



     
 

     ➤ Adapt the final dictionary.  Let 
     c1 = 2 + δ1. Since
      x
     is basic, we express the extra term 
     δ1x
     in terms of the nonbasic variables using the dictionary row for 
     x:
     
 
	
      
     z = 23 + δ1 ⋅ x = 23 + δ1(4 − 2s1 + s3) = (23 + 4δ1) + (−2δ1)s1 + δ1s3.



     Adding to the original dictionary 
     z = 23 − s1 − s3,
     we obtain: 
 
	
                                                                  

                                                                  
      
                      z = (23 + 4δ1) + (−1 − 2δ1)s1 + (−1 + δ1)s3.



     


     
 

     ➤ Read off the range.  To maintain optimality, the reduced costs of nonbasic variables
      s1 and 
     s3 must
     remain  ≤ 0.
     Thus: 
 
	
      
 − 1 − 2δ1 ≤ 0 ⇒δ1 ≥−1
2,
 − 1 + δ1   ≤ 0 ⇒δ1 ≤ 1.
                                                                                        



     So the allowable range for  δ1
     is: 
 
	
                                                                  

                                                                  
      
−1
2 ≤ δ1 ≤ 1                                                                                       ⇔1.5 ≤ c1 ≤ 3.



     Within  this  range,  the  objective  value  changes  linearly  as  
     z = 23 + 4δ1.
 




 

10.3.2    Perturbing  c2:
Objective Coefficient of  y



     
 

     ➤ Adapt the final dictionary.  Let 
     c2 = 3 + δ2. Since
      y
     is also basic, the perturbed objective becomes: 
 
	
      
         z = 23 + δ2 ⋅ y = 23 + δ2(5 + s1 − s3) = (23 + 5δ2) + δ2s1 − δ2s3.



     Adding to the original dictionary 
     z = 23 − s1 − s3,
     we obtain: 
 
	
                                                                  

                                                                  
      
                       z = (23 + 5δ2) + (−1 + δ2)s1 + (−1 − δ2)s3.



     


     
 

     ➤ Read off the range.  To maintain optimality: 
 
	
      
 − 1 + δ2 ≤ 0 ⇒δ2 ≤ 1,  
 − 1 − δ2 ≤ 0 ⇒δ2 ≥−1.
                                                                                        



     So the allowable range for  δ2
     is: 
 
	
                                                                  

                                                                  
      
−1 ≤ δ2 ≤ 1                                                                                       ⇔2 ≤ c2 ≤ 4.



     Within  this  range,  the  objective  value  changes  linearly  as  
     z = 23 + 5δ2.
 




 

10.3.3    Summary 




 

 	Perturbed coefficient                                                                              	                            Allowed range                                             	                           Effect on objective                                        

	 c1 = 2 + δ1  	  1.5 ≤ c1 ≤ 3  	  z = 23 + 4δ1

	 c2 = 3 + δ2  	  2 ≤ c2 ≤ 4  	  z = 23 + 5δ2


	                                                                    






Table 10.2: Allowed perturbation ranges and their effect on the objective value.



Outside these ranges, the reduced costs of nonbasic variables become positive,
violating optimality. In such cases, the simplex method would require a new
pivot.

 
Recipe: Objective-Coefficient Ranging in the Dictionary

 
➤ Perturb Replace  ci
by  ci + δ. If variable 
i is nonbasic, only its own
reduced cost shifts by  δ;
skip to the last step.

 
➤ Substitute If variable  i is
basic, express the extra term  δxi
in terms of the nonbasic variables using the dictionary row for 
xi, and
add it to the objective row.
                                                                  

                                                                  

 
➤  Impose optimality Require every reduced cost 
 ≤ 0 (for a
maximization problem); each nonbasic variable gives one linear inequality in 
δ.

 
✔ Read the range Intersect the inequalities. Inside the range the solution does not move, and 
z changes linearly
if  i is basic
(not at all if  i
is nonbasic).


 
Learning Checkpoint 10.3.1

 
Changing the objective coefficient of a nonbasic variable never changes the current
optimal solution, but changing it enough can still change the optimal basis. Reconcile
these two statements.

 


 

10.4    Sensitivity with Matrix Notation 

The dictionary manipulations above can be organized with matrices, which is how
software carries them out. Writing the running example in standard form,

 
	
 
 max ⁡ c⊤ ⁡x            
 s.t.  Axx + Is = b,
      x,s ≥0,
                                                                                        whereAx =   [ 1  1   2   1
 1  2                                                                                            ],x =   [ x   y                                                                                  ],s =   [ s1  
   s2  
   s3                                                                                                                       ] .




     
 

                                                                  

                                                                  
     Let the basic variables be  xB =   [  x    y
 s2  
                                                                                                                             ] ,
     and           the           non-basic           variables           be           
     xN =   [ s1  
   s3  
                                                                                                                             ] .
     Then the dictionary can be written as:
     
 

     
 
 
                                       xB = b′− A
N′x
N,

     
     
 
where:
     
 

     
 
 
b′ =   [ 4   5
 3                                                                                                 ],AN′ =   [ −2    1     1   −1
   3    −1                                                                                        ].

     
     
 
Thus, explicitly:
     
 

                                                                  

                                                                  
     
 
 
  [  x    y
 s2  
                                                                                                                             ]  =   [ 4   5
 3                                                                                                 ]− [ −2    1     1   −1
   3    −1                                                                                        ]  [ s1  
   s3  
                                                                                                                             ] .

      or equivalently
     
 
 
  [  x    y
 s2  
                                                                                                                             ]  =   [ 4   5
 3                                                                                                 ]+s1  [    2     −1
 −3                                                                                               ]+s3  [   −1   1
   1                                                                                                 ].

     
 


The basis matrix is

 
 
AB =   [ 1  1  0   2   1   1
 1  2  0                                                                                        ] and AB−1 =   [   2    0  −1   −1   0   1
 −3  1    1                                                                                     ].



 


                                                                  

                                                                  
Remark.  Recovering  AB−1

 
	
 
A(x,s) =   [  1  0    2    0  −1   0   1   −1   0   1
  0  0  −3  1    1                                                                            ]  [   x    y
  s1  
   s2  
   s3                                                                                                                       ]  =   [  4   5
  3                                                                                                 ]



Partitioning into basic variables  x = (x,y)
and slack variables  s = (s1,s2,s3),
we write: 
 
	
 
Axx+Ass = bwhereAx =   [  1  0   0   1
  0  0                                                                                            ],As =   [    2    0  −1   −1   0   1
  −3  1    1                                                                                     ],b =   [  4   5
  3                                                                                                 ]



Hence, since the slack columns came from the identity matrix in the original  A, we conclude:

 
	
                                                                  

                                                                  
 
                                         As = AB−1







 


 

10.4.1    Ranging  b1
with the Basis Inverse 

We modify the right-hand side of the first constraint and analyze its impact on
feasibility: 
 
	
 
b ⇒ [ b1  
   16   14                                                                                              ].




     
 

     Step 1 — Update the basic solution.  Using the inverse basis matrix 
     AB−1, the basic
     solution is  xB = AB−1b:
     
 
	
                                                                  

                                                                  
      
AB−1b =   [   2    0  −1   −1   0   1
 −3  1    1                                                                                     ]  [  b1  
   16   14
                                                                                                     ] =   [   2b1 − 14   
  −b1 + 14  
 −3b1 + 30                                                                                     ].



     


     
 

     Step 2 — Impose feasibility.  Ensuring that all basic variables remain
     non-negative: 
 
	
      
  [   2b1 − 14   
  −b1 + 14  
 −3b1 + 30                                                                                     ] ≥  [ 0   0
 0                                                                                                 ]⇔  [ b1  
   14   10
                                                                                                     ] ≥  [ 7    b
1  
   b1  
                                                                                                                             ] .



     


     
 

     Step 3 — Read the range.  
 
	
                                                                  

                                                                  
      
7 ≤ b1 ≤ 10                                                                                        



     is the feasible range for  b1
     that   preserves   the   optimal   basis,   matching   the   range   
     −2 ≤Δ ≤ 1
     found with the dictionary in Section 10.2.
 


The figure below shows the constraint 
x + y ≤ b1 drawn for the
three values  b1 = 7,9,10.

 




 
[image: Feasible region shaded blue with vertices (0,0), (0,7), (4,5), (7,2), (8,0); parallel red level lines x+y=7, x+y=9, and x+y=10 sweep across the region, with a green line 2x+y=16 and a brown line showing a modified constraint.]
 




 

10.4.2    Ranging  cx
via Reduced Costs 

To determine the range of values for  cx
(the coefficient of  x
in the objective function) such that the current basis remains optimal, we analyze the
simplex optimality conditions.

 

     
 

     Step 1 — Set up the reduced costs.  The objective function is
     initially: 
 
	
                                                                  

                                                                  
      
                                            z = 2x + 3y.



     The cost vector for all variables is: 
 
	
      
c =   [ cx  
   3    0
  0    0
                                                                                                     ].



     The cost vector corresponding to the basic variables 
     x,y,s2
     (i.e., the basis) is: 
 
	
      
cB =   [ cx    3  0                                                                                       ].



     The reduced cost for any non-basic variable 
     j
     is given by: 
 
	
                                                                  

                                                                  
      
                                     c¯j = cj − cBAB−1A
j.



     The non-basic variables are  s1
     and  s3.
     We need to ensure that their reduced costs remain non-positive.
 



     
 

     Step 2 — Compute the reduced costs for 
     s1 and
      s3. 
     The constraint matrix is: 
 
	
      
A =   [ 1  1  1  0  0   2   1   0   1   0
 1  2  0  0  1                                                                               ].



     Extracting the columns corresponding to 
     s1 and
      s3:
     
 
	
                                                                  

                                                                  
      
As1 =   [ 1   0
 0                                                                                                 ],As3 =   [ 0   0
 1                                                                                                 ].



     Using the inverse basis matrix: 
 
	
      
AB−1A
s1 =   [   2    0  −1   −1   0   1
 −3  1    1                                                                                     ]  [ 1   0
 0                                                                                                 ] =   [   2     −1
 −3                                                                                               ].



     	
      
AB−1A
s3 =   [   2    0  −1   −1   0   1
 −3  1    1                                                                                     ]  [ 0   0
 1                                                                                                 ] =   [ −1   1
   1                                                                                                 ].



     Thus, the reduced costs are: 
 
	
                                                                  

                                                                  
      
c¯s1 = 0− [ cx    3  0                                                                                       ]⋅ [ 2     −1
 −3                                                                                               ] = 0−(2cx−3).



     	
      
c¯s3 = 0− [ cx    3  0                                                                                       ]⋅ [ −1   1
   1                                                                                                 ] = 0−(−cx+3).



     


     
 

     Step 3 — Read the range.  To retain optimality, we want 
     c¯s1 and
      c¯s3 to
     be   ≤ 0:
     
 
	
                                                                  

                                                                  
      
                                −2cx + 3 ≤ 0 ⇒cx ≥ 3 
2 = 1.5,



     	
      
                                cx − 3 ≤ 0 ⇒cx ≤ 3.



     For the current basis to remain optimal, 
     cx
     must satisfy: 
 
	
      
1.5 ≤ cx ≤ 3                                                                                       ,



     matching the range found with the dictionary in Section 10.3.
 




                                                                  

                                                                  

 
[image: Sensitivity analysis visualization showing how the optimal solution changes as objective function coefficients vary.]



 
Figure 10.1: Feasible region in the x-y plane with several level curves of the
objective z = c_x x + 3y drawn...                                     




 

10.5    Sensitivity Reports in Software 

When solving a problem in Excel, you can ask for a sensitivity analysis.

 




 
[image: A Microsoft Excel Solver Results dialog box showing a successful optimization, with options to keep the solution or restore original values, and report type selections.]



 
Figure 10.2:  Screenshot  of  Excel’s  Solver  Results  dialog  with  the  option  to
generate a Sensitivity report...                                        


This will generate a report that will show the following: 
 

     
     	
     Allowable Increase/Decrease: For each decision variable’s coefficient
     in the objective function, the report provides the range (allowable increase
     and allowable decrease) within which the coefficient can change without
     altering the current optimal basis. This range indicates the stability of the
     optimal solution with respect to changes in that coefficient.
     
 


     	
     Right-Hand Side (RHS) Values: For each constraint, the sensitivity
     report lists the shadow price (or dual value), which represents the rate
     of change in the objective function per unit increase in the RHS of that
     constraint. It also provides the allowable increase and allowable decrease
     for the RHS. These values indicate how robust the constraints are; small
     allowable changes might imply that the solution is sensitive to fluctuations
     in available resources or demand levels.
                                                                  

                                                                  
     
 


     	
     Constraint  Status: The  report  shows  which  constraints  are  binding
     (active) and which are non-binding. A binding constraint has a positive
     shadow  price  and  restricts  the  optimal  solution,  while  a  non-binding
     constraint has a shadow price of zero.
 



These are exactly the quantities computed by hand in Sections 10.2 and 10.3: the
allowable increase/decrease columns are the ranges from the two recipe cards, and
the shadow prices are the rates from the Shadow Prices remark.

 
For concreteness, the figures below show a worksheet set up for Solver and
the sensitivity report it produces. Figure 10.3 shows the model layout —
decision-variable cells, a SUMPRODUCT objective cell, and the constraint formulas
— and Figure 10.4 shows the resulting report, with the allowable ranges, shadow
prices, and binding status described above.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: An Excel spreadsheet setup for a linear programming problem with decision variables in yellow cells. Constraints are defined with coefficients, totals, and right-hand side values.] 


 
Figure 10.3: An Excel worksheet laid out for Solver, with decision-variable cells,
a SUMPRODUCT objective, and constraint formulas.                     
                                                                  

                                                                  

 

                                                                  

                                                                  
                                                                  

                                                                  
[image: A Microsoft Excel Solver sensitivity analysis report showing Variable Cells and Constraints sections with columns for Final Value, Reduced Cost, and Shadow Price.] 


 
Figure 10.4: The Solver sensitivity report: variable cells (final value, reduced
cost, objective coefficient, allowable increase/decrease) and constraints (final
value, shadow price, RHS, allowable increase/decrease).                   
                                                                  

                                                                  

10.6    Exercises 

Warm-ups


 
Exercise 10.1: Shadow Prices from the Final Dictionary

 
 ⋆ 
Recall the final dictionary of the running example of this chapter: 
 
	
 
z  = 23 − s1 − s3 
x  = 4 − 2s1 + s3
y  = 5 + s1 − s3
s2 = 3 + 3s1 − s3.
                                                                                        




     
 
	
  1. 
	Read off the shadow price of each of the three constraints (hours, flour,
     sugar) directly from the objective row.
     
	
  2. 
	Which constraint is not binding at the optimum? How can you see this in
     the dictionary, and how is it reflected in that constraint’s shadow price?
     
	
  3. 
	The bakery is offered one extra unit of sugar for $0.75. Should it accept?
     What is the most it should pay?


[§10.2]


 
Exercise 10.2: RHS Sensitivity Range

 
 ⋆ 
Consider the following linear program and its optimal dictionary: 
 
	
                                                                  

                                                                  
 
 max ⁡ 4x1 + 3x2       
 s.t.  x1 + x2 ≤ 10
       2x1 + x2 ≤ 16
       x1,x2 ≥ 0
                                                                                                       



The optimal dictionary is: 
 
	
 
z  = 36 − 2s1 − s2
x1 = 6 + s1 − s2
x2 = 4 − 2s1 + s2

                                                                                                                                



with basis  B = {x1,x2} and
nonbasic variables  N = {s1,s2}.

 
Determine the range of values for  b1
(the RHS of the first constraint) for which the current basis remains optimal.

 
[§10.2]

 
Core problems


 
Exercise 10.3: Objective Coefficient Sensitivity

 
  ⋆ ⋆ 
Using the same linear program and optimal dictionary as in
Exercise 10.2, determine the range of values for the objective coefficient 
c1 (the coefficient
of  x1 in the
                                                                  

                                                                  
objective function) such that the current basis remains optimal. How does the optimal objective
value change as  c1
varies within this range?

 
[§10.3]


 
Exercise 10.4: Full Sensitivity Workup

 
  ⋆ ⋆  A
shop assembles two products with profits $5 and $6 per unit: 
 
	
 
 max ⁡ 5x1 + 6x2                                   
 s.t.  x1 + 2x2 ≤ 16(assembly hours)
       3x1 + 2x2 ≤ 24(machine hours)
       x1,x2 ≥ 0
                                                                                                       




     
 
	
  1. 
	Solve  the  LP  (graphically  or  by  the  simplex  method)  and  report  the
     optimal solution and objective value.
     
	
  2. 
	Compute the shadow price of each constraint.
     
	
  3. 
	Find the allowable range of  b1
     and of  b2
     over   which   the   current   basis   remains   optimal,   and   state   how   
     z
     changes inside each range.
     
	
  4. 
	Find the allowable range of  c1
     and of  c2
     over which the current basis remains optimal.
                                                                  

                                                                  
     
	
  5. 
	Check your answers with software (for example scipy.optimize.linprog
     or Excel Solver).


[§10.2, §10.3, §10.4]


 
Exercise 10.5: Ranging a Basic and a Nonbasic Coefficient

 
  ⋆ ⋆ 
Consider the LP 
 
	
 
 max ⁡ 5x1 + 2x2       
 s.t.  2x1 + x2 ≤ 10
       x1 + 3x2 ≤ 15
       x1,x2 ≥ 0,
                                                                                        



whose optimal solution is  (x1,x2) = (5,0)
with  z∗ = 25
and basis  B = {x1,s2}.
     
 
	
  1. 
	Verify that  (5,0)
     is  optimal  by  computing  the  reduced  costs  of  the  nonbasic  variables  
     x2
     and  s1.
     
	
  2. 
	Find the range of the coefficient  c2
     of the nonbasic variable  x2
     for    which    the    current    basis    remains    optimal.    How    does    
     z∗
     change as  c2
     moves inside this range?
     
	
  3. 
	Find the range of the coefficient  c1
     of the basic variable  x1
                                                                  

                                                                  
     for    which    the    current    basis    remains    optimal.    How    does    
     z∗
     change inside this range?
     
	
  4. 
	Explain the structural difference between the two cases: why does one
     range have a single finite endpoint driven by one reduced cost, while the
     other involves every reduced cost?


[§10.3, §10.1]


 
Exercise 10.6: Sensitivity from the Basis Inverse

 
  ⋆ ⋆ 
Consider the LP: 
 
	
 
 max ⁡ 5x1 + 4x2                 
 s.t.  x1 + x2 + s1 = 6
       3x1 + 2x2 + s2 = 15
       x1,x2,s1,s2 ≥ 0
                                                                                                       



The optimal basis is  B = {x1,x2}
with basis matrix and its inverse: 
 
	
 
AB =   [ 1  1   3   2                                                                                           ],AB−1 =   [ −2    1   
   3    −1                                                                                        ].




                                                                  

                                                                  
     
 
	
  1. 
	Compute  xB = AB−1b
     and verify this gives a feasible basic solution.
     
	
  2. 
	For the RHS vector  b =   [  6    15                                                                                              ],
     find the range of  b1
     for which the current basis remains feasible.
     
	
  3. 
	Compute the reduced costs of the nonbasic variables. For what range of 
     c1
     does the current basis remain optimal?


[§10.4]


 
Exercise 10.7: Reading a Sensitivity Report

 
  ⋆ ⋆  The
following is a sensitivity report from Excel Solver for a maximization LP with two decision
variables  x1
and  x2
and three constraints:

 




 

 	Variable                                                                                 	 Value  	 Obj. Coeff.  	 Allow. Increase  	 Allow. Decrease

	 x1  	   8     	      6          	        2             	         3            

	 x2  	   4     	      5          	        4             	         1            


	                                                                    






Table 10.3: Variable section of the Solver sensitivity report.






 

 	Constraint  	 Shadow Price  	 RHS  	                           Allow. Increase                                     	 Allow. Decrease

	1                 	      2.5          	  20    	                                  4                                                     	         6            

	2                 	       0           	  30    	  ∞ 	         5            

	3                 	      1.0          	  12    	                                  3                                                     	         2            

	            




                                                                  

                                                                  


Table 10.4: Constraint section of the Solver sensitivity report.




     
 
	
  1. 
	What is the current optimal objective value?
     
	
  2. 
	If the objective coefficient of  x1
     changes from 6 to 7.5, does the optimal basis change?
     
	
  3. 
	Which constraint is non-binding? How can you tell from the report?
     
	
  4. 
	If 2 additional units of the first resource become available (RHS increases
     from 20 to 22), what is the new approximate optimal objective value?


[§10.5]

 
Concepts and connections


 
Exercise 10.8: Shadow Price Interpretation

 
  ⋆ ⋆ 
A furniture workshop produces tables and chairs. The linear program is:

 
	
 
 max ⁡ 50x1 + 30x2(profit in dollars)        
 s.t.  4x1 + 2x2 ≤ 40(wood in board-feet)
       2x1 + 3x2 ≤ 30(labor in hours)
       x1,x2 ≥ 0
                                                                                                       



                                                                  

                                                                  
The optimal solution is  x1 = 7.5,
 x2 = 5, with optimal
profit  z∗ = 525. The dual
solution is  y1 = 11.25, 
y2 = 2.50.

 

     
 
	
  1. 
	Interpret each shadow price in terms of the resources (wood and labor).
     
	
  2. 
	If  the  workshop  could  acquire  2  additional  board-feet  of  wood,  by
     approximately how much would the optimal profit increase?
     
	
  3. 
	Which resource is more valuable at the margin? Explain.


[§10.2]


 
Exercise 10.9: Why a Slack Constraint Has Price Zero

 
  ⋆ ⋆  Explain,
in your own words, why a constraint that is not binding at the optimal solution must have
shadow price  0.
Give two arguments:
     
 
	
  1. 
	A geometric or economic argument: what happens to the optimal solution
     when you add a little more of a resource you are not fully using?
     
	
  2. 
	A   dictionary   argument:   if   the   slack   variable   of   constraint   
     i
     is  basic  and  positive  in  the  final  dictionary,  why  does  perturbing  
     bi
     by a small  Δ
     leave    the    objective    row    unchanged?    (The    perturbation    of    
     b2
     in §10.2 is a worked instance.)


[§10.2, §10.1]


 
Exercise 10.10: Why Ranges Exist at All

 
  ⋆ ⋆ 
Every quantity in a sensitivity report comes with an allowable range. Explain
why.
                                                                  

                                                                  
     
 
	
  1. 
	What single object stays fixed throughout a sensitivity computation, and
     what two kinds of conditions (one for RHS changes, one for cost changes)
     must it continue to satisfy?
     
	
  2. 
	Why      is      the      effect      of      a      data      change      on      
     z∗
     linear inside the range?
     
	
  3. 
	What  happens,  in  terms  of  the  simplex  method,  the  moment  a
     perturbation crosses an endpoint of its range?


[§10.1, §10.2, §10.3]


 
Exercise 10.11: When the Shadow Price Prediction Breaks

 
  ⋆ ⋆ 
Consider the LP 
 
	
 
                max ⁡ x1 + x2 s.t. x1 ≤ 1,x2 ≤ 1,x1 + x2 ≤ 2,x1,x2 ≥ 0,



whose optimal solution is  (1,1)
with  z∗ = 2.
Note that all three constraints are tight there, but only two of them are needed to
define the vertex: the optimal solution is degenerate.
     
 
	
  1. 
	Show that increasing  b3
     from  2
     to  3
     does not change  z∗,
     while decreasing  b3
     from  2
     to  1
     decreases  z∗
     by  1.
                                                                  

                                                                  
     
	
  2. 
	What,  then,  is  “the”  shadow  price  of  the  third  constraint?  Explain
     informally why a single number cannot describe both directions here.
     
	
  3. 
	Why should you be cautious when reading the shadow price of a degenerate
     LP from a solver report?


[§10.2, §10.5]

 
Challenge problems


 
Exercise 10.12: Pushing Past the Range

 
  ⋆ ⋆⋆ 
Construct a linear program with a constraint whose shadow price is some 
p > 0
such that increasing the right-hand side of that constraint by 
1 increases the optimal
value by exactly  p,
but increasing it by  5
increases the optimal value by strictly less than 
5p.
Explain what happens at the boundary of the allowable range that makes
the prediction fail, and verify your construction by solving the perturbed
LPs. (Hint: the running example of this chapter already contains such a
constraint.)

 
[§10.2, §10.1]

 


 

Selected Solutions 

Solution

 
(Exercise 10.4)
     
 
	
  1. 
	Both    constraints    are    binding    at    the    optimum:    solving    
     x1 + 2x2 = 16
     and  3x1 + 2x2 = 24
     gives  (x1,x2) = (4,6)
     with  z∗ = 5(4) + 6(6) = 56.
     
	
  2. 
	The basis is  B = {x1,x2}
     with 	
                                                                  

                                                                  
      
AB =   [  1  2   3   2                                                                                           ],AB−1 =   [  −1
2      1 
2    
     3 
4      −1
4                                                                                                            ] ,



     so the shadow prices are  y⊤ ⁡ = cB⊤ ⁡AB−1 = [5,6]AB−1 = [2,1]:
     an assembly hour is worth $2 and a machine hour $1.
     
 

	
  3. 
	With  b = (b1,24),
     feasibility of  xB = AB−1b =  (−b1 
 2  + 12,3b1 
  4   − 6) ≥0
     gives  8 ≤ b1 ≤ 24,
     with  z = 56 + 2(b1 − 16)
     inside the range. With  b = (16,b2),
     feasibility of    (b2 
 2  − 8,12 − b2 
 4  ) ≥0
     gives  16 ≤ b2 ≤ 48,
     with  z = 56 + (b2 − 24).
     
	
  4. 
	With  cB = (c1,6)
     the dual prices are    (−c1 
 2  + 9 
2,c1 
 2  − 3 
2 );
     both nonnegative exactly when  3 ≤ c1 ≤ 9.
     With  cB = (5,c2)
     the dual prices are    (3c2 
  4   − 5 
2,5 
2 − c2 
 4  ),
     giving  10
 3  ≤ c2 ≤ 10.
     
	
  5. 
	Software confirms: at  b1 = 8
     the solution is  (8,0)
     with  z = 40 = 56 + 2(−8),
     at  b1 = 24
     it is  (0,12)
     with  z = 72 = 56 + 2(8),
     and just outside these values the duals change, signaling a new basis.


Solution

 
(Exercise 10.6)
     
 
	
  1. 
		
                                                                  

                                                                  
      
xB = AB−1b =   [  −2    1     3   −1
                                                                                                     ]  [   6    15                                                                                              ] =   [  3   3                                                                                                ],



     so  (x1,x2) = (3,3) ≥0
     is     a     feasible     basic     solution     with     objective     value     
     z = 5(3) + 4(3) = 27.
     
 

	
  2. 
	Replacing  b1
     by a variable value, 	
      
xB(b1) = AB−1  [   b1  
   15                                                                                               ] =   [  −2b1 + 15 
    3b1 − 15                                                                                       ] ≥0⇔5 ≤ b1 ≤ 7.5.



     
	
  3. 
	The dual prices are  y⊤ ⁡ = cB⊤ ⁡AB−1 = [5,4]AB−1 = [2,1],
     so the reduced costs of the nonbasic slacks are 
     c¯s1 = −y1 = −2 and 
     c¯s2 = −y2 = −1;
     both are nonpositive, confirming optimality (equivalently, 
     z = 27 − 2s1 − s2). With 
     c1 variable,
      y(c1)⊤ ⁡ = [c1,4]AB−1 = [−2c1 + 12,c1 − 4],
     and the basis stays optimal while both components are nonnegative:
     	
                                                                  

                                                                  
      
                       −2c1 + 12 ≥ 0 and c1 − 4 ≥ 0⇔4 ≤ c1 ≤ 6.



     


Solution

 
(Exercise 10.8) At the optimal solution 
(x1,x2) = (7.5,5) both constraints
are binding:  4(7.5) + 2(5) = 40
and  2(7.5) + 3(5) = 30.

 

     
 
	
  1. 
	The shadow price of wood is  y1 = 11.25:
     one additional board-foot of wood increases the optimal profit by $11.25
     (as long as the basis does not change). The shadow price of labor is 
     y2 = 2.50:
     one additional hour of labor is worth $2.50 at the margin.
     
	
  2. 
	Two    additional    board-feet    increase    profit    by    approximately    
     2 × 11.25 = $22.50,
     from $525 to $547.50. (This is exact here: the wood RHS can range from 
     20
     to  60
     before the basis changes, and  42
     is well inside that range.)
     
	
  3. 
	Wood     is     more     valuable     at     the     margin,     since     
     11.25 > 2.50:
     a unit of wood buys more additional profit than a unit of labor.


Solution

 
(Exercise 10.12) The running example of this chapter works. Its hours constraint 
x + y ≤ 9 has shadow
price  p = 1, valid
                                                                  

                                                                  
for  7 ≤ b1 ≤ 10 (allowable
increase  1).
Increasing  b1
by  1 to 
10 raises the optimal
value from  23
to  24,
exactly  p.
Increasing  b1
by  5 to 
14 raises it only
to  24, not to 
23 + 5 = 28: solving the
LP with  b1 = 14 gives
the optimum  (x,y) = (6,4)
determined by the flour and sugar constraints, and 
z∗ = 2(6) + 3(4) = 24. At the range
boundary  b1 = 10 the
basic variable  s2
hits  0 and the
basis changes; beyond it the hours constraint is no longer binding, so its shadow price drops to 
0 and further
increases in  b1
buy nothing. In general, the optimal value is a piecewise-linear concave function of 
b1, and
the shadow price is only its slope on the current piece.
                                                                  

                                                                  

 



 




Chapter 11
Duality   

Learning Outcomes

 
You will learn 
 

     
     	
     How to derive a bound on the optimal objective value
     
 


     	
     How to reformulate the problem into a dual with a different interpretation
     
 


     	
     Correspondence between the primal (original) and dual problems
 



Try it out visually!

 
Primal-to-Dual Construction: build the dual one multiplier at a time, exactly as
in this chapter.

 
Duality and Sensitivity Explorer: the primal, the dual, and the shadow prices,
live.

 
Dual Simplex Method: a further topic to explore after this chapter.
     
 

     A  rival  baker  knocks  on  your  door  with  an  offer:  “Don’t  bake
     tomorrow. Sell me your whole pantry (every unit of flour and sugar)
     and take the day off.” You would only accept if the payment beats
     every plan you could bake yourself, so the rival must price each
     ingredient carefully: the ingredients that go into one cake must fetch
     at least a cake’s profit, and likewise for cookies; otherwise you would
     simply say no and bake. The rival, of course, wants the cheapest offer
     that convinces you. That cheapest convincing offer turns out to equal
     your best baking profit exactly. Finding the rival’s prices is a linear
     program too: the dual of yours.
 


11.1    Duality Theory 

                                                                  

                                                                  


 

Motivating Example 

Imagine you run a small bakery that makes two products: cakes (
x1) and
cookies ( x2).
Your goal is to maximize your daily profit. Cakes yield a profit of $3 each, and
cookies yield $2 each. You are limited by the ingredients you have on hand: you
have at most 4 units of flour and 5 units of sugar available each day. Each
cake requires 1 unit of flour and 2 units of sugar, while each cookie requires
1 unit of flour and 1 unit of sugar. We can write this scenario as a linear
program:

 
	
 
 max ⁡         3x1 + 2x2     (maximize total profit)
subject to x1 + x2 ≤ 4  (flour constraint)
              2x1 + x2 ≤ 5(sugar constraint)
              x1,x2 ≥ 0.
                                                                                        



Here,  x1 is the number of
cakes you bake, and  x2
is the number of cookies. The constraints limit how many of each product you can
produce given your resources.

 
Now, suppose a friend is not sure that you are telling the truth about the maximum
profit you can make. They ask, “Can you prove an upper bound on how much money
you could possibly earn with these ingredient constraints, without actually solving
the problem?”

 


 

Intuition Behind Duality 

Consider the constraints in the problem. Each one puts a cap on how large the combination
of  x1
and  x2
                                                                  

                                                                  
can be. If we think of them separately:

 

     
     	
     The flour constraint:  x1 + x2 ≤ 4.
     
 


     	
     The sugar constraint:  2x1 + x2 ≤ 5.
 



Now, what if we take some nonnegative multipliers 
y1 and 
y2 and combine
these inequalities into one single inequality? For instance, multiply the flour constraint by 
y1 ≥ 0 and the sugar
constraint by  y2 ≥ 0
and add them up:

 
	
 
                       y1(x1 + x2) + y2(2x1 + x2) ≤ y1(4) + y2(5).



Grouping the terms by  x1
and  x2
gives:

 
	
                                                                  

                                                                  
 
                       (x1(y1 + 2y2)) + (x2(y1 + y2)) ≤ 4y1 + 5y2.



If we choose  y1
and  y2 cleverly,
we can force the left-hand side to be an expression that is always at least as large as our profit
function  3x1 + 2x2.
Specifically, we want

 
	
 
                                 y1 + 2y2 ≥ 3andy1 + y2 ≥ 2.



Why? Because if the coefficients on  x1
and  x2
in our combined inequality dominate those in our profit function,
then the upper bound on the combined inequality’s right-hand side (
4y1 + 5y2) will also serve as an upper
bound on the profit  3x1 + 2x2.
This ensures:

 
	
                                                                  

                                                                  
 
                 3x1 + 2x2 ≤ (y1 + 2y2)x1 + (y1 + y2)x2 ≤ 4y1 + 5y2.



Thus, by choosing  y1
and  y2,
we obtain a valid upper bound on the maximum profit. If we try to minimize 
4y1 + 5y2 over
all  y1,y2 ≥ 0
that satisfy these inequalities, we find the best (smallest) upper bound on our
original problem.

 
The whole argument is a pipeline: it starts from the constraints you already have
and ends at a new optimization problem. Figure 11.1 summarizes it. The
key step is the last one: searching for the best certificate is itself a linear
program.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Four-step flowchart deriving the dual: start with the primal constraints x1+x2<=4 (flour) and 2x1+x2<=5 (sugar); multiply by y1, y2 >= 0 and add them into one inequality; choose y so the left side dominates the profit 3x1+2x2, giving the certificate 3x1+2x2 <= 4y1+5y2; finally minimize the bound over all valid y, producing the dual LP: min 4y1+5y2 subject to y1+2y2>=3, y1+y2>=2, y>=0.] 


 
Figure 11.1:     From     constraints     to     the     dual:     every     feasible     
y
certifies an upper bound on profit, and the dual LP finds the best certificate. 
                                                                  

                                                                  


Learning Checkpoint 11.1.1

 
In the bakery problem, take multipliers 
y1 = 3 and 
y2 = 0.
Verify that this choice satisfies both dominance conditions, and compute the
resulting upper bound on profit. Then compare it with the bound from 
y1 = 1,y2 = 1.
Which certificate is better? Can you find one better still?

 

General Derivation of the Dual 

We started with the primal problem in a general form:

 
	
 
 max ⁡         c⊤ ⁡x    
subject to Ax ≤b
            x ≥ 0.
                                                                                        



Each constraint  ai ⋅ x ≤ bi
(where  ai is the 
i-th row of
 A) is valid for
all feasible  x.
If we take a nonnegative combination of these constraints, say with multipliers 
yi ≥ 0, we
get:

 
	
                                                                  

                                                                  
 
                              ∑
  i=1my
i(ai ⋅x) ≤∑
  i=1my
ibi.



This can be written as:

 
	
 
                              (∑
  i=1my
iai) ⋅x ≤∑
  i=1my
ibi.



If we choose  y
such that   ∑ ⁡
  i=1myiai ≥ c, then
for all feasible  x
(since  x ≥ 0):

 
	
 
                         c⊤ ⁡x ≤ (∑
  i=1my
iai) ⋅x ≤∑
  i=1my
ibi.



                                                                  

                                                                  
So,  b⊤ ⁡y = ∑ ⁡
  i=1myibi is
an upper bound on the maximum primal objective value. By minimizing over all such
 y, we
seek the tightest upper bound:

 
	
 
 min ⁡         b⊤ ⁡y     
subject to A⊤ ⁡y ≥c
            y ≥ 0.
                                                                                        



This is the dual problem. In our bakery scenario, this dual formulation corresponds to adjusting
the prices (the  y
values can be thought of as “shadow prices”) you would assign to each ingredient such
that if you charge yourself for using these ingredients at these shadow prices, you
end up with the smallest possible “bill” that still always surpasses or equals
your maximum possible profit. The Strong Duality Theorem ensures that
the optimal primal value equals the optimal dual value. This is precisely
the rival baker’s problem from the start of the chapter: the constraints 
A⊤ ⁡y ≥c
say the offer must beat baking, product by product, and the objective 
 min ⁡ b⊤ ⁡y is the
rival shopping for the cheapest offer that still convinces you.

 
From the above reasoning, we have shown that if 
x is feasible for the
primal and  y is feasible
for the dual, then  c⊤ ⁡x ≤b⊤ ⁡y.
In other words, the value of any feasible primal solution is always bounded above by
the value of any feasible dual solution. This inequality is called weak duality; we state
it as a theorem in the next section.

 
Weak duality is not specific to linear programming; the same kind of bound appears
in many other classes of optimization problems. In the special case of linear programs
(and certain other problem classes), we can say even more: there exist optimal
solutions for both problems whose objective values match. This result is known as the
Strong Duality Theorem.
                                                                  

                                                                  

 


 

11.2    Primal-Dual Pairs and Strong Duality 

Learning Outcomes

 

     
     	
     Learn the two most important theorems in Linear Programming!!!
 



Consider the following pair of linear programs, known as a primal-dual pair. The primal problem (P) has
 n decision variables and
 m constraints, while the
dual problem (D) has  m
decision variables and  n
constraints.

 


     
 
	
      
 max ⁡ c⊤ ⁡x                                            
s.t.   Ax ≤b
      x ≥ 0
       (Here, x ∈ ℝn and A is an m × n matrix.)
       

                                                                                                        



auto

 

                                                                  

                                                                  
     
 

     	
      
 min ⁡ b⊤ ⁡y                                
s.t.  A⊤ ⁡y ≥c
     y ≥ 0
      (Here, y ∈ ℝm, so the dual has 
      m variables and n constraints.)
                                                                                                        



     



From weak duality, we know that for any feasible 
x in (P) and
any feasible  y
in (D), it holds that: 
 
	
 
                                            c⊤ ⁡x ≤b⊤ ⁡y.



This indicates that the optimal value of the dual problem is always an upper bound
on the optimal value of the primal problem.

                                                                  

                                                                  

 
Theorem 11.1: Weak Duality

 
For any feasible solution  x
of the primal problem (P) and any feasible solution 
y of the
dual problem (D), 
 
	
 
                                            c⊤ ⁡x ≤b⊤ ⁡y.



Weak duality theorems appear in many classes of optimization problems. In the
special case of linear programs (and some other structured problems), we
also have a stronger result, known as the Strong Duality Theorem. This
theorem completely characterizes the relationship between the primal and dual
solutions:


 
Theorem 11.2: Strong Duality

 
For a primal-dual pair of linear programs: 
 
	
 
(P)max ⁡ c⊤ ⁡x                   
    subject to Ax ≤b,x ≥ 0,
                                                                                        (D)min ⁡ b⊤ ⁡y                    
     subject to A⊤ ⁡y ≥c,y ≥ 0,
                                                                                        



the following cases hold:
     
 
	
  1. 
	If (P) is unbounded, then (D) must be infeasible.
                                                                  

                                                                  
     
	
  2. 
	If (D) is unbounded, then (P) must be infeasible.
     
	
  3. 
	If both (P) and (D) have feasible solutions and are bounded, then both have optimal
     solutions  x∗
     and  y∗
     respectively, and 	
      
                                          c⊤ ⁡x∗ = b⊤ ⁡y∗.



     



Example 11.3: Dual Infeasibility from Primal Unboundedness

 
Consider the following linear program: 
 
	
 
maximize x1                 
subject tox1 − x2 ≤ 1
             2x1 − x2 ≤ 3
             x1,x2 ≥ 0
                                                                                                       



                                                                  

                                                                  
As shown in Example 7.18, this primal problem is unbounded.
After applying the simplex method, we found that when 
s1 enters
the basis, there is no constraint preventing it from growing indefinitely, and the
objective increases without bound. Therefore, the primal is unbounded.

 
Now, consider the dual of this problem: 
 
	
 
minimize y1 + 3y2         
subject toy1 + 2y2 ≥ 1
              − y1 − y2 ≥ 0
             y1,y2 ≥ 0
                                                                                                       



To determine the status of the dual, we apply the simplex method using
the Big-M technique to initialize feasibility. The auxiliary variable 
a1 is
introduced to handle the infeasibility of the initial basic solution.

 
First dictionary (with Big-M penalty): 
 
	
 
                           Maximize  − y1 − 3y2 − 1000a1



	
                                                                  

                                                                  
 
subject to  {  w1 = −1 + y1 + 2y2 + a1
  w2 = 0 − y1 − y2                                                                                                    



Setup: price out  a1 (not a
pivot). At  y1 = y2 = 0 the first equation
gives  w1 = −1, which is infeasible.
We instead make  a1 basic:
solve the first equation for  a1
and substitute it into the objective. This is a rewriting of the same system, not a
simplex pivot; it produces a feasible starting dictionary whose objective row carries
the Big-M penalty.

 
Second dictionary: 
 
	
 
                   Maximize  − 1000 + 999y1 + 1997y2 − 1000w1



	
                                                                  

                                                                  
 
subject to  {  a1 = 1 − y1 − 2y2 + w1
  w2 = 0 − y1 − y2                                                                                                   



Pivot: Enter  y2,
leave  w2. The
coefficient of  y2
in the objective is positive, and the ratio test selects 
w2 (a degenerate
pivot:  y2 enters
at value  0).

 
Final dictionary: 
 
	
 
                   Maximize  − 1000 − 998y1 − 1000w1 − 1997w2



	
 
subject to  {  a1 = 1 + y1 + w1 + 2w2
  y2 = 0 − y1 − w2                                                                                                    



In this final dictionary, all variables in the objective function
have non-positive coefficients, but the artificial variable 
a1 remains in the basis with
                                                                  

                                                                  
a positive value. Since  a1 > 0
at termination, we conclude that the original dual problem is infeasible.

 
Conclusion via Strong Duality: This is exactly what strong duality predicts:
because the primal problem is unbounded, the dual must be infeasible, and the
Big-M computation confirms it directly.

 


 

11.2.1    Economic Interpretation of the Dual 

Duality in linear programming has a natural economic interpretation: the dual
variables represent the value of resources or constraints in the primal problem. These
values are commonly known as shadow prices.


 
Definition 11.4: Shadow Price

 
The shadow price of a constraint in a linear program tells us how much the optimal
objective value would change if we slightly increased the right-hand side of that
constraint by one unit, while keeping everything else fixed.

 
In a maximization problem, a shadow price represents the increase in value per
additional unit of a scarce resource. In a minimization problem, it represents the
decrease in cost.

 
Interpretation: If a constraint represents the availability of a resource (e.g.,
time, material), then its shadow price reflects the marginal value of that
resource: how much the objective would improve if you had one more unit of
it.

 
Mathematically: If the constraint  ai⊤ ⁡x ≤ bi
has corresponding dual variable  yi∗,
then: 
 
	
 
                                  Shadow price = dz∗ 
dbi  = yi∗



                                                                  

                                                                  
where  z∗ is
the optimal value of the objective function.

 

Units and Interpretation: 
The units of a shadow price match the units of the objective function (e.g., dollars of
profit) per unit of the resource (e.g., kilograms of flour, hours of labor). If 
y2 = 50 in
the bakery example, and the constraint corresponds to sugar (in kg), then
each additional kg of sugar would allow the bakery to increase profit by
$50.


 
Example 11.5: The Bakery Revisited

 
Consider the primal problem:

 


 
 
maximize 3x1 + 2x2                 
subject tox1 + x2 ≤ 4(Flour)
             2x1 + x2 ≤ 5(Sugar)
             x1,x2 ≥ 0
                                                                                                       



 
The dual problem is:

 

                                                                  

                                                                  

 
 
minimize 4y1 + 5y2     
subject toy1 + 2y2 ≥ 3
             y1 + y2 ≥ 2
             y1,y2 ≥ 0
                                                                                                       



 
If the optimal dual solution is  y1∗ = 1,y2∗ = 1,
then:

 

     
     	
     The shadow price of flour is 1: each extra unit of flour increases profit by
     $1.
     
 


     	
     The shadow price of sugar is 1: each extra unit of sugar increases profit
     by $1.
 





 

The Dual of the Running Example 

We can now close the loop with the running example of Chapters 7–10. Its primal
and dual are: 
 
	
                                                                  

                                                                  
 
 max ⁡ 2x + 3y     
 s.t.  x + y ≤ 9   (hours)
       2x + y ≤ 16(flour) 
       x + 2y ≤ 14(sugar)
       x,y ≥ 0
                                                                                                       min ⁡ 9y1 + 16y2 + 14y3
 s.t. y1 + 2y2 + y3 ≥ 2 (x column)
      y1 + y2 + 2y3 ≥ 3 (y column)
      y1,y2,y3 ≥ 0.
                                                                                        



In Chapter 10 we computed the shadow prices of this problem from the final
dictionary: $1 per hour, $0 per unit of flour, $1 per unit of sugar. Try that vector, 
y∗ = (1,0,1),
in the dual. It is feasible (the first constraint gives 
1 + 0 + 1 = 2 ≥ 2 and the
second gives  1 + 0 + 2 = 3 ≥ 3,
both tight), and its objective value is 
 
	
 
                                   9(1) + 16(0) + 14(1) = 23,



exactly the optimal primal profit. By weak duality no dual solution can do better, so the
shadow prices are the optimal dual solution. Note also that flour, the resource with slack at the
optimum ( s2 = 3),
is precisely the one priced at zero, a pattern we will formalize as complementary
slackness.

 
You can experiment with this yourself: drag the multipliers on the three constraints
in the Desmos duality explorer (backup interactive plot) and watch the combined
inequality sweep across the feasible region. Every valid combination of multipliers
gives an upper bound on the profit, and the best one touches the optimal
vertex.


 
Example 11.6: A Larger Example: Bakery 2.0

 
The primal problem describes a bakery optimizing the production of cakes, cookies,
and muffins to maximize profit. The constraints represent limited resources: flour,
                                                                  

                                                                  
sugar, and baking time. The dual problem attaches a shadow price to each of these
resources, reflecting their marginal value.

 
Primal Problem:

 
 
max ⁡ 90x1 + 40x2 + 70x3                        
s.t.   5x1 + 4x2 + x3 ≤ 40(Flour)
       x1 + x2 + x3 ≤ 10(Sugar)
       x1 + x2 + 0.5x3 ≤ 7(Baking Time)
       x1,x2,x3 ≥ 0
                                                                                                       

 Optimal Primal Solution:

 
 
                   x1 = 4,x2 = 0,x3 = 6,Objective Value  = 780

 Dual Problem:
                                                                  

                                                                  

 
 
min ⁡ 40y1 + 10y2 + 7y3                   
s.t.  5y1 + y2 + y3 ≥ 90(Cakes)
      4y1 + y2 + y3 ≥ 40(Cookies)
      y1 + y2 + 0.5y3 ≥ 70(Muffins)
      y1,y2,y3 ≥ 0
                                                                                                       

 Optimal Dual Solution:

 
 
                  y1 = 0,y2 = 50,y3 = 40,Objective Value  = 780



 


 

Interpretation of Shadow Prices 

     
     	
      y1 = 0:
     The  shadow  price  of  flour  is  $0.  This  implies  the  flour  constraint  is
     non-binding: the bakery is not using all 40 kg of flour. Increasing flour
     supply would not increase profit.
     
 


     	
      y2 = 50:
     The shadow price of sugar is $50. Each additional kilogram of sugar allows
     the bakery to increase profit by $50. The sugar constraint is binding.
                                                                  

                                                                  
     
 


     	
      y3 = 40:
     The shadow price of baking time is $40 per hour. Baking time is fully used
     and limits production. Gaining one more hour would allow an increase in
     profit by $40.
 





 

Complementary Slackness Verification 

From the primal solution: 
 

     
     	
     The         flour         constraint        is         not         tight          
      ⇒
       y1 = 0
     
 


     	
     The sugar constraint is tight    ⇒
       y2 > 0
     
 


     	
     The        baking        time        constraint       is        tight         
      ⇒
       y3 > 0
 



These relationships satisfy the complementary slackness conditions:

 


 
 
           yi > 0 ⇒Constraint i is tight,Constraint i not tight ⇒ yi = 0

                                                                  

                                                                  


 
Sensitivity Analysis: Marginal Value of Resources Assuming the current basis
remains optimal, the increase in maximum profit from one additional unit of:

 

     
     	
     Flour = $0
     
 


     	
     Sugar = $50
     
 


     	
     Baking Time = $40
 



The dual solution not only validates the primal objective value (via strong duality),
but also assigns economic meaning to each constraint. Shadow prices tell you how
much you would be willing to pay for more of each resource, a foundational concept
in operations, pricing, and planning.

 

When Are Shadow Prices Meaningful? 
Shadow prices are meaningful only when:

 

     
     	
     The constraint is binding (i.e., tight) at the optimal solution.
     
 


     	
     The problem satisfies strong duality (which always holds for feasible and
     bounded linear programs).
     
 


     	
     The right-hand side is perturbed slightly (local sensitivity).
 



If a constraint is not tight, then its shadow price is 0: the resource is not limiting the
optimal solution.
                                                                  

                                                                  

 

Connection to the Dual Problem: 
In the dual problem: 
 

     
     	
     The objective function is the total value of resources, priced at shadow
     prices.
     
 


     	
     The constraints ensure that no activity in the primal makes more profit
     than it costs, when inputs are valued at shadow prices.
 



This ensures equilibrium: no profitable arbitrage is possible, and every unit of
constrained resource is priced at its true marginal value.

 
Summary of Shadow Price Properties: 
 

     
     	
     A shadow price represents how much you would pay for an extra unit of
     a constrained resource.
     
 


     	
     It is equal to the dual variable corresponding to the constraint.
     
 


     	
     It reflects the marginal value of relaxing that constraint.
     
 


     	
     Shadow prices are only nonzero for binding constraints.
 



     
     	
     If a resource is fully used and limits optimality, its shadow price is positive.
     
 


     	
     If a resource is unused or abundant, its shadow price is zero.
 



                                                                  

                                                                  


 

11.3    Different Primal–Dual Forms 

The form of a dual problem depends on the primal’s objective (maximize or
minimize), inequality directions, and sign constraints on variables. Rather than
memorizing a separate rule for every combination, it helps to see a few representative
primal–dual pairs side by side and notice the pattern: constraint types in one
problem control variable signs in the other, and vice versa. We walk through four
common cases below.

 

Case 1: Maximization with   =
constraints (standard form). 
When the primal constraints are equalities, we may combine them with multipliers of
any sign, so the dual variables come out free. This is the form produced by
adding slack variables, so it is the version most often seen inside the simplex
method.

 


     
 
	
      
 max ⁡ c⊤ ⁡x    
s.t.   Ax = b
      x ≥ 0
                                                                                                       



auto

 

                                                                  

                                                                  
     
 

     	
      
 min ⁡ b⊤ ⁡y     
s.t.  A⊤ ⁡y ≥c
     y free
                                                                                                        



     



Case 2: Minimization with   ≥
constraints. 
Duality is symmetric: a minimization primal produces a maximization dual, and the
roles of  b
and  c
swap. Note how the direction of the constraints and the sign restrictions mirror the
maximization case.

 


     
 
	
                                                                  

                                                                  
      
 min ⁡ b⊤ ⁡x   
s.t.  Ax ≥c
     x ≥ 0
                                                                                                       



auto

 

     
 

     	
      
 max ⁡ c⊤ ⁡y      
s.t.   A⊤ ⁡y ≤b
      y ≥ 0
                                                                                                       



     



Case 3: Free variables in the primal. 
If a primal variable is free, we lose the ability to relax its coefficient: the bound
argument only works when the dual coefficients match the objective exactly. Free
primal variables therefore force equality constraints in the dual.

 


                                                                  

                                                                  
     
 
	
      
 max ⁡ c⊤ ⁡x    
s.t.   Ax ≤b
      xfree
                                                                                                        



auto

 

     
 

     	
      
 min ⁡ b⊤ ⁡y     
s.t.  A⊤ ⁡y = c
     y ≥ 0
                                                                                                       



     



                                                                  

                                                                  
Case 4: Sign variations in primal variables and constraints. 
The remaining variations all follow from the same bounding logic. Each rule below
can be checked by asking: what must be true of the multipliers for the combined
constraint to bound the objective?

 

     
     	
     If a primal variable  xj
     is unrestricted (free), the corresponding dual constraint is an equality.
     
 


     	
     If  xj ≤ 0,
     the dual constraint becomes  ≤
     instead of  ≥.
     
 


     	
     If a primal constraint  ai⊤ ⁡x ≤ bi
     is changed to  ≥ bi,
     then   the   sign   constraint   on   the   corresponding   dual   variable   
     yi
     flips.
 



This shows how each component in the primal affects the dual, in particular how
inequality direction and sign restrictions control the dual variable domain and
constraint form.

 
As you can see, changing the primal’s constraints and variable domains changes the
structure of the dual problem. Every such transformation has a corresponding
primal-dual pair that maintains the duality principles. In each case, the weak and
strong duality theorems still apply.


 
Learning Checkpoint 11.3.1

 
Without writing out a full derivation, predict the form of the dual of 
 
	
                                                                  

                                                                  
 
                                   min ⁡ c⊤ ⁡xs.t.Ax ≥b,x ≥ 0.



Is the dual a maximization or minimization? Are the dual variables sign-restricted or
free? Are the dual constraints inequalities or equalities?

 


 

Deriving the Dual with Equality Constraints 

Let us now consider a variation of our previous derivation of the dual problem. This time,
our primal problem (P) will have equality constraints rather than inequalities, and all
variables will remain nonnegative. For example, consider the following linear program with
 m = 2 equality
constraints and  n = 4
variables:

 
	
 
 max ⁡         2x1 + 3x2 − x3 + x4         
subject to x1 + x2 + 0 ⋅ x3 + x4 = 10
              2x1 + x2 − x3 + 0 ⋅ x4 = 5
              x1,x2,x3,x4 ≥ 0.
                                                                                        



In matrix form, if we let 
 
	
                                                                  

                                                                  
 
A =   [ 1  1    0    1   2   1   −1   0                                                                                ],b =   [ 10   5                                                                                              ],c =   [   2     3
 −1   1                                                                                              ],



our primal problem is: 
 
	
 
                             max ⁡ c⊤ ⁡xsubject to Ax = b,x ≥ 0.





 

Forming a Bound Using Combinations of Equalities 

Previously, when we had inequalities, we formed upper bounds on the objective by
taking nonnegative linear combinations of the constraints. Now, since we have
equalities, we are free to choose any real multipliers for these constraints
(positive, negative, or zero), and the resulting combination will still hold as an
equality. This is because any scalar multiple of an equation remains a valid
equation.

 
Let  y1
and  y2
be arbitrary real numbers, and form the linear combination: 
 
	
                                                                  

                                                                  
 
                    y1(x1 + x2 + x4 = 10)andy2(2x1 + x2 − x3 = 5).



Adding these together gives: 
 
	
 
                y1x1 + y1x2 + y1x4 + y2(2x1 + x2 − x3) = 10y1 + 5y2.



Collecting terms by variable: 
 
	
 
            x1(y1 + 2y2) + x2(y1 + y2) + x3(−y2) + x4(y1) = 10y1 + 5y2.



Since  x ≥ 0, if
we want the left-hand side to serve as an upper bound on our objective function 
2x1 + 3x2 − x3 + x4 for all feasible
 x, we need the
coefficients of each  xj
in the combined inequality to dominate those in the objective. Specifically, we want:

 
	
                                                                  

                                                                  
 
       y1 + 2y2 ≥ 2,y1 + y2 ≥ 3, − y2 ≥−1(which implies y2 ≤ 1),y1 ≥ 1.



If these inequalities hold, then for every feasible 
x:

 
	
 
2x1+3x2−x3+x4 ≤(y1+2y2)x1+(y1+y2)x2+(−y2)x3+(y1)x4 = 10y1+5y2.



Thus,  10y1 + 5y2 is an upper bound
on the maximal value of  2x1 + 3x2 − x3 + x4.
Since  y1 and 
y2 are unrestricted in sign,
we can try to minimize  10y1 + 5y2
subject to ensuring these dominance conditions.

 


 

The Dual Problem 

In the general setting with equality constraints and nonnegative primal variables, the
dual variables associated with these equality constraints are free (they can be
positive, negative, or zero). The process we followed above leads us to the dual
problem: 
 
	
                                                                  

                                                                  
 
                                     min ⁡ b⊤ ⁡y = 10y
1 + 5y2



subject to the condition that  A⊤ ⁡y ≥c,
i.e.: 
 
	
 
  [  1    2     1   1
 0  −1   1   0                                                                                         ]  [ y1  
   y2                                                                                                                       ]  ≥  [ 2     3
 −1   1                                                                                              ].



In our numeric example, minimizing  10y1 + 5y2
subject to these four inequalities gives the optimal dual solution 
y∗ = (2,1) with value
 25; the constraints
coming from  x2
and  x3
are tight there, while the other two hold with strict inequality. More generally, the
dual problem corresponding to 
 
	
                                                                  

                                                                  
 
                              max ⁡ c⊤ ⁡xsubject to Ax = b,x ≥ 0



is 
 
	
 
                            min ⁡ b⊤ ⁡ysubject to A⊤ ⁡y ≥c,y free.



The absence of sign restrictions on  y
is a direct consequence of using equalities in the primal. Since no direction of
inequality is fixed, you are free to “add” or “subtract” the given equations as you
please, hence no sign constraints emerge on the dual variables.


 
Example 11.7: Example with Inequalities and Free Variables

 
Now consider a primal problem with three inequality constraints and two free
variables. Suppose:

 


     
 
	
                                                                  

                                                                  
      
 max ⁡ 3x1 − 2x2         
s.t.   x1 + x2 ≤ 10
       2x1 − x2 ≤ 5
        − x1 + 3x2 ≤ 7
       x1 free, x2 free
                                                                                                        



auto

 

     
 

     	
      
 min ⁡ 10y1 + 5y2 + 7y3                         
s.t.  y1 + 2y2 − y3 = 3(coeff. of x1)
      y1 − y2 + 3y3 = −2(coeff. of x2)
      y1,y2,y3 ≥ 0
                                                                                                       



     



Here,  x1
and  x2
can be positive or negative.

 
We can write this in a compact matrix form. Let: 
 
	
                                                                  

                                                                  
 
A =   [   1      1     2   −1
 −1    3                                                                                          ],b =   [ 10   5
  7                                                                                                ],c =   [   3     −2                                                                                              ].



Then (P) is: 
 
	
 
                          max ⁡ c⊤ ⁡xsubject to Ax ≤b, and x free.



To create a bound on  3x1 − 2x2,
we take nonnegative combinations of the constraints. Let 
y1,y2,y3 ≥ 0 be
the multipliers for the three constraints:

 
	
 
         y1(x1 + x2) + y2(2x1 − x2) + y3(−x1 + 3x2) ≤ 10y1 + 5y2 + 7y3.



Combining like terms in  x1
and  x2:

 
	
                                                                  

                                                                  
 
             x1(y1 + 2y2 − y3) + x2(y1 − y2 + 3y3) ≤ 10y1 + 5y2 + 7y3.



We want this inequality to hold for all 
x1,x2 free. If 
y1 + 2y2 − y3 > 3, then by
choosing  x1
large and positive, we could make the left side arbitrarily large, violating the bound.
If  y1 + 2y2 − y3 < 3, by
choosing  x1
large and negative, we break the bound. The only way to always hold the inequality
is to have exact equality:

 
	
 
                                        y1 + 2y2 − y3 = 3.



Similarly, for  x2:

 
If  y1 − y2 + 3y3 > −2, we could
send  x2 to 
 −∞ to break the
bound. If  y1 − y2 + 3y3 < −2, we
could send  x2
to  ∞.
Again, the only safe choice is equality:

 
	
                                                                  

                                                                  
 
                                       y1 − y2 + 3y3 = −2.



Thus, the dual constraints must be equalities. The dual problem is:

 
	
 
Dual (D):min ⁡         10y1 + 5y2 + 7y3    
subject to y1 + 2y2 − y3 = 3
              y1 − y2 + 3y3 = −2
              y1,y2,y3 ≥ 0.
                                                                                        



From our derivation, the dual problem (D) becomes: 
 
	
 
                                 min ⁡ b⊤ ⁡y = 10y
1 + 5y2 + 7y3



subject to: 
 
	
                                                                  

                                                                  
 
  [  1    2    −1   1   −1   3                                                                                  ]  [ y1  
   y2  
   y3                                                                                                                       ]  =   [   3     −2                                                                                              ],



and 
 
	
 
                                           y1,y2,y3 ≥ 0.



Summarizing, we have

 


     
 
	
                                                                  

                                                                  
      
 max ⁡   [ 3  −2                                                                                          ]  [ x1  
   x2  
                                                                                                                             ]                                                                                                                                    
s.t.     [   1      1     2   −1
 −1    3                                                                                          ]  [ x1  
   x2  
                                                                                                                             ]  ≤  [ 10   5
  7                                                                                                ]
       x1,x2 free
                                                                                                                                                                                                                                                                                                   



auto

 

     
 

     	
      
 min ⁡   [ 10  5  7                                                                                      ]  [ y1  
   y2  
   y3  
                                                                                                                             ]                                                                                                                                    
s.t.    [  1    2    −1   1   −1   3
                                                                                                     ]  [ y1  
   y2  
   y3  
                                                                                                                             ]  =   [   3     −2                                                                                              ]
      y1,y2,y3 ≥ 0
                                                                                                                                                                                                                                                                                                   



     



Here we see the pattern: having  x
free in the primal forces the dual constraints to be equalities. In summary:

 

                                                                  

                                                                  
     
     	
     Primal inequalities with  x
     free   ⇒
     Dual equality constraints.
     
 


     	
     Primal equalities with  x ≥ 0
       ⇒
     Dual inequalities and  y
     free.
 



These relationships ensure that by choosing appropriate dual multipliers, we can
always create a valid bound on the primal objective.

 
The following table can help remember the above.


 




 

 	                                Primal (min)                                            	                                 Dual (max)                                              

	  ≥ constraint  	   ≥ 0 variable   

	  ≤ constraint  	   ≤ 0 variable   

	  = constraint  	   free variable   

	   ≥ 0 variable   	  ≤ constraint  

	   ≤ 0 variable   	  ≥ constraint  

	   free variable   	  = constraint  

	                                                                              






Table 11.1: Correspondence between primal constraint and variable types and
their dual counterparts.





 

Complicated Dual 

Consider the following primal linear program:

 


                                                                  

                                                                  
     
 
	
      
 max ⁡ 2x1 + x2            
s.t.   x1 + x2 = 2(1)
       2x1 − x2 ≥ 3(2)
       x1 − x2 ≤ 1(3)
       x1 ≥ 0,x2 free
                                                                                                        



auto

 

     
 

     Let  y1 ∈ ℝ,
      y2 ≤ 0,
      y3 ≥ 0
     be dual variables for constraints (1), (2), and (3), respectively.
     
 
	
                                                                  

                                                                  
      
 min ⁡ 2y1 + 3y2 + 1y3                         
s.t.  y1 + 2y2 + y3 ≥ 2(from x1 ≥ 0)
      y1 − y2 − y3 = 1(from x2 free)
      y1 free ,y2 ≤ 0,y3 ≥ 0
                                                                                                       



     



To derive the dual, we introduce a dual variable for each constraint: 
 

     
     	
     Let  y1
     be     the     dual     variable     for     the     equality     constraint     
     x1 + x2 = 2
     
 


     	
     Let  y2
     be the dual variable for the  ≥
     constraint  2x1 − x2 ≥ 3
     
 


     	
     Let  y3
     be the dual variable for the  ≤
     constraint  x1 − x2 ≤ 1
 



Explanation of Dual Structure: 
 

     
     	
     The          primal          has          one          equality          constraint.
     Therefore,         the         corresponding         dual         variable         
     y1
     is unrestricted in sign.
     
 


     	
                                                                  

                                                                  
     The          second          primal          constraint          is          a          
     ≥
     inequality in a maximization problem, so its corresponding dual variable 
     y2
     must be  ≤ 0:
     only         a         nonpositive         multiplier         turns         a         
     ≥
     constraint into a valid  ≤
     ingredient of an upper bound.
     
 


     	
     The third primal constraint is a  ≤
     inequality,       so       its       corresponding       dual       variable       
     y3
     must be  ≥ 0.
     
 


     	
     The   dual   constraints   come   from   the   coefficients   of   the   primal
     variables. Since the primal is a maximization, the dual constraints are 
     ≥.
     
 


     	
     The       dual       objective       coefficients       come       from       the
     right-hand        sides        of        the        primal        constraints:        
     2,3,1.
 



Summary: This example demonstrates how mixed constraint types in the primal (
=,≥,≤) lead
to a dual with mixed variable sign restrictions. The primal variable bounds also affect
whether dual constraints are inequalities or equalities. You need these mappings to
construct dual problems correctly.

 
(A side note: this particular primal happens to be infeasible. Constraints (1) and (2) force 
x1 ≥ 5∕3, while constraints
(1) and (3) force  x1 ≤ 3∕2.
The construction of the dual is purely syntactic and does not depend on
feasibility; consistent with Theorem 11.2, the dual above turns out to be
unbounded.)

 


 

Complicated Dual Derivation: A Second Look via Aggregation 

Consider the following primal linear program: 
 
	
                                                                  

                                                                  
 
maximize 2x1 + x2                             
subject tox1 + x2 = 2(constraint 1)
             2x1 − x2 ≥ 3(constraint 2)
             x1 − x2 ≤ 1(constraint 3)
             x1 ≥ 0,x2 free
                                                                                                        



We now derive the dual using the aggregation method.

 
Step 1: Multiply constraints by dual variables.

 
We introduce dual variables  y1,y2,y3
corresponding to constraints 1, 2, and 3, respectively.

 
We aggregate the constraints by forming a linear combination: 
 
	
 
                 y1(x1 + x2 = 2) + y2(2x1 − x2 ≥ 3) + y3(x1 − x2 ≤ 1)



Before combining, we must ensure every term contributes a valid 
≤
inequality, because we’re maximizing in the primal and want an upper bound.
So:

 
- Equality constraint: any multiplier is fine, so 
y1 ∈ ℝ - 
≥ constraint: multiply
by  y2 ≤ 0 (a nonpositive
multiplier flips  ≥
to  ≤) - 
≤ constraint: multiply
by  y3 ≥ 0 (a nonnegative
multiplier preserves  ≤)
                                                                  

                                                                  

 
Now aggregate: 
 
	
 
y1(x1 + x2) + y2(2x1 − x2) + y3(x1 − x2)
 = (y1 + 2y2 + y3)x1 + (y1 − y2 − y3)x2
                                                                                                                                



And the aggregated right-hand side is: 
 
	
 
                                         2y1 + 3y2 + 1y3



So the aggregated constraint is: 
 
	
 
                (y1 + 2y2 + y3)x1 + (y1 − y2 − y3)x2 ≤ 2y1 + 3y2 + y3



Step 2: Ensure this constraint dominates the primal objective.
                                                                  

                                                                  

 
To upper-bound the primal objective  2x1 + x2,
we want: 
 
	
 
       (y1 + 2y2 + y3)x1 + (y1 − y2 − y3)x2 ≥ 2x1 + x2for all feasible x1,x2



Since  x1 ≥ 0, domination
in the  x1
coordinate means the aggregated coefficient must be at least 
2. Since
 x2 is free, its
aggregated coefficient must match the objective coefficient exactly (otherwise a large positive
or negative  x2
breaks the bound): 
 
	
 
y1 + 2y2 + y3 ≥ 2(coefficient on x1 ≥ 0)
y1 − y2 − y3   = 1(coefficient on x2 free)
                                                                                                       



Step 3: Formulate the dual.

 
The dual objective is the right-hand side of the aggregated constraint: 
 
	
                                                                  

                                                                  
 
                                    minimize 2y1 + 3y2 + y3



With constraints: 
 
	
 
y1 + 2y2 + y3 ≥ 2                                     
y1 − y2 − y3   = 1
y2                   ≤ 0(from  ≥ primal constraint)
y3                   ≥ 0(from  ≤ primal constraint)
y1                   ∈ ℝ(from  =  constraint)
                                                                                                        



Conclusion:

 
This derivation shows how: 
 

     
     	
     Constraint direction in the primal determines the sign of the corresponding
     dual variable.
     
 


     	
     Sign of a primal variable (e.g.,  x1 ≥ 0)
     determines  the  direction  of  the  dual  constraint:  to  ensure  domination
     for  non-negative  variables,  we  require  the  dual  combination  to  be  
     ≥
     the primal coefficients.
                                                                  

                                                                  
     
 


     	
     The dual objective comes from aggregating the right-hand sides, weighted
     by the dual variables.
 



This example illustrates how careful sign and inequality management gives rise to a
valid dual that bounds the primal objective from above.

 
Question: What happens if variable  x1
instead was constrained as  x1 ≤ 0?

 


 

11.4    Exercises 

Warm-ups


 
Exercise 11.8: The Dual of a Small Bakery

 
 ⋆  A bakery sells
loaves ( x1, profit $5
each) and rolls ( x2,
profit $4 each), using at most 12 units of flour and 5 units of sugar: 
 
	
 
 max ⁡ 5x1 + 4x2                   
s.t.   2x1 + 3x2 ≤ 12(flour)
       x1 + x2 ≤ 5(sugar)
       x1,x2 ≥ 0
                                                                                                       




     
 
	
  1. 
	Write the dual linear program, introducing one dual variable per resource.
                                                                  

                                                                  
     
	
  2. 
	Interpret each dual variable as a price per unit of its resource, as in the
     rival baker story: what do the two dual constraints say about loaves and
     rolls?
     
	
  3. 
	Which  primal  data  become  the  dual  objective  coefficients,  and  which
     become the dual right-hand sides?


[§11.1]


 
Exercise 11.9: Formulate the Dual

 
 ⋆ 
Write the dual of the following linear program: 
 
	
 
Maximize4x1 + 5x2 + 3x3       
subject tox1 + 2x2 + x3 ≤ 10
             3x1 + x2 + 2x3 ≤ 12
             x1,x2,x3 ≥ 0
                                                                                                       



[§11.1, §11.2]


 
Exercise 11.10: Verifying Weak Duality

 
 ⋆  For
the bakery problem of §11.1, 
 
	
                                                                  

                                                                  
 
                max ⁡ 3x1 + 2x2s.t.x1 + x2 ≤ 4,2x1 + x2 ≤ 5,x1,x2 ≥ 0,



with dual   min ⁡ 4y1 + 5y2
s.t.  y1 + 2y2 ≥ 3, 
y1 + y2 ≥ 2, 
y1,y2 ≥ 0, consider
the points  x = (1,2)
and  y = (2,1).
     
 
	
  1. 
	Check that  x
     is primal feasible and compute its objective value.
     
	
  2. 
	Check that  y
     is dual feasible and compute its objective value.
     
	
  3. 
	What   sandwich   does   Theorem 11.1   give   for   the   optimal   value   
     z∗?
     Confirm that the true optimum,  x∗ = (1,3)
     with  z∗ = 9,
     lies inside it.


[Theorem 11.1, §11.1]

 
Core problems


 
Exercise 11.11: Weak Duality Bound

 
  ⋆ ⋆ 
Consider the primal LP: 
 
	
                                                                  

                                                                  
 
 max ⁡ 3x1 + 2x2     
s.t.   x1 + x2 ≤ 4
       2x1 + x2 ≤ 6
       x1,x2 ≥ 0
                                                                                                       




     
 
	
  1. 
	Write the dual problem.
     
	
  2. 
	Verify that  y = (1,1)
     is   feasible   for   the   dual.   Compute   the   dual   objective   value   
     b⊤ ⁡y.
     
	
  3. 
	Verify that  x = (2,2)
     is  feasible  for  the  primal.  Compute  the  primal  objective  value  
     c⊤ ⁡x.
     
	
  4. 
	Use weak duality to explain why the optimal value of the primal must lie
     between these two values.


[Theorem 11.1, §11.2]


 
Exercise 11.12: Dual with Mixed Constraints

 
  ⋆ ⋆ 
Formulate the dual of the following LP: 
 
	
                                                                  

                                                                  
 
Maximize2x1 + 3x2       
subject tox1 + x2 = 5
             x1 − x2 ≤ 2
             x1 ≥ 0,x2 free
                                                                                                        



Identify the sign restrictions on each dual variable and whether each dual constraint
is an inequality or an equality.

 
[§11.3]


 
Exercise 11.13: Shadow Prices and Dual Variables

 
  ⋆ ⋆  A
bakery solves the following LP: 
 
	
 
 max ⁡ 5x1 + 4x2(profit in dollars) 
s.t.   2x1 + x2 ≤ 20(flour in kg)
       x1 + 2x2 ≤ 18(sugar in kg)
       x1 + x2 ≤ 13(oven capacity)
       x1,x2 ≥ 0
                                                                                                       



The optimal primal solution is  (x1∗,x2∗) = (71
3,51
3)
with  z∗ = 58. The optimal
dual solution is  (y1∗,y2∗,y3∗) = (2,1,0).

 

     
 
	
  1. 
	Verify        that        strong        duality        holds:        compute        
     b⊤ ⁡y∗
     and confirm it equals  z∗.
     
	
                                                                  

                                                                  
  2. 
	Which  constraints  are  binding  at  the  optimal  solution?  Which  are
     non-binding?
     
	
  3. 
	Verify that the complementary slackness conditions are satisfied.
     
	
  4. 
	Interpret the dual variables as shadow prices. If the bakery could acquire 1
     additional kg of flour, by approximately how much would profit increase?


[§11.2.1, Theorem 11.2]

 
Concepts and connections


 
Exercise 11.14: Certificates in Your Own Words

 
  ⋆ ⋆ 
Figure 11.1 describes every dual feasible solution as a certificate.
     
 
	
  1. 
	In     your     own     words,     explain     what     a     dual     feasible     
     y
     certifies about the primal, and what you would show a skeptical friend to
     convince them, without solving the primal, that no feasible plan can earn
     more than a given amount.
     
	
  2. 
	Why        does        the        certificate        argument        need        
     y ≥ 0
     when the primal constraints are inequalities?
     
	
  3. 
	Explain why hunting for the best certificate is itself a linear program, and
     what strong duality says about how good the best certificate is.


[Figure 11.1, §11.1, Theorem 11.2]


 
Exercise 11.15: Strong Duality and Infeasibility

 
  ⋆ ⋆ 
Consider the primal LP: 
 
	
                                                                  

                                                                  
 
 max ⁡ x1 + x2              
s.t.   x1 − x2 ≤ 1
        − x1 + x2 ≤−3
       x1,x2 ≥ 0
                                                                                                       




     
 
	
  1. 
	Write the dual problem.
     
	
  2. 
	Show    that    the    primal    is    infeasible    by    arguing    that    no    
     (x1,x2) ≥ 0
     can simultaneously satisfy both constraints.
     
	
  3. 
	Is the dual feasible, infeasible, or unbounded? Explain using the strong
     duality theorem.


[Theorem 11.2, Example 11.3]

 
Challenge problems


 
Exercise 11.16: The Dual of the Dual is the Primal

 
  ⋆ ⋆⋆ 
Consider the symmetric primal-dual pair 
 
	
 
        (P)max ⁡ c⊤ ⁡x s.t. Ax ≤b,x ≥ 0,(D)min ⁡ b⊤ ⁡y s.t. A⊤ ⁡y ≥c,y ≥ 0.



                                                                  

                                                                  
Prove that the dual of (D) is again (P). (Hint: first rewrite (D) as a maximization
problem in the same symmetric form, with a new objective vector, constraint matrix,
and right-hand side; then apply the definition of the dual to that problem and
simplify.)

 
[§11.2, §11.3]

 


 

Selected Solutions 

Solution

 
(Exercise 11.9) There are two constraints, so the dual has two variables 
y1,y2 ≥ 0, one
per constraint. Each of the three primal variables produces a dual constraint whose
right-hand side is that variable’s objective coefficient: 
 
	
 
Minimize10y1 + 12y2 
subject toy1 + 3y2 ≥ 4
            2y1 + y2 ≥ 5
            y1 + 2y2 ≥ 3
            y1,y2 ≥ 0.
                                                                                        



Solution

 
(Exercise 11.11) The dual is  min ⁡ 4y1 + 6y2
subject to  y1 + 2y2 ≥ 3,
 y1 + y2 ≥ 2, 
y1,y2 ≥ 0. For 
y = (1,1): 
1 + 2 = 3 ≥ 3 and 
1 + 1 = 2 ≥ 2, so 
y is dual feasible
with objective  4(1) + 6(1) = 10.
For  x = (2,2): 
                                                                  

                                                                  
2 + 2 = 4 ≤ 4 and 
4 + 2 = 6 ≤ 6, so 
x is primal feasible
with objective  3(2) + 2(2) = 10.
By weak duality, every primal value is at most every dual value, so the optimal value 
z∗ satisfies 
10 ≤ z∗≤ 10.
Since the two bounds coincide, both solutions are in fact optimal and 
z∗ = 10.

 
Solution

 
(Exercise 11.16) Rewrite (D) in symmetric maximization form. Minimizing 
b⊤ ⁡y is the same as
maximizing  (−b)⊤ ⁡y, and
the constraints  A⊤ ⁡y ≥c
are equivalent to  (−A⊤ ⁡)y ≤−c.
So (D) is 
 
	
 
                         max ⁡ (−b)⊤ ⁡ys.t.(−A⊤ ⁡)y ≤−c,y ≥ 0,



which is the symmetric form with objective vector 
c~ = −b, matrix 
Ã = −A⊤ ⁡, and right-hand
side  b~ = −c.
Its dual, by definition, is 
 
	
                                                                  

                                                                  
 
                              min ⁡ b~⊤ ⁡zs.t.Ã⊤ ⁡z ≥c~,z ≥ 0,



that is,  min ⁡ (−c)⊤ ⁡z
subject to  (−A)z ≥−b, 
z ≥ 0. Multiplying the objective
and the constraints by   − 1
turns this into 
 
	
 
                                max ⁡ c⊤ ⁡zs.t.Az ≤b,z ≥ 0,



which is exactly (P) with  z
in place of  x.
Hence the dual of the dual is the primal.

 


 

11.5    Complementary Slackness 

So far, we have established that the primal and dual problems are closely linked, and
their optimal objective values coincide under strong duality. However, how can
we identify optimal solutions for both problems simultaneously?
The answer lies in complementary slackness, the condition we use to verify
optimality.

 


 

11.5.1    Definition of Complementary Slackness 


                                                                  

                                                                  
Definition 11.17: Complementary Slackness

 
Complementary slackness conditions state that if 
x∗ and 
y∗ are
optimal solutions for the primal and dual problems, then the following must
hold:

 

     
 
	
  1. 
	For each primal constraint  i,
     the constraint is tight, or the corresponding dual variable is zero (or both):
     	
      
                                either ai⊤ ⁡x∗ = b
ioryi∗ = 0,∀ ⁡i.



     Equivalently, 
 
	
      
                                       yi∗(a
i⊤ ⁡x∗− b
i) = 0.



     
	
  2. 
	For each dual constraint  j,
     the constraint is tight, or the corresponding primal variable is zero (or both):
     	
                                                                  

                                                                  
      
                              either (A⊤ ⁡y∗)
j = cjorxj∗ = 0,∀ ⁡j.



     Equivalently, 
 
	
      
                                     xj∗(c
j − (A⊤ ⁡y∗)
j) = 0.



     


Together, these conditions ensure that at optimality, only the active constraints have
positive dual variables, and only the active dual constraints have positive primal
variables. 

 
Theorem 11.18: Primal Dual Optimality

 
A primal solution  x∗
and a dual solution  y∗
are optimal if and only if:
     
 
	
  1. 
	 x∗
     is feasible in the primal problem.
     
	
  2. 
	 y∗
     is feasible in the dual problem.
     
	
  3. 
	Complementary  slackness  holds  between  the  primal  and  dual
     solutions.


                                                                  

                                                                  
This set of conditions allows us to efficiently check whether a given solution is
optimal without needing to compare all feasible solutions explicitly.

 


 

11.5.2    Interpreting Complementary Slackness 

Complementary slackness provides a way to determine which constraints are
binding at the optimal solution. If we solve either the primal or the dual problem,
we can use these conditions to deduce the optimal solution of the other
problem.


 
Example 11.19: The Bakery Problem Revisited

 
Consider the bakery problem from the previous section. Recall the primal and dual
formulations:

 
Primal Problem:

 

              max ⁡                   3x1 + 2x2                                             
              subject to              x1 + x2 ≤ 4(flour constraint)                              
                                    2x1 + x2 ≤ 5(sugar constraint)                            
                                    x1,x2 ≥ 0.                                             

Dual Problem:
                                                                  

                                                                  

 

                       min ⁡                            4y1 + 5y2                                                
                       subject to                       y1 + 2y2 ≥ 3                                              
                                                      y1 + y2 ≥ 2                                               
                                                      y1,y2 ≥ 0.                                               

Suppose we are given the optimal solutions: 
 
	
 
                              x1∗ = 1,x
2∗ = 3,y
1∗ = 1,y
2∗ = 1.



To verify optimality, we check complementary slackness:
     
 
	
  1. 
	The         first         constraint         in         the         primal         (
     x1 + x2 ≤ 4)
     is tight ( 1 + 3 = 4),
     so  y1∗
     can be positive.
     
	
  2. 
	The second constraint ( 2x1 + x2 ≤ 5)
     is tight ( 2(1) + 3 = 5),
     so  y2∗
     can be positive.
     
	
  3. 
	Checking the dual constraints:
                                                                  

                                                                  
     
            y1 + 2y2                = 1 + 2(1) = 3,(tight, so x1∗ > 0 is allowed)                        
            y1 + y2                  = 1 + 1 = 2,(tight, so x2∗ > 0 is allowed).                       

     


Since complementary slackness holds, the given values are indeed optimal
solutions.

 


 

11.5.3    Using Complementary Slackness to Solve Problems 

Often, we do not have full information about an optimal solution. Instead, we might
have partial information or only one of the optimal solutions (primal or dual).
Complementary slackness allows us to deduce missing information.


 
Example 11.20: Finding Missing Dual Variables

 
Suppose we solve the primal problem and find the optimal solution: 
 
	
 
                                         x1∗ = 1,x
2∗ = 3.



                                                                  

                                                                  
Using complementary slackness, we determine 
y∗:

 

     
     	
      x1∗ > 0,
     so    we    must    have    the    first    dual    constraint    tight,    so    
     y1 + 2y2 = 3.
     
 


     	
      x2∗ > 0,
     so    we    must    have    the    second    dual    constraint    tight,    so    
     y1 + y2 = 2.
 



Solving the system:

 

                           y1 + 2y2                            = 3,                                                      
                           y1 + y2                             = 2.                                                      

Solving for  y1
and  y2
gives  y1∗ = 1,y2∗ = 1.

 
Thus, complementary slackness allowed us to determine the dual solution directly
from the primal solution.

 


 

11.5.4    Summary of Key Takeaways 

                                                                  

                                                                  
     
     	
     Complementary slackness characterizes optimality in primal-dual pairs.
     
 


     	
     If a primal constraint is not tight, the corresponding dual variable is zero.
     
 


     	
     If a dual constraint is not tight, the corresponding primal variable is zero.
     
 


     	
     These conditions allow us to find missing solutions and verify optimality
     efficiently.
 




Learning Checkpoint 11.5.1

 
At an optimal solution of the bakery problem, suppose two units of flour are left over
(the flour constraint is not tight). What does complementary slackness say about the
shadow price of flour? Explain in one sentence why this makes economic
sense.

 


 

Bakery 2.0 Example Revisited 


Example 11.21: Verifying Optimality with Complementary Slackness

 
We are given the primal and dual optimal solutions:

 

     
     	
     Primal:  x1 = 4,x2 = 0,x3 = 6
     
 


     	
     Dual:  y1 = 0,y2 = 50,y3 = 40
 



We will verify that these satisfy complementary slackness.

 
Step 1: Check tightness of primal constraints

 

                                                                  

                                                                  
     
     	
     Flour:  5x1 + 4x2 + x3 = 5(4) + 4(0) + 6 = 26.
     This   is   strictly   less   than   40,   so   the   constraint   is   not   tight   
     ⇒
     corresponding dual variable  y1 = 0.
     
 


     	
     Sugar:  x1 + x2 + x3 = 4 + 0 + 6 = 10.
     Tight  ⇒
     y2
     can be positive.
     
 


     	
     Baking Time:  x1 + x2 + 0.5x3 = 4 + 0 + 3 = 7.
     Tight  ⇒
     y3
     can be positive.
 



Step 2: Check tightness of dual constraints where 
xj > 0

 

     
     	
      x1 = 4 > 0:
     The corresponding dual constraint must be tight: 
 
	
      
                              5y1 + y2 + y3 = 0 + 50 + 40 = 90



     

     	
      x2 = 0:
     No condition required.
                                                                  

                                                                  
     
 


     	
      x3 = 6 > 0:
     The dual constraint for muffins must be tight: 
 
	
      
                             y1 + y2 + 0.5y3 = 0 + 50 + 20 = 70



     


Since all complementary slackness conditions are satisfied, both solutions are optimal
and duality holds (objective values match at 780).


 
Example 11.22: Recovering Dual Variables via Complementary
Slackness

 
Suppose we only know the optimal primal solution: 
 
	
 
                                     x1 = 4,x2 = 0,x3 = 6.



We use complementary slackness to recover the optimal dual solution.

 
Step 1: Use tightness conditions from primal

 

                                                                  

                                                                  
     
     	
      x1 > 0:
     Dual constraint for cakes must be tight: 
 
	
      
                                       5y1 + y2 + y3 = 90                                    (1)



     

     	
      x3 > 0:
     Dual constraint for muffins must be tight: 
 
	
      
                                      y1 + y2 + 0.5y3 = 70                                  (2)



     


Step 2: Use slackness in primal constraints to find zero dual variables

 

     
     	
     Flour constraint is not tight  ⇒ y1 = 0
 



                                                                  

                                                                  
Step 3: Substitute  y1 = 0
into equations (1) and (2):

 


 

                          y2 + y3                              = 90                                                    (1’)
                          y2 + 0.5y3                           = 70                                                    (2’)

Step 4: Solve the system

 
Subtract (2’) from (1’): 
 
	
 
             (y2 + y3) − (y2 + 0.5y3) = 90 − 70 ⇒ 0.5y3 = 20 ⇒ y3 = 40



Substitute back into (1’):  y2 + 40 = 90 ⇒ y2 = 50

 
Result:   y1 = 0,y2 = 50,y3 = 40

 
Thus, the dual solution is fully recovered using complementary slackness.
                                                                  

                                                                  

 


 

11.6    Exercises 

Warm-ups


 
Exercise 11.23: Checking the Conditions

 
 ⋆ 
Consider the primal-dual pair 
 
	
 
 max ⁡ 4x1 + 3x2       
s.t.   x1 + x2 ≤ 6
       2x1 + x2 ≤ 10
       x1,x2 ≥ 0
                                                                                                       min ⁡ 6y1 + 10y2   
s.t.  y1 + 2y2 ≥ 4
      y1 + y2 ≥ 3
      y1,y2 ≥ 0
                                                                                                       



and the candidate solutions  x∗ = (4,2)
and  y∗ = (2,1).
     
 
	
  1. 
	Verify that  x∗
     is primal feasible and  y∗
     is dual feasible.
     
	
  2. 
	Write out all four complementary slackness conditions for this pair and
     check each one.
     
	
  3. 
	Conclude that both solutions are optimal, and confirm by computing both
     objective values.


[Example 11.19, §11.5]

 
Core problems

                                                                  

                                                                  

 
Exercise 11.24: Bakery Production and Duality Interpretation

 
  ⋆ ⋆  A bakery
produces cakes ( x1),
cookies ( x2),
and muffins ( x3)
to maximize profit:

 
	
 
                                 maximize90x1 + 40x2 + 70x3



Subject to the following resource constraints: 
 

     
     	
     Flour (  ≤
     40 kg):    5x1 + 4x2 + x3 ≤ 40
     
 


     	
     Sugar (  ≤
     10 kg):    x1 + x2 + x3 ≤ 10
     
 


     	
     Baking Time (  ≤
     7 hrs):    x1 + x2 + 0.5x3 ≤ 7
     
 


     	
     Non-negativity:    x1,x2,x3 ≥ 0
 



The optimal primal solution is: 
 
	
                                                                  

                                                                  
 
                                      x1 = 4,x2 = 0,x3 = 6



Dual Linear Program: 
 
	
 
                              minimize40y1 + 10y2 + 7y3



	
 
subject to5y1 + y2 + y3    ≥ 90
4y1 + y2 + y3    ≥ 40
y1 + y2 + 0.5y3 ≥ 70
y1,y2,y3            ≥ 0
                                                                                                       



The optimal dual solution is: 
 
	
                                                                  

                                                                  
 
                                    y1 = 0,y2 = 50,y3 = 40



Answer the following questions:

 

     
 
	
  1. 
	Feasibility   Check:  Verify   that   the   primal   solution   satisfies   all
     constraints. Then check that the dual solution satisfies all dual constraints.
     
	
  2. 
	Complementary Slackness: Determine which constraints are tight in
     the primal and which are tight in the dual. Use complementary slackness
     to verify consistency between the primal and dual optimal solutions.
     
	
  3. 
	Objective Value Check: Compute the primal and dual objective values
     using the given solutions and verify that they are equal.
     
	
  4. 
	Economic Interpretation (Shadow Prices): Using the dual solution 
     (y1,y2,y3),
     interpret     the     shadow     price     of     each     resource     (flour,
     sugar,      baking      time).      For      example,      what      does      
     y2 = 50
     tell you about the value of an additional kg of sugar?
     
	
  5. 
	Sensitivity Analysis: How would the optimal profit change if you
     had:
         	
      (a) 
	One more kg of flour?
         
	
     (b) 
	One more kg of sugar?
         
	
      (c) 
	One more hour of baking time?


     Use the shadow prices to justify your answers.
 



                                                                  

                                                                  
[Example 11.21, §11.5]


 
Exercise 11.25: Box Constraints and a Dual Certificate

 
  ⋆ ⋆ 
Consider the optimization problem

 
	
 
     max ⁡    x1    +   4x2    +   9x3    +   16x4          
       s.t.  x1                                                       ≤  1    (Constraint 1)  
                            x2                                       ≤  1    (Constraint 2)  
                                          x3                       ≤  1    (Constraint 3)  
                                                          x4     ≤  1    (Constraint 4)  
              x1    +   2x2    +   3x3    +    4x4     ≤  8    (Constraint 5)  





 
 
                                 x1 ≥ 0,x2 ≥ 0,x3 ≥ 0,x4 ≥ 0



 
(a.) What is the dual of this linear program?

 
(b.) Explain how the dual can be used to prove that a solution is optimal.

 
(c.) The optimal solution to this linear program is 
(x1,x2,x3,x4) = (0, 1 
2,1,1) with objective
value  27.


                                                                  

                                                                  

 
Using duality theory, prove that this is an optimal solution. 
(Hint: Recall that complementary slackness implies that dual variables corresponding
to constraints 1 and 2 must be 0).

 
[Theorem 11.1, Theorem 11.18]


 
Exercise 11.26: Deducing the Primal from a Dual Guess

 
  ⋆ ⋆ 
Consider the following primal-dual pair:

 
Primal Problem:

 


 
 
Maximize5x1 + 4x2     
subject to2x1 + x2 ≤ 8
             x1 + 3x2 ≤ 9
             x1,x2 ≥ 0
                                                                                                       



 
Dual Problem:

 


 
 
Minimize 8y1 + 9y2     
subject to2y1 + y2 ≥ 5
             y1 + 3y2 ≥ 4
             y1,y2 ≥ 0
                                                                                                       

                                                                  

                                                                  


 
(a) Suppose you are given a candidate dual solution 
y∗ = (1,1).
Use complementary slackness to determine the values of 
x1∗ and 
x2∗.

 
(b) Is the resulting primal solution feasible?

 
(c) Does complementary slackness hold? Is this a valid optimal solution
pair?

 
[Example 11.20, §11.5.3]

 
Concepts and connections


 
Exercise 11.27: A Positive Price on a Slack Constraint

 
  ⋆ ⋆  A
classmate solves a primal-dual pair of linear programs and reports a primal feasible 
x∗ and a dual
feasible  y∗.
In their report, the second primal constraint has slack at 
x∗ (its left-hand side is
strictly below  b2), and
yet the dual price is  y2∗ = 3 > 0.
They claim both solutions are optimal.
     
 
	
  1. 
	What can you conclude, and from which theorem?
     
	
  2. 
	Does your conclusion mean  x∗
     is not optimal? Does it mean  y∗
     is not optimal? Be precise about exactly what is ruled out.
     
	
  3. 
	Explain the economic absurdity of a positive price on a resource that is
     not fully used.


[Theorem 11.18, §11.5]


 
Exercise 11.28: Disproving a Claimed Optimum

 
  ⋆ ⋆ 
Suppose a linear program has the following primal and dual formulations:

 
Primal:

 

                                                                  

                                                                  

 
 
Maximize3x1 + 2x2     
subject tox1 + x2 ≤ 4
             2x1 + x2 ≤ 5
             x1,x2 ≥ 0
                                                                                                       



 
Dual:

 


 
 
Minimize 4y1 + 5y2     
subject toy1 + 2y2 ≥ 3
             y1 + y2 ≥ 2
             y1,y2 ≥ 0
                                                                                                       



 
A student claims that the optimal primal solution is 
x1∗ = 2,x2∗ = 0.

 
(a) Write down the complementary slackness conditions for this problem.

 
(b) Assuming the student’s claim, use the conditions to derive requirements on 
y1 and 
y2.

 
(c) Show that no feasible dual solution satisfies these requirements, and conclude that
the student’s claimed solution cannot be optimal. What is the actual optimal
solution?

 
[Theorem 11.18, §11.5.3]

 
Challenge problems
                                                                  

                                                                  


 
Exercise 11.29: Meal Kit Optimization and Duality

 
  ⋆ ⋆⋆  You
are the operations manager at a startup that assembles and ships healthy meal kits.
Each kit appeals to different customer preferences: vegetarian, high-protein,
quick-prep, etc. You want to decide how many of each kit to produce today to
maximize profit.

 
There are six meal kit options:

 




 
 	
	
	

	                               Variable                                                	 Description                	 Profit per Kit  

	
	
	

	  x1  	 Classic Chicken          	      $3         

	  x2  	 Vegan Delight            	      $2         

	  x3  	 Protein Boost             	      $4         

	  x4  	 Quick & Light            	      $1         

	  x5  	 Gourmet Chef Special  	      $5         

	  x6  	 Breakfast Box            	      $2         

	
	
	

	                                                                     






Table 11.2: The six meal kit options and the profit per kit.



Each kit requires time in two key areas: 
 

     
     	
     Kitchen Prep Time (in hours): chopping, marinating, pre-measuring,
     etc.
     
 


     	
     Packaging Labor (in hours): boxing, labeling, sealing, etc.
 



Your available resources: 
 

     
     	
     10 hours of Kitchen Time
     
 


     	
     12 hours of Packaging Labor
 



                                                                  

                                                                  



 
 	
	
	

	 Meal Kit                                                                                                                            	 Kitchen Time  	 Packaging Time  

	
	
	

	  x1: Classic Chicken          	      1          	       2            

	  x2: Vegan Delight            	      2          	       0            

	  x3: Protein Boost             	      1          	       0            

	  x4: Quick & Light            	      0          	       1            

	  x5: Gourmet Chef Special  	      1          	       3            

	  x6: Breakfast Box            	      0          	       1            

	
	
	

	                                                                                        






Table 11.3: Kitchen and packaging time required per meal kit.



The primal linear program is:

 

              maximize              3x1 + 2x2 + 4x3 + x4 + 5x5 + 2x6                            
              subject to              x1 + 2x2 + x3 + x5 ≤ 10                                    
                                    2x1 + x4 + 3x5 + x6 ≤ 12                                   
                                    x1,x2,x3,x4,x5,x6 ≥ 0                                    

Answer the following:
     
 
	
  1. 
	Formulate the dual linear program. Identify what each dual variable
     represents and write down the dual objective and constraints explicitly.
     
	
  2. 
	Graphically solve the dual problem. Plot the dual constraints in 
     y1-
                                                                  

                                                                  
     y2
     space and identify the feasible region. Use level curves to determine the
     optimal solution.
     
	
  3. 
	Economic interpretation. Describe the meaning of the dual solution in
     terms of the value of your resources.
     
	
  4. 
	Use complementary slackness to determine the basic variables
     in the primal. Based on the optimal dual solution and complementary
     slackness, identify which constraints in the primal are tight and hence
     which variables are basic.
     
	
  5. 
	Recover an optimal primal solution. Use the tight constraints and
     system of equations to solve for the primal basic variables and compute
     the optimal objective value.


[§11.5.3, §11.2.1]


 
Exercise 11.30: Duality with Mixed Constraint Types: Eco-Friendly
Packaging Startup

 
  ⋆ ⋆⋆  You
are managing production at an eco-friendly packaging startup. Your team produces
various biodegradable container sets for local farms and grocery stores. Each set is
assembled using labor and recycled material.

 
You produce three types of packaging sets:

 




 
 	
	
	

	                               Variable                                                	 Packaging Set Type  	 Retail Price  

	
	
	

	  x1  	 FreshBox Standard   	     $6        

	  x2  	 FreshBox Premium   	     $9        

	  x3  	 Market Crate          	     $8        

	
	
	

	                                                                     






Table 11.4: Packaging set types and retail prices.



You must manage the use of three critical resources: 
 

                                                                  

                                                                  
     
     	
     Labor Hours: at most 140 available
     
 


     	
     Recycled Material: must exactly use 240 units
     
 


     	
     Retail Contract Requirement: the total retail value must be at least
     $80
 



The profit per unit for each set is:

 




 
 	
	

	 Packaging Set                                                                                                                  	 Profit per Unit  

	
	

	  x1: FreshBox Standard  	      $4          

	  x2: FreshBox Premium  	      $6          

	  x3: Market Crate         	      $5          

	
	

	                                                                                      






Table 11.5: Profit per unit for each packaging set.



The retail revenue constraint is: 
 
	
 
                                      6x1 + 9x2 + 8x3 ≥ 80



The resource requirements for each packaging set are:

 

                                                                  

                                                                  



 
 	
	
	

	 Packaging Set                                                                                                                  	 Labor  	 Material  

	
	
	

	  x1: FreshBox Standard  	   2     	    4       

	  x2: FreshBox Premium  	   4     	    6       

	  x3: Market Crate         	   3     	    4       

	
	
	

	                                                                                      






Table 11.6: Labor and material required per packaging set.



The primal linear program is:

 
	
 
maximize 4x1 + 6x2 + 5x3                                                           
subject to2x1 + 4x2 + 3x3 ≤ 140(Labor)
             4x1 + 6x2 + 4x3 = 240(Material)
             6x1 + 9x2 + 8x3 ≥ 80(Retail Revenue Commitment)
             x1,x2,x3 ≥ 0
                                                                                                       



Tasks:

 

     
 
	
  1. 
	Formulate the dual linear program. Carefully handle the signs of
     each constraint and variable in the dual. What does each dual variable
     represent? What type of constraint does each dual constraint become?
     
	
  2. 
	Solve  the  dual  graphically  or  using  software.  If  the  dual  is
     two-dimensional, solve it by plotting its feasible region and finding the
     optimal value. Otherwise, use a solver like PuLP or graphical analysis of
     intersections.
                                                                  

                                                                  
     
	
  3. 
	Use complementary slackness. Based on the optimal dual solution,
     determine which primal constraints are tight. Use this to identify likely
     basic variables in the optimal primal solution.
     
	
  4. 
	Recover the optimal primal solution. Solve the resulting system using
     the tight constraints to find the primal solution, and compute the optimal
     total profit.


[§11.3, §11.5.3]

 


 

Selected Solutions 

Solution

 
(Exercise 11.24)
     
 
	
  1. 
	Feasibility: Substituting  (x1,x2,x3) = (4,0,6):
     flour  5(4) + 4(0) + 6 = 26 ≤ 40,
     sugar  4 + 0 + 6 = 10 ≤ 10,
     baking time  4 + 0 + 0.5(6) = 7 ≤ 7,
     so      the      primal      solution      is      feasible.      Substituting      
     (y1,y2,y3) = (0,50,40):
     the dual constraints evaluate to  90 ≥ 90,
      90 ≥ 40,
     and  70 ≥ 70,
     so the dual solution is feasible.
     
	
  2. 
	Complementary      slackness:     In      the      primal,      sugar
     and    baking    time    are    tight    while    flour    has    slack    (
     26 < 40);
     accordingly  y1 = 0
     while  y2,y3 > 0.
     In the dual, constraints 1 and 3 are tight while constraint 2 has slack (
     90 > 40);
     accordingly  x2 = 0
     while  x1,x3 > 0.
     Every condition  yi(ai⊤ ⁡x − bi) = 0
     and  xj(cj − (A⊤ ⁡y)j) = 0
     is satisfied.
     
	
                                                                  

                                                                  
  3. 
	Objective values: Primal:  90(4) + 40(0) + 70(6) = 780.
     Dual:  40(0) + 10(50) + 7(40) = 780.
     They match, confirming optimality by strong duality.
     
	
  4. 
	Shadow       prices:      Flour       has       shadow       price       
     y1 = 0:
     with 14 kg left over, more flour is worthless. Sugar has shadow price 
     y2 = 50:
     one      more      kg      of      sugar      would      increase      profit
     by       $50.       Baking       time       has       shadow       price       
     y3 = 40:
     one more oven hour is worth $40.
     
	
  5. 
	Sensitivity: (a) One more kg of flour: no change ($0). (b) One more
     kg of sugar: profit increases by $50. (c) One more hour of baking time:
     profit increases by $40. These estimates are valid for small changes in the
     right-hand sides (as long as the optimal basis does not change).


Solution

 
(Exercise 11.25) (a) The dual is 
 
	
 
min ⁡ y1 + y2 + y3 + y4 + 8y5                                                  
s.t.  y1 + y5 ≥ 1,y2 + 2y5 ≥ 4,y3 + 3y5 ≥ 9,y4 + 4y5 ≥ 16,
     y1,… ⁡,y5 ≥ 0.
                                                                                        



(b) By weak duality, every dual feasible 
y gives an
upper bound  b⊤ ⁡y
on the primal objective. If we exhibit a primal feasible 
x and a dual
feasible  y
whose objective values are equal, both must be optimal.
                                                                  

                                                                  

 
(c) At  x∗ = (0, 1 
2,1,1), constraints
1 and 2 have slack ( 0 < 1
and  1
2 < 1), so
 y1 = y2 = 0. Since 
x2,x3,x4 > 0, dual constraints 2,
3, 4 must be tight:  2y5 = 4
gives  y5 = 2;
then  y3 = 9 − 3(2) = 3
and  y4 = 16 − 4(2) = 8.
The remaining dual constraint holds with slack: 
y1 + y5 = 2 ≥ 1, consistent
with  x1 = 0. So 
y∗ = (0,0,3,8,2) is dual feasible with
objective  3 + 8 + 8(2) = 27, matching
the primal value  4(1
2) + 9 + 16 = 27.
By part (b), both solutions are optimal.

 
Solution

 
(Exercise 11.28) (a) The conditions are 
y1(x1 + x2 − 4) = 0, 
y2(2x1 + x2 − 5) = 0, 
x1(y1 + 2y2 − 3) = 0, and 
x2(y1 + y2 − 2) = 0.

 
(b) At  (x1,x2) = (2,0): the first primal
constraint gives  2 < 4
(slack), forcing  y1 = 0;
the second gives  4 < 5
(slack), forcing  y2 = 0. But
 x1 = 2 > 0 requires the first dual
constraint to be tight:  y1 + 2y2 = 3.

 
(c) With  y1 = y2 = 0
we get  0 = 3,
a contradiction: no dual solution is compatible, so 
(2,0) is not optimal.
(It is feasible, but both constraints have slack, so we can do better.) The actual optimum is 
(x1,x2) = (1,3) with value 
9: both primal constraints
are tight, and solving  y1 + 2y2 = 3,
 y1 + y2 = 2 gives the dual
optimum  y∗ = (1,1) with
matching value  4(1) + 5(1) = 9.

 

                                                                  

                                                                  

 

Summary: Why Learn Duality? 


Most students and practitioners rarely write down the dual linear program explicitly.
However, understanding duality is essential to interpreting the output of optimization
solvers and making informed decisions.

 
In practice, you solve the primal LP, but the solver uses duality internally and
reports the dual variables as shadow prices on each constraint: how much the
objective would improve if you relaxed that constraint by one unit. The economic
meaning of those numbers, the reasoning behind zero versus nonzero values, and the
marginal value of resources all rest on the duality concepts developed in
this chapter: dual feasibility, strong duality, and complementary slackness.
Shadow prices also support rapid “what-if” sensitivity analysis, letting you
estimate the impact of changing a right-hand side without re-solving the
LP.

 
As a small illustration, consider the LP below alongside typical solver output:

 
Primal LP: 
 
	
 
max ⁡ 50x1 + 20x2   
s.t.   2x1 + x2 ≤ 90(Labor)
       x1 + x2 ≤ 70  (Material)
       x1,x2 ≥ 0
                                                  



                                                                  

                                                                  

                 Solver Output:
       
       	
       Optimal          solution:          
        x1 = 45,x2 = 0,
        profit $2250
        
 


        	
        Shadow prices: 
 

              
              	
              Labor: $25
              
 


              	
              Material: $0
 



        



Without ever writing the dual, the solver output already speaks its language: labor is
the scarce resource (an extra hour is worth $25), while material is not fully used
(only 45 of the 70 units are consumed, so its shadow price is zero, exactly what
complementary slackness predicts).

 
For students continuing in optimization, operations research, or algorithms, duality
returns as a core idea behind decomposition methods (e.g., Benders, Dantzig–Wolfe),
primal-dual interior point methods, approximation algorithms, and large-scale
optimization.
                                                                  

                                                                  

 



 




Chapter 12
Software - Python   

Learning Outcomes

 

     
     	
     Set up a Python environment for optimization work
     
 


     	
     Understand essential Python data structures for modeling
     
 


     	
     Use key packages: NumPy, Pandas, Matplotlib, NetworkX, GeoPandas
     
 


     	
     Model and solve optimization problems with PuLP
 



12.1    Why Python for Optimization? 

Python has become the dominant programming language for data science, machine
learning, and increasingly, operations research and optimization. But why Python?
After all, Python is an interpreted language, meaning it runs slower than compiled
languages like C++ or Java. The answer lies in Python’s role as a glue language
and its incredible ecosystem.

 


 

12.1.1    The Power of Python 

When you solve an optimization problem in Python using a library like PuLP, here’s
what actually happens:

 

     
 
	
  1. 
	You write your model in Python’s readable, intuitive syntax
     
	
  2. 
	Python translates your model into a standard format (like LP or MPS
     files)
                                                                  

                                                                  
     
	
  3. 
	Python calls a highly optimized solver written in C/C++ (like CBC,
     CPLEX, or Gurobi)
     
	
  4. 
	The solver does the heavy computational work at near-optimal speed
     
	
  5. 
	Python receives the results and lets you analyze them with powerful data
     tools


This means you get the best of both worlds: the ease and flexibility of Python
for modeling and analysis, combined with the raw computational power of
industrial-strength solvers.

 
Info

 
Python’s Superpowers for Optimization: 
 

     
     	
     Readable syntax – Models look almost like mathematical notation
     
 


     	
     Rich ecosystem – NumPy, Pandas, Matplotlib for data handling and
     visualization
     
 


     	
     Rapid prototyping – Test ideas quickly without lengthy compile cycles
     
 


     	
     Integration – Connect to databases, web APIs, Excel files, and more
     
 


     	
     Free and open source – No licensing costs for Python or many solvers
 



Compare writing a constraint in Python: 
 

prob += lpSum(cost[i,j] * x[i,j] for i in plants for j in markets) <= budget

To writing the same thing in a lower-level language – Python wins hands down for
clarity and development speed.
                                                                  

                                                                  

 


 

12.1.2    Jupyter Notebooks: A Data Analyst’s Best Friend 

For this book, we’ll primarily use Jupyter Notebooks. If you haven’t encountered
them before, Jupyter notebooks are interactive documents that combine:

 

     
     	
     Code cells – Write and execute Python code
     
 


     	
     Output – See results, tables, and visualizations immediately below your
     code
     
 


     	
     Markdown cells – Add formatted text, equations, and explanations
     
 


     	
     Persistence – Save your work, including outputs, to share or revisit later
 



This interactive style is perfect for optimization work where you want to:

 

     
     	
     Explore and clean your data
     
 


     	
     Build your model incrementally, testing as you go
     
 


     	
     Visualize results and iterate on your approach
     
 


     	
     Document your analysis for others (or your future self!)
 



Warning

 
When Notebooks Aren’t Ideal:

 
Jupyter notebooks excel at exploration and analysis, but they’re not ideal for:

 

                                                                  

                                                                  
     
     	
     Large, complex software projects with many modules
     
 


     	
     Code that needs to run in production systems
     
 


     	
     Version control (notebook files don’t diff well in Git)
 



For serious software development, you’d move your polished code into .py files and
use an IDE like VS Code or PyCharm. But for learning, prototyping, and one-off
analyses, notebooks are hard to beat.

 


 

12.2    Getting Started 



 

12.2.1    Options for Running Python 

You have several options for running Python and Jupyter notebooks:

 

Google Colab (Recommended for Beginners) 
Google Colab (https://colab.research.google.com) is a free, cloud-based Jupyter
environment. Benefits: 
 

     
     	
     No installation required – runs entirely in your browser
     
 


     	
     Free GPU access – useful for machine learning (not needed for this
     book)
     
 


     	
     Google Drive integration – save and share notebooks easily
                                                                  

                                                                  
     
 


     	
     Most packages pre-installed – NumPy, Pandas, Matplotlib ready to
     go
 



To get started:
     
 
	
  1. 
	Go to https://colab.research.google.com
     
	
  2. 
	Sign in with your Google account
     
	
  3. 
	Click “New Notebook” to create a blank notebook
     
	
  4. 
	Start coding!


Anaconda (Recommended for Local Installation) 
Anaconda (https://www.anaconda.com) is a Python distribution designed for data
science. It includes: 
 

     
     	
     Python itself
     
 


     	
     Jupyter Notebook and JupyterLab
     
 


     	
     Hundreds of pre-installed packages (NumPy, Pandas, Matplotlib, etc.)
     
 


     	
     Conda package manager for installing additional packages
 



After installing Anaconda, launch “Jupyter Notebook” from the Anaconda Navigator
or by typing jupyter notebook in your terminal.
                                                                  

                                                                  

 

VS Code 
Visual Studio Code (https://code.visualstudio.com) is a popular code editor
that supports Jupyter notebooks through extensions. It’s a good choice if you
want a more traditional development environment but still want notebook
capabilities.

 


 

12.2.2    Installing Packages 

Most packages we need come pre-installed in Colab or Anaconda. The main package
you’ll need to install is PuLP for optimization modeling:

 

# In a Jupyter cell, use ! to run shell commands 
 
!pip install pulp

Important: After installing a new package, you need to restart your
notebook kernel for the changes to take effect. In Jupyter, go to Kernel 
 → Restart. In Colab,
go to Runtime   →
Restart runtime.

 
Once installed, import the packages you need at the top of your notebook:

 

# Standard imports for optimization work 
 
import numpy as np # Numerical computing 
 
import pandas as pd # Data manipulation 
 
import matplotlib.pyplot as plt # Visualization 
 
from pulp import * # Optimization modeling

Resources

 
Interactive Practice Notebooks 
 

     
     	
     Python Basics on Colab
     
 


     	
     Loops Tutorial
     
 


     	
     PuLP Exercises
 



Reference Materials 
 

     
     	
     A Byte of Python (free textbook)
                                                                  

                                                                  
     
 


     	
     Open Optimization Examples Repository
 



Try it out visually!

 
One LP, Four Modeling Languages: the same problem in PuLP, Pyomo,
gurobipy, and AMPL with a code stepper.

 


 

12.3    Python Basics 

Before diving into optimization-specific Python, let’s cover the fundamental building
blocks of the language. If you’re completely new to programming, this section will get
you started. If you have experience with other languages, you’ll see how Python’s
syntax differs.

 
Resources

 
A companion Jupyter notebook intro_to_python_extended.ipynb is available in
the book repository’s code/python/ folder. We recommend working through this
notebook interactively as you read this section.

 


 

12.3.1    Variables and Data Types 

Python is dynamically typed, meaning you don’t need to declare variable
types explicitly; Python figures it out from context. The basic data types
are:

 

     
     	
     Integers: Whole numbers (e.g., 10, -5, 0)
     
 


     	
     Floats: Decimal numbers (e.g., 3.14, -2.7)
     
 


     	
     Strings: Text, enclosed in quotes (e.g., "Hello", ’Alice’)
                                                                  

                                                                  
     
 


     	
     Booleans: Logical values (True or False)
 




# Variable assignment - no type declarations needed 
 
x = 10 # Integer 
 
y = 3.14 # Float 
 
name = "Alice" # String 
 
is_happy = True # Boolean 
 
 
 
print(x, y, name, is_happy) 
 
# Output: 10 3.14 Alice True



 

12.3.2    Arithmetic Operations 

Python supports all standard arithmetic operations:

 

a = 15 
 
b = 4 
 
 
 
print("Addition:", a + b) # 19 
 
print("Subtraction:", a - b) # 11 
 
print("Multiplication:", a * b) # 60 
 
print("Division:", a / b) # 3.75 
 
print("Floor division:", a // b) # 3 (rounds down) 
 
print("Modulus:", a % b) # 3 (remainder) 
 
print("Exponentiation:", a ** b) # 50625 (15^4)

Info

 
Division Tip: In Python 3, / always returns a float, even for integers. Use // for
integer division that rounds down to the nearest whole number.

 


 

12.3.3    Collections: Lists, Tuples, Dictionaries, and Sets 

Python provides several built-in data structures for organizing data:

 

# Lists - mutable, ordered sequences 
 
my_list = [1, 2, 3, 4] 
 
 
 
# Tuples - immutable sequences (can't be changed) 
 
my_tuple = (10, 20, 30) 
 
 
 
# Dictionaries - key-value pairs 
 
my_dict = {"apple": 2, "banana": 3} 
 
 
 
# Sets - unique elements only (duplicates removed) 
 
my_set = {1, 2, 2, 3, 4} # becomes {1, 2, 3, 4} 
 
 
 
print("List:", my_list) 
 
print("Tuple:", my_tuple) 
 
print("Dictionary:", my_dict) 
 
print("Set:", my_set)

You can modify lists and dictionaries after creation:

 

# List operations 
 
my_list.append(5) # Add element: [1, 2, 3, 4, 5] 
 
my_list.remove(2) # Remove element: [1, 3, 4, 5] 
 
my_list[0] = 100 # Change element: [100, 3, 4, 5] 
 
 
 
# Dictionary operations 
 
my_dict["cherry"] = 5 # Add new key-value pair 
 
my_dict["apple"] = 10 # Update existing value 
 
print(my_dict["banana"]) # Access value by key: 3



 

12.3.4    Indexing and Slicing 

Python uses zero-based indexing—the first element is at index 0, not 1. You can
also use negative indices to count from the end.

 

                                                                  

                                                                  
colors = ["red", "green", "blue", "yellow", "purple"] 
 
 
 
# Single element access 
 
print(colors[0]) # "red" (first element) 
 
print(colors[-1]) # "purple" (last element) 
 
print(colors[-2]) # "yellow" (second to last) 
 
 
 
# Slicing: [start:end] - end is exclusive! 
 
print(colors[1:3]) # ["green", "blue"] 
 
print(colors[:3]) # ["red", "green", "blue"] (from beginning) 
 
print(colors[2:]) # ["blue", "yellow", "purple"] (to end) 
 
 
 
# With step: [start:end:step] 
 
print(colors[::2]) # ["red", "blue", "purple"] (every 2nd)

Warning

 
Common Mistake: Remember that slicing with [a:b] includes index a but
excludes index b. So colors[1:3] gives you elements at indices 1 and 2, not 1, 2, and
3.

 


 

12.3.5    Control Flow: Conditionals 

Python uses indentation (not braces) to define code blocks. The if, elif, and else
keywords handle conditional logic:

 

num = 7 
 
 
 
if num % 2 == 0: 
 
   print(f"{num} is even.") 
 
else: 
 
   print(f"{num} is odd.") 
 
# Output: 7 is odd. 
 
 
 
# Multiple conditions with elif 
 
score = 85 
 
if score >= 90: 
 
   grade = "A" 
 
elif score >= 80: 
 
   grade = "B" 
 
elif score >= 70: 
 
   grade = "C" 
 
else: 
 
   grade = "F" 
 
print(f"Score {score} earns grade {grade}") # Grade B

Info

 
f-strings: The f"..." syntax creates formatted strings. Variables inside curly braces
{var} are automatically converted to text. This is much cleaner than string
concatenation.

 


 

12.3.6    Control Flow: Loops 

For Loops 
For loops iterate over sequences (lists, strings, ranges, etc.):

 

# Loop over a list 
 
fruits = ["apple", "banana", "cherry"] 
 
for fruit in fruits: 
 
   print(f"I like {fruit}") 
 
 
 
# Loop over a range of numbers 
 
for i in range(5): 
 
   print(i) # Prints 0, 1, 2, 3, 4 
 
 
 
# Loop over dictionary items 
 
prices = {"apple": 1.50, "banana": 0.75, "cherry": 2.00} 
 
for fruit, price in prices.items(): 
 
   print(f"{fruit} costs ${price:.2f}")

While Loops 
While loops continue as long as a condition is true:

 

count = 0 
 
while count < 5: 
 
   print(count) 
 
   count += 1 # Don't forget to update the condition! 
 
# Prints 0, 1, 2, 3, 4

                                                                  

                                                                  


 

12.3.7    Functions 

Functions are reusable blocks of code defined with the def keyword:

 

def square(x): 
 
   """Return the square of x.""" 
 
   return x * x 
 
 
 
val = 5 
 
print(f"The square of {val} is {square(val)}.") 
 
# Output: The square of 5 is 25.

Functions can have multiple parameters and default values:

 

def greet(name, greeting="Hello"): 
 
   """Greet someone with a customizable greeting.""" 
 
   return f"{greeting}, {name}!" 
 
 
 
print(greet("Alice")) # "Hello, Alice!" 
 
print(greet("Bob", "Hi there")) # "Hi there, Bob!"

Info

 
Docstrings: The triple-quoted string immediately after def is called a docstring. It
documents what the function does and appears when you use help(function_name).

 


 

12.4    Python Essentials for Optimization 

Now that we’ve covered the basics, let’s see how these Python features are used
specifically in optimization modeling. The following patterns will appear repeatedly
in your LP and IP work.

 


 

12.4.1    Lists: Ordered Collections 

Lists are Python’s workhorse data structure – ordered collections that can hold any
type of data. In optimization, we use lists to represent: 
 

     
     	
     Sets of indices (plants, customers, time periods)
     
 


     	
     Sequences of data (demands, costs, capacities)
     
 


     	
     Collections of variable names or constraint names
 




                                                                  

                                                                  
# Define sets for a transportation problem 
 
plants = ['Chicago', 'Denver', 'Atlanta'] 
 
markets = ['NYC', 'LA', 'Houston', 'Miami'] 
 
 
 
# Numerical data as lists 
 
supply = [100, 150, 200] 
 
demand = [80, 120, 90, 110]

Lists are zero-indexed, meaning the first element is at position 0:

 

plants[0] # 'Chicago' (first element) 
 
plants[1] # 'Denver' (second element) 
 
plants[-1] # 'Atlanta' (last element) 
 
len(plants) # 3 (number of elements)

Common operations you’ll use constantly:

 

sum(supply) # 450 (total supply) 
 
max(demand) # 120 (largest demand) 
 
min(demand) # 80 (smallest demand) 
 
plants.append('Boston') # Add to end of list 
 
'Denver' in plants # True (membership test)



 

12.4.2    Dictionaries: Key-Value Mappings 

Dictionaries map keys to values. They’re the natural way to represent indexed
parameters in optimization – think of them as lookup tables.

 

# Supply indexed by plant name 
 
supply = { 
 
   'Chicago': 100, 
 
   'Denver': 150, 
 
   'Atlanta': 200 
 
} 
 
 
 
# Access values using keys 
 
supply['Chicago'] # 100 
 
supply['Denver'] # 150

For parameters indexed by multiple sets (like transportation costs indexed by
origin AND destination), use tuple keys:

 

# Transportation cost from plant to market 
 
cost = { 
 
   ('Chicago', 'NYC'): 3.5, 
 
   ('Chicago', 'LA'): 4.8, 
 
   ('Chicago', 'Houston'): 2.1, 
 
   ('Denver', 'NYC'): 4.2, 
 
   ('Denver', 'LA'): 2.1, 
 
   ('Denver', 'Houston'): 3.0, 
 
   # ... and so on 
 
} 
 
 
 
# Access using tuple key 
 
cost[('Chicago', 'NYC')] # 3.5 
 
cost[('Denver', 'LA')] # 2.1

This pattern – dictionaries with tuple keys – is fundamental to optimization
modeling in Python. It directly mirrors the mathematical notation 
cij for a cost
from origin  i
to destination  j.

 
Useful dictionary operations:

 

supply.keys() # All keys: dict_keys(['Chicago', 'Denver', 'Atlanta']) 
 
supply.values() # All values: dict_values([100, 150, 200]) 
 
supply.items() # Key-value pairs (for iteration) 
 
sum(supply.values()) # 450 (total supply)



 

12.4.3    For Loops: Iteration 

Loops let you repeat operations over collections. In optimization, you’ll use them to:

 

                                                                  

                                                                  
     
     	
     Create decision variables for each index
     
 


     	
     Add constraints for each element of a set
     
 


     	
     Process and display results
 




# Basic loop over a list 
 
for plant in plants: 
 
   print(f"Processing plant: {plant}")

Output:
                                                                  

                                                                  

 

Processing plant: Chicago
Processing plant: Denver
Processing plant: Atlanta




 
When you need both the index and value, use enumerate:

 

for i, plant in enumerate(plants): 
 
   print(f"Plant {i}: {plant}")

For dictionaries, iterate over key-value pairs:

 

for plant, capacity in supply.items(): 
 
   print(f"{plant} can supply {capacity} units")

Nested loops create all combinations – essential for generating variables and
constraints over multiple index sets:

 

# All plant-to-market routes 
 
for plant in plants: 
 
   for market in markets: 
 
      print(f"Route: {plant} -> {market}")

This creates  |plants|×|markets| = 3 × 4 = 12
route combinations.

 


 

12.4.4    List Comprehensions: Concise List Creation 

List comprehensions are a compact way to create lists. They’re Python’s way of
saying “give me a list of X for each Y in Z.”

 

# Create list of all routes (same as nested loop above, but one line) 
 
routes = [(p, m) for p in plants for m in markets]

This produces:
                                                                  

                                                                  

 

[(’Chicago’, ’NYC’), (’Chicago’, ’LA’), (’Chicago’, ’Houston’),
 (’Chicago’, ’Miami’), (’Denver’, ’NYC’), ... ]




 
Add conditions with if:

 

# Only plants with capacity > 120 
 
large_plants = [p for p, cap in supply.items() if cap > 120] 
 
# Result: ['Denver', 'Atlanta']

You’ll see comprehensions used extensively in PuLP for creating sums:

 

# Total cost (will make sense after PuLP section) 
 
total_cost = lpSum([cost[p,m] * x[p,m] for p in plants for m in markets])



 

12.4.5    Functions: Reusable Code 

Functions package code for reuse. Define them with def:

 

def calculate_total_cost(flows, costs): 
 
   """ 
 
   Calculate total transportation cost. 
 
 
 
   Args: 
 
      flows: dict mapping (plant, market) to flow amount 
 
      costs: dict mapping (plant, market) to unit cost 
 
 
 
   Returns: 
 
      Total cost as a float 
 
   """ 
 
   total = 0 
 
   for route, amount in flows.items(): 
 
      total += amount * costs[route] 
 
   return total

The triple-quoted string is a docstring – documentation that explains what the
function does. Good practice!

 
A simpler version using sum and a comprehension:

 

def calculate_total_cost(flows, costs): 
 
   """Calculate total transportation cost.""" 
 
   return sum(flows[r] * costs[r] for r in flows)



 

12.5    NumPy: Numerical Computing 

NumPy (Numerical Python) provides efficient array operations. While PuLP doesn’t
require NumPy, it’s invaluable for: 
 

     
     	
     Processing numerical data before optimization
                                                                  

                                                                  
     
 


     	
     Performing matrix/vector operations
     
 


     	
     Statistical analysis of inputs and results
 




import numpy as np



 

12.5.1    Creating Arrays 

NumPy arrays are like lists, but optimized for numerical operations:

 

# From a list 
 
costs = np.array([3, 5, 2, 4]) 
 
 
 
# 2D array (matrix) 
 
A = np.array([ 
 
   [2, 1, 3], 
 
   [1, 2, 1], 
 
   [3, 1, 2] 
 
]) 
 
 
 
# Useful shortcuts 
 
zeros = np.zeros(5) # [0, 0, 0, 0, 0] 
 
ones = np.ones(3) # [1, 1, 1] 
 
range_arr = np.arange(10) # [0, 1, 2, ..., 9]



 

12.5.2    Array Operations 

NumPy shines at element-wise and aggregate operations:

 

costs = np.array([3, 5, 2, 4]) 
 
 
 
# Aggregate operations 
 
costs.sum() # 14 
 
costs.mean() # 3.5 
 
costs.min() # 2 
 
costs.max() # 5 
 
costs.std() # Standard deviation 
 
 
 
# Element-wise operations 
 
costs * 2 # array([6, 10, 4, 8]) 
 
costs + 1 # array([4, 6, 3, 5]) 
 
costs > 3 # array([False, True, False, True])



 

12.5.3    Linear Algebra 

For matrix operations (useful in understanding LP theory):

 

A = np.array([[2, 1], [1, 3]]) 
 
b = np.array([4, 5]) 
 
c = np.array([3, 2]) 
 
x = np.array([1, 2]) 
 
 
 
# Matrix-vector product: Ax 
 
np.dot(A, x) # array([4, 7]) 
 
 
 
# Dot product: c'x 
 
np.dot(c, x) # 7 
 
 
 
# Matrix properties 
 
A.shape # (2, 2) 
 
A.T # Transpose 
 
np.linalg.det(A) # Determinant 
 
np.linalg.inv(A) # Inverse (if exists)

                                                                  

                                                                  


 

12.5.4    Visualizing Array Operations 

NumPy array operations can be confusing at first, especially when working with
slicing, stacking, and axis-specific operations. The following visual guide
demonstrates key concepts that will help you understand how NumPy manipulates
arrays, skills you’ll use when preparing data for optimization models.

 


 

12.6    Pandas: Data Management 

Pandas is the go-to library for working with tabular data. It excels at: 
 

     
     	
     Reading data from files (CSV, Excel, databases)
     
 


     	
     Cleaning and transforming data
     
 


     	
     Aggregating and summarizing results
     
 


     	
     Preparing data for optimization models
 




import pandas as pd



 

12.6.1    DataFrames: Tables of Data 

A DataFrame is like a spreadsheet or database table:

 

# Create from a dictionary 
 
plants_df = pd.DataFrame({ 
 
   'Plant': ['Chicago', 'Denver', 'Atlanta'], 
 
   'Capacity': [100, 150, 200], 
 
   'FixedCost': [10000, 12000, 8000] 
 
}) 
 
 
 
print(plants_df)

Output:
                                                                  

                                                                  

 

     Plant  Capacity  FixedCost
0  Chicago       100      10000
1   Denver       150      12000
2  Atlanta       200       8000




 


 

12.6.2    Reading Data from Files 

Real optimization problems get data from files, not hardcoded values:

 

# Read CSV file 
 
df = pd.read_csv('transportation_data.csv') 
 
 
 
# Read Excel file 
 
df = pd.read_excel('problem_data.xlsx', sheet_name='Costs') 
 
 
 
# Preview the data 
 
df.head() # First 5 rows 
 
df.info() # Column types and counts 
 
df.describe() # Summary statistics



 

12.6.3    Accessing and Filtering Data 


# Access a column 
 
plants_df['Capacity'] 
 
 
 
# Filter rows 
 
large_plants = plants_df[plants_df['Capacity'] > 120] 
 
 
 
# Multiple conditions 
 
selected = plants_df[(plants_df['Capacity'] > 100) & 
 
               (plants_df['FixedCost'] < 11000)]



 

12.6.4    From DataFrame to Optimization Data 

A critical skill is converting DataFrames to the dictionaries PuLP expects:

 

# DataFrame to dictionary 
 
supply_dict = dict(zip(plants_df['Plant'], plants_df['Capacity'])) 
 
# Result: {'Chicago': 100, 'Denver': 150, 'Atlanta': 200} 
 
 
 
# For cost matrices, you might have data like: 
 
# costs_df with columns: Origin, Destination, Cost 
 
cost_dict = {(row['Origin'], row['Destination']): row['Cost'] 
 
         for _, row in costs_df.iterrows()}



 

12.6.5    Analyzing Results 

After solving, put results back into DataFrames for analysis:

 

                                                                  

                                                                  
# Create results DataFrame 
 
results = pd.DataFrame([ 
 
   {'Route': f"{p}->{m}", 'Flow': x[p,m].varValue, 'Cost': cost[p,m]} 
 
   for p in plants for m in markets 
 
   if x[p,m].varValue > 0 
 
]) 
 
 
 
# Analyze 
 
print(results) 
 
print(f"Total flow: {results['Flow'].sum()}") 
 
print(f"Average cost: {results['Cost'].mean():.2f}")



 

12.7    Matplotlib: Visualization 

Visualization helps you understand your data before optimization and communicate
results after. Matplotlib is Python’s foundational plotting library.

 

import matplotlib.pyplot as plt



 

12.7.1    Bar Charts: Comparing Categories 

Perfect for showing supply, demand, or solution values by category:

 

plants = ['Chicago', 'Denver', 'Atlanta'] 
 
supply = [100, 150, 200] 
 
 
 
plt.figure(figsize=(8, 5)) 
 
plt.bar(plants, supply, color='steelblue', edgecolor='black') 
 
plt.xlabel('Plant') 
 
plt.ylabel('Supply Capacity') 
 
plt.title('Supply Capacity by Plant') 
 
plt.grid(axis='y', alpha=0.3) 
 
plt.show()



 

12.7.2    Grouped Bar Charts: Comparing Multiple Series 


import numpy as np 
 
 
 
plants = ['Chicago', 'Denver', 'Atlanta'] 
 
supply = [100, 150, 200] 
 
used = [95, 150, 170] # After optimization 
 
 
 
x = np.arange(len(plants)) 
 
width = 0.35 
 
 
 
fig, ax = plt.subplots(figsize=(8, 5)) 
 
ax.bar(x - width/2, supply, width, label='Capacity', color='steelblue') 
 
ax.bar(x + width/2, used, width, label='Used', color='orange') 
 
 
 
ax.set_xlabel('Plant') 
 
ax.set_ylabel('Units') 
 
ax.set_title('Capacity vs. Utilization') 
 
ax.set_xticks(x) 
 
ax.set_xticklabels(plants) 
 
ax.legend() 
 
plt.show()



 

12.7.3    Heatmaps: Visualizing Matrices 

Great for cost matrices or flow solutions:

 

# Cost matrix as 2D array 
 
costs = np.array([ 
 
   [3.5, 4.8, 2.1, 3.9], 
 
   [4.2, 2.1, 3.0, 4.5], 
 
   [2.8, 5.1, 2.9, 1.7] 
 
]) 
 
 
 
plants = ['Chicago', 'Denver', 'Atlanta'] 
 
markets = ['NYC', 'LA', 'Houston', 'Miami'] 
 
 
 
plt.figure(figsize=(8, 6)) 
 
plt.imshow(costs, cmap='YlOrRd', aspect='auto') 
 
plt.colorbar(label='Cost per Unit') 
 
plt.xticks(range(len(markets)), markets) 
 
plt.yticks(range(len(plants)), plants) 
 
plt.xlabel('Destination') 
 
plt.ylabel('Origin') 
 
plt.title('Transportation Cost Matrix') 
 
 
 
# Add text annotations 
 
for i in range(len(plants)): 
 
   for j in range(len(markets)): 
 
      plt.text(j, i, f'{costs[i,j]:.1f}', ha='center', va='center') 
 
 
 
plt.tight_layout() 
 
plt.show()

                                                                  

                                                                  


 

12.7.4    Plot Customization Reference 

Matplotlib offers extensive customization options for creating publication-quality
figures. The following guide provides a reference for colors, line styles, markers, and
other formatting options that you’ll find useful when visualizing optimization
results.

 


 

12.8    NetworkX: Graph Analysis 

NetworkX is Python’s premier library for working with graphs and networks. It’s
essential for the discrete algorithms we’ll cover in Part II, and useful for
visualizing network-based optimization problems like transportation and facility
location.

 

import networkx as nx



 

12.8.1    Why Graphs Matter for Optimization 

Many optimization problems have an underlying network structure: 
 

     
     	
     Transportation: plants and markets connected by shipping routes
     
 


     	
     Shortest path: cities connected by roads
     
 


     	
     Network flow: sources, sinks, and intermediate nodes with arcs
     
 


     	
     Facility location: potential sites and customers to serve
 



NetworkX lets you represent, analyze, and visualize these structures.
                                                                  

                                                                  

 


 

12.8.2    Creating Graphs 


# Create a directed graph (edges have direction) 
 
G = nx.DiGraph() 
 
 
 
# Add nodes (can include attributes) 
 
G.add_node('Chicago', node_type='plant', supply=100) 
 
G.add_node('Denver', node_type='plant', supply=150) 
 
G.add_node('NYC', node_type='market', demand=80) 
 
G.add_node('LA', node_type='market', demand=120) 
 
 
 
# Add edges with attributes 
 
G.add_edge('Chicago', 'NYC', cost=3.5, capacity=100) 
 
G.add_edge('Chicago', 'LA', cost=4.8, capacity=80) 
 
G.add_edge('Denver', 'NYC', cost=4.2, capacity=90) 
 
G.add_edge('Denver', 'LA', cost=2.1, capacity=150)



 

12.8.3    Accessing Graph Data 


# Basic properties 
 
G.number_of_nodes() # 4 
 
G.number_of_edges() # 4 
 
list(G.nodes()) # ['Chicago', 'Denver', 'NYC', 'LA'] 
 
list(G.edges()) # [('Chicago', 'NYC'), ...] 
 
 
 
# Node attributes 
 
G.nodes['Chicago']['supply'] # 100 
 
 
 
# Edge attributes 
 
G.edges['Chicago', 'NYC']['cost'] # 3.5 
 
 
 
# Neighbors (outgoing edges for DiGraph) 
 
list(G.successors('Chicago')) # ['NYC', 'LA']



 

12.8.4    Graph Algorithms 

NetworkX includes many useful algorithms:

 

# Shortest path (by cost) 
 
path = nx.shortest_path(G, 'Chicago', 'LA', weight='cost') 
 
length = nx.shortest_path_length(G, 'Chicago', 'LA', weight='cost') 
 
print(f"Shortest path: {path}, cost: {length}") 
 
 
 
# All shortest paths from one source 
 
all_paths = nx.single_source_shortest_path(G, 'Chicago') 
 
 
 
# Check connectivity 
 
nx.is_weakly_connected(G) # True if underlying undirected graph is connected



 

12.8.5    Visualization 

Seeing your network helps understand problem structure:

 

plt.figure(figsize=(10, 6)) 
 
 
 
# Layout algorithm positions nodes 
 
pos = nx.spring_layout(G, seed=42) 
 
 
 
# Draw nodes 
 
nx.draw_networkx_nodes(G, pos, node_color='lightblue', 
 
                 node_size=1500, alpha=0.9) 
 
 
 
# Draw edges 
 
nx.draw_networkx_edges(G, pos, edge_color='gray', 
 
                 arrows=True, arrowsize=20) 
 
 
 
# Draw labels 
 
nx.draw_networkx_labels(G, pos, font_size=10) 
 
 
 
# Edge labels (costs) 
 
edge_labels = nx.get_edge_attributes(G, 'cost') 
 
nx.draw_networkx_edge_labels(G, pos, edge_labels, font_size=8) 
 
 
 
plt.title('Transportation Network') 
 
plt.axis('off') 
 
plt.tight_layout() 
 
plt.show()

Info

 
NetworkX is particularly important for Part II of this book, where we cover graph
algorithms including shortest paths, minimum spanning trees, and network
flows.
                                                                  

                                                                  

 


 

12.9    GeoPandas: Geographic Visualization 

Many optimization problems have a geographic component – facility locations,
delivery routes, service territories. GeoPandas extends Pandas with geographic
capabilities, making your models and results more tangible and easier to
communicate.

 

import geopandas as gpd 
 
from shapely.geometry import Point



 

12.9.1    Why Geographic Visualization? 

A transportation problem becomes much more intuitive when you can see the
facilities and customers on a map. Benefits include: 
 

     
     	
     Sanity checking – Does your solution make geographic sense?
     
 


     	
     Communication – Maps are universally understood
     
 


     	
     Insight – Spatial patterns become visible
     
 


     	
     Real data – Work with actual coordinates, not abstract indices
 





 

12.9.2    Creating Geographic Data 


# Facility data with coordinates 
 
facilities = pd.DataFrame({ 
 
   'Name': ['Chicago Plant', 'Denver Plant', 'Atlanta Plant'], 
 
   'Lat': [41.88, 39.74, 33.75], 
 
   'Lon': [-87.63, -104.99, -84.39], 
 
   'Capacity': [100, 150, 200] 
 
}) 
 
 
 
# Convert to GeoDataFrame 
 
geometry = [Point(lon, lat) for lon, lat in zip(facilities['Lon'], facilities['Lat'])] 
 
facilities_gdf = gpd.GeoDataFrame(facilities, geometry=geometry, crs='EPSG:4326')

                                                                  

                                                                  


 

12.9.3    Map Visualization 


fig, ax = plt.subplots(figsize=(12, 8)) 
 
 
 
# Plot facilities (sized by capacity) 
 
facilities_gdf.plot(ax=ax, color='red', markersize=facilities_gdf['Capacity'], 
 
               alpha=0.6, edgecolor='black') 
 
 
 
# Add labels 
 
for idx, row in facilities_gdf.iterrows(): 
 
   ax.annotate(row['Name'], 
 
            xy=(row.geometry.x, row.geometry.y), 
 
            xytext=(5, 5), textcoords='offset points', 
 
            fontsize=9, fontweight='bold') 
 
 
 
ax.set_xlabel('Longitude') 
 
ax.set_ylabel('Latitude') 
 
ax.set_title('Facility Locations (size = capacity)') 
 
ax.grid(True, alpha=0.3) 
 
plt.show()

Info

 
GeoPandas is optional for this book, but it transforms abstract optimization
problems into concrete, visual stories. It’s especially valuable when presenting results
to stakeholders who may not be familiar with mathematical notation.

 


 

12.10    PuLP: Optimization Modeling 

Now we arrive at the main event: PuLP, a Python library for formulating and
solving linear programs (LP) and integer programs (IP). PuLP provides a clean,
Pythonic interface for expressing optimization models that reads almost like
mathematical notation.

 


 

12.10.1    Installing PuLP 


!pip install pulp

After installing, restart your kernel, then import:

 

from pulp import *

PuLP comes bundled with the CBC solver (COIN-OR Branch and Cut), a capable
open-source solver. For larger problems, you can connect PuLP to commercial solvers
like Gurobi or CPLEX.

 


 

12.10.2    The PuLP Modeling Pattern 

Every PuLP model follows six steps:

 

                                                                  

                                                                  
     
 
	
  1. 
	Create a problem object
     
	
  2. 
	Define decision variables
     
	
  3. 
	Set the objective function
     
	
  4. 
	Add constraints
     
	
  5. 
	Solve the problem
     
	
  6. 
	Extract and analyze results


Let’s work through a complete example.

 


 

12.10.3    Example: Product Mix Problem 

A company makes two products. Each unit of Product 1 yields $3 profit; each unit of
Product 2 yields $2 profit. Production is limited by three resources:

 




 

 	 Resource  	 Product 1  	 Product 2  	 Available  

	 Material   	    10       	     5        	   300     

	 Labor       	     4        	     4        	   160     

	 Machine    	     2        	     6        	   180     

	          





Table 12.1: Resource usage per unit and availability for the two products.



Model:
                                                                  

                                                                  

 

                      max ⁡                       3X1 + 2X2                                                   
                       s.t.                        10X1 + 5X2 ≤ 300                                            
                                                 4X1 + 4X2 ≤ 160                                             
                                                 2X1 + 6X2 ≤ 180                                             
                                                 X1,X2 ≥ 0                                                   

Step 1: Create the Problem 

 

# Create a maximization problem 
 
prob = LpProblem("Product_Mix", LpMaximize)

The first argument is a name (used in output files), the second specifies the sense:
LpMaximize or LpMinimize.
Step 2: Define Decision Variables 

 

# Create non-negative continuous variables 
 
x1 = LpVariable("X1", lowBound=0) 
 
x2 = LpVariable("X2", lowBound=0)

The lowBound=0 enforces  X1,X2 ≥ 0.
By default, variables are continuous.
Step 3: Set the Objective Function 

 

# Add objective function 
 
prob += 3*x1 + 2*x2, "Total_Profit"

The += operator adds to the problem. The second argument is an optional
name.
Step 4: Add Constraints 

 

# Add constraints 
 
prob += 10*x1 + 5*x2 <= 300, "Material" 
 
prob += 4*x1 + 4*x2 <= 160, "Labor" 
 
prob += 2*x1 + 6*x2 <= 180, "Machine"

                                                                  

                                                                  
Each constraint uses <=, >=, or ==. The names help identify constraints in
output.
Warning

 
Common Mistake: If you forget the comparison operator (<=, >=, ==), you’ll
overwrite the objective function instead of adding a constraint! Recent versions of
PuLP print a UserWarning when this happens, but the model still solves, so the
mistake is easy to miss.

 
Wrong: 
 

prob += 10*x1 + 5*x2 # Overwrites objective!

Correct: 
 

prob += 10*x1 + 5*x2 <= 300 # Adds constraint

Step 5: Solve 

 

# Solve the problem 
 
prob.solve() 
 
 
 
# Check status 
 
print(f"Status: {LpStatus[prob.status]}")

Status will be one of: Optimal, Infeasible, Unbounded, Not Solved.
Step 6: Extract Results 

 

# Optimal objective value 
 
print(f"Maximum Profit: ${value(prob.objective)}") 
 
 
 
# Optimal variable values 
 
print(f"X1 = {x1.varValue}") 
 
print(f"X2 = {x2.varValue}") 
 
 
 
# Loop through all variables 
 
for v in prob.variables(): 
 
   print(f"{v.name} = {v.varValue}")

Output:
                                                                  

                                                                  

Status: Optimal
Maximum Profit: $100.0
X1 = 20.0
X2 = 20.0




 


 

12.10.4    Variable Types 

PuLP supports three variable types:

 

# Continuous (default) - for LP 
 
x = LpVariable("x", lowBound=0) 
 
 
 
# Integer - for IP 
 
y = LpVariable("y", lowBound=0, cat='Integer') 
 
 
 
# Binary (0 or 1) - for yes/no decisions 
 
z = LpVariable("z", cat='Binary')



 

12.10.5    Creating Multiple Variables 

For problems with many variables, create them in bulk using LpVariable.dicts:

 

plants = ['Chicago', 'Denver', 'Atlanta'] 
 
markets = ['NYC', 'LA', 'Houston'] 
 
 
 
# Create all route combinations 
 
routes = [(p, m) for p in plants for m in markets] 
 
 
 
# Create a dictionary of variables 
 
x = LpVariable.dicts("Ship", routes, lowBound=0, cat='Continuous')

Now x[(’Chicago’, ’NYC’)] is a variable representing shipments from Chicago to
NYC.

 


 

12.10.6    The lpSum Function 

For sums over index sets, use lpSum (more efficient than Python’s sum):

 

# Objective: minimize total cost 
 
prob += lpSum([cost[p,m] * x[p,m] for p in plants for m in markets]) 
 
 
 
# Supply constraint for each plant 
 
for p in plants: 
 
   prob += lpSum([x[p,m] for m in markets]) <= supply[p], f"Supply_{p}" 
 
 
 
# Demand constraint for each market 
 
for m in markets: 
 
   prob += lpSum([x[p,m] for p in plants]) >= demand[m], f"Demand_{m}"

                                                                  

                                                                  


 

12.10.7    Complete Transportation Example 

Here’s a complete, runnable transportation problem:

 

from pulp import * 
 
 
 
# === DATA === 
 
plants = ['Chicago', 'Denver'] 
 
markets = ['NYC', 'LA', 'Houston'] 
 
 
 
supply = {'Chicago': 100, 'Denver': 150} 
 
demand = {'NYC': 80, 'LA': 90, 'Houston': 70} 
 
 
 
cost = { 
 
   ('Chicago', 'NYC'): 3, ('Chicago', 'LA'): 5, ('Chicago', 'Houston'): 2, 
 
   ('Denver', 'NYC'): 4, ('Denver', 'LA'): 2, ('Denver', 'Houston'): 3 
 
} 
 
 
 
# === MODEL === 
 
prob = LpProblem("Transportation", LpMinimize) 
 
 
 
# Variables: x[p,m] = amount shipped from plant p to market m 
 
routes = [(p, m) for p in plants for m in markets] 
 
x = LpVariable.dicts("Ship", routes, lowBound=0) 
 
 
 
# Objective: minimize total shipping cost 
 
prob += lpSum([cost[r] * x[r] for r in routes]), "Total_Cost" 
 
 
 
# Supply constraints 
 
for p in plants: 
 
   prob += lpSum([x[p,m] for m in markets]) <= supply[p], f"Supply_{p}" 
 
 
 
# Demand constraints 
 
for m in markets: 
 
   prob += lpSum([x[p,m] for p in plants]) >= demand[m], f"Demand_{m}" 
 
 
 
# === SOLVE === 
 
prob.solve() 
 
 
 
# === RESULTS === 
 
print(f"Status: {LpStatus[prob.status]}") 
 
print(f"Total Cost: ${value(prob.objective)}") 
 
print("\nOptimal Shipments:") 
 
for p in plants: 
 
   for m in markets: 
 
      if x[p,m].varValue > 0: 
 
         print(f" {p} -> {m}: {x[p,m].varValue}")

Info

 
Complete Notebooks: For fully worked examples with data files and visualizations,
see: 
 

     
     	
     Open Optimization Examples Repository
     
 


     	
     PuLP Documentation and Tutorials
 





 

12.11    Putting It All Together 

A typical optimization workflow integrates all the tools we’ve covered:

 

     
 
	
  1. 
	Load data with Pandas (from CSV, Excel, or databases)
     
	
  2. 
	Explore and clean data, checking for issues
     
	
  3. 
	Transform data into dictionaries for PuLP
     
	
  4. 
	Build the model (variables, objective, constraints)
     
	
  5. 
	Solve and verify status is optimal
     
	
  6. 
	Extract results back into Pandas for analysis
     
	
  7. 
	Visualize with Matplotlib, NetworkX, or GeoPandas
                                                                  

                                                                  
     
	
  8. 
	Communicate findings to stakeholders



# Typical workflow skeleton 
 
import pandas as pd 
 
import matplotlib.pyplot as plt 
 
from pulp import * 
 
 
 
# 1. Load data 
 
plants_df = pd.read_csv('plants.csv') 
 
markets_df = pd.read_csv('markets.csv') 
 
costs_df = pd.read_csv('costs.csv') 
 
 
 
# 2-3. Process into dictionaries 
 
supply = dict(zip(plants_df['Name'], plants_df['Capacity'])) 
 
demand = dict(zip(markets_df['Name'], markets_df['Demand'])) 
 
cost = {(row['From'], row['To']): row['Cost'] 
 
      for _, row in costs_df.iterrows()} 
 
 
 
# 4-5. Build and solve model 
 
prob = LpProblem("MyProblem", LpMinimize) 
 
# ... define variables, objective, constraints ... 
 
prob.solve() 
 
 
 
# 6. Analyze results 
 
results_df = pd.DataFrame([...]) # Extract solution 
 
print(results_df.describe()) 
 
 
 
# 7. Visualize 
 
results_df.plot(kind='bar') 
 
plt.show()

The power of Python is that all these tools work seamlessly together, letting you go
from raw data to optimized solution to presentation-ready visualization in a single,
reproducible notebook.

 
Resources

 
Additional Resources 
 

     
     	
     PuLP Documentation
     
 


     	
     NumPy Documentation
     
 


     	
     Pandas Documentation
     
 


     	
     Matplotlib Documentation
     
 


     	
     NetworkX Documentation
     
 


     	
     GeoPandas Documentation
 





 

12.12    Exercises 

Warm-ups

                                                                  

                                                                  

 
Exercise 12.1: A New Profit Margin

 
 ⋆  In
the product mix example, a price increase raises the profit of Product 1 from $3 to
$5 per unit; Product 2 still earns $2, and the resource data are unchanged. Modify
the PuLP code from the example, re-solve, and report the new production plan and
profit. Which constraints are binding at the new optimum? (The answer is not 
(20,20)
anymore.)

 
[Section 12.10.3]


 
Exercise 12.2: From Math to PuLP

 
 ⋆ 
Translate the following linear program into PuLP code, following the six-step
modeling pattern, and solve it. Report the optimal objective value and the values of
all three variables.

 

                       max ⁡                       4x1 + 6x2 + 5x3                                               
                       s.t.                       2x1 + x2 + x3 ≤ 9                                              
                                                x1 + 3x2 + 2x3 ≤ 14                                            
                                                x1 + x2 + 2x3 ≤ 10                                             
                                                x1,x2,x3 ≥ 0                                                  

[Section 12.10.2, Section 12.10.3]


 
Exercise 12.3: New Demand Data

 
 ⋆  In
the complete transportation example, market demand shifts: NYC now requires 100
units, LA requires 80, and Houston still requires 70. Supplies and costs are
unchanged. Update the demand dictionary, re-solve, and report the new total cost and
shipment plan. The original data gave a total cost of $610; explain in one sentence
                                                                  

                                                                  
why the new cost is higher.

 
[Section 12.10.7]

 
Core problems


 
Exercise 12.4: A Three-Plant Transportation Model

 
  ⋆ ⋆ 
Build a PuLP model from scratch for the following transportation problem. Plants A,
B, C can supply 60, 70, and 80 units. Markets M1, M2, M3 require 50, 60, and 70
units. Unit shipping costs are:

 




 
 	   	 M1  	 M2  	 M3  
	
	
	
	

	 A 	 4 	 6 	 8

	 B  	  5   	  4   	  3   

	 C  	  6   	  7   	  5   

	    





Table 12.2: Unit shipping costs from plants to markets.



Use dictionaries with tuple keys for the cost data and lpSum for the objective and
constraints. Report the minimum total cost, the shipment plan, and which plants
have unused capacity.

 
[Section 12.10.7, Section 12.10.6]


 
Exercise 12.5: Duals and Slacks from a Solved Model

 
  ⋆ ⋆ 
Solve the original product mix example, then run: 
 

for name, c in prob.constraints.items(): 
 
   print(name, "dual =", c.pi, "slack =", c.slack)

PuLP stores the dual value (shadow price) of each constraint in c.pi and its slack in
c.slack.
     
 
	
  1. 
	Report the dual value and slack of each of the three constraints.
     
	
  2. 
	One constraint has zero dual value. What is its slack, and why does that
     combination make sense?
                                                                  

                                                                  
     
	
  3. 
	If one more hour of labor became available, by how much would profit
     increase? Answer using only the printed output.


[Section 12.10.3, Chapter 10, Chapter 11]


 
Exercise 12.6: An Epsilon-Constraint Sweep

 
  ⋆ ⋆  The
multi-objective chapter (Section 13.3) gives a PuLP listing that sweeps a bound on a
secondary objective to trace a Pareto frontier. Use that listing as a template for the
product mix example: the company wants high profit but also wants to limit machine
hours  2X1 + 6X2. For
each cap  𝜀 ∈{60,90,120,150,180},
maximize profit subject to the three resource constraints plus 
2X1 + 6X2 ≤ 𝜀. Print a
table of  (𝜀,X1,X2,profit)
and describe the trade-off between machine usage and profit.

 
[Section 13.3, Section 12.10.3]

 
Concepts and connections


 
Exercise 12.7: The Constraint That Wasn’t There

 
  ⋆ ⋆ 
Suppose you build the product mix model but forget to add the labor constraint (the
line prob += 4*x1 + 4*x2 <= 160, "Labor" is missing).
     
 
	
  1. 
	Does PuLP raise an error, print a warning, or solve without complaint?
     Predict, then try it.
     
	
  2. 
	Compute the solution PuLP returns and explain why its profit is higher
     than $100. Is that plan actually implementable by the company?
     
	
  3. 
	Relatedly, what happens if you type prob += 4*x1 + 4*x2 and forget the
     <= 160? Explain why this bug is even more dangerous than an omitted
     line.


[Section 12.10.3]


 
Exercise 12.8: Minimize or Maximize?

 
  ⋆ ⋆  A
student creates the product mix problem with LpProblem("Product_Mix",
LpMinimize) but keeps the objective 3*x1 + 2*x2.
                                                                  

                                                                  
     
 
	
  1. 
	What solution and objective value does PuLP return? Why is the model
     not infeasible even though the answer is useless?
     
	
  2. 
	Give two distinct one-line fixes: one that changes the sense and one that
     changes the objective. Verify in PuLP that both report the same optimal
     plan.
     
	
  3. 
	Explain why checking LpStatus[prob.status] alone would not catch this
     bug, and suggest a sanity check that would.


[Section 12.10.2]

 
Challenge problems


 
Exercise 12.9: Profit as a Function of Labor

 
  ⋆ ⋆⋆ 
Write a loop that solves the product mix example for labor availability 
b ∈{100,110,120,… ⁡,190}
(the other data unchanged), records the optimal profit for each 
b, and plots or tabulates
profit versus  b.
     
 
	
  1. 
	Report    the    ten    optimal    profits.    The    resulting    curve    is
     piecewise     linear     and     concave;     identify     the     values     of     
     b
     where its slope changes.
     
	
  2. 
	Print    the    labor    constraint’s    dual    value    c.pi   at    each    
     b
     and explain the slopes of the curve using these shadow prices.
     
	
  3. 
	Why      does      the      curve      become      flat      for      large      
     b?
     Answer  in  terms  of  which  constraints  are  binding,  and  connect  your
     findings to the sensitivity analysis chapter.


[Section 12.10.3, Chapter 10]
                                                                  

                                                                  

 


 

Selected Solutions 

Solution

 
(Exercise 12.2) Following the modeling pattern: 
 

from pulp import * 
 
 
 
prob = LpProblem("Three_Var", LpMaximize) 
 
x1 = LpVariable("X1", lowBound=0) 
 
x2 = LpVariable("X2", lowBound=0) 
 
x3 = LpVariable("X3", lowBound=0) 
 
 
 
prob += 4*x1 + 6*x2 + 5*x3, "Objective" 
 
prob += 2*x1 + x2 + x3 <= 9, "C1" 
 
prob += x1 + 3*x2 + 2*x3 <= 14, "C2" 
 
prob += x1 + x2 + 2*x3 <= 10, "C3" 
 
 
 
prob.solve() 
 
print(LpStatus[prob.status], value(prob.objective)) 
 
for v in prob.variables(): 
 
   print(v.name, "=", v.varValue)

Output: status Optimal, objective  35.0,
with  X1 = 2.0,
 X2 = 2.0, 
X3 = 3.0. All three constraints
are binding ( 4 + 2 + 3 = 9, 
2 + 6 + 6 = 14, and 
2 + 2 + 6 = 10).

 
Solution

 
(Exercise 12.5) (1) Running the loop on the solved model prints
                                                                  

                                                                  

 

Material dual = 0.2 slack = -0.0
Labor dual = 0.25 slack = -0.0
Machine dual = -0.0 slack = 20.0


(2) The machine constraint has dual value 
0 and slack 
20: at the optimum
 (20,20), machine
usage is  2(20) + 6(20) = 160 < 180.
A constraint with leftover capacity cannot be worth anything at the margin, so its
shadow price is zero. This is complementary slackness: for each constraint,
the dual value or the slack (or both) must be zero. (3) The labor dual is 
0.25, so
one extra hour of labor raises the optimal profit by $0.25, from $100 to $100.25 (valid
while the current basis stays optimal).

 
Solution

 
(Exercise 12.9) Wrapping the model in a function of 
b and
looping gives:
                                                                  

                                                                  

 

b = 100: profit = 75.0   labor dual = 0.75
b = 110: profit = 82.5   labor dual = 0.75
b = 120: profit = 90.0   labor dual = 0.75
b = 130: profit = 92.5   labor dual = 0.25
b = 140: profit = 95.0   labor dual = 0.25
b = 150: profit = 97.5   labor dual = 0.25
b = 160: profit = 100.0  labor dual = 0.25
b = 170: profit = 102.0  labor dual = 0.0
b = 180: profit = 102.0  labor dual = 0.0
b = 190: profit = 102.0  labor dual = 0.0


(1) The slope changes at  b = 120
and  b = 168
(between the printed points 160 and 170). (2) The slope of the profit curve at each 
b
equals the shadow price of the labor constraint. For 
b ≤ 120 only labor limits production
(the plan is  (b∕4,0)) and each
labor hour is worth  0.75;
for  120 ≤ b ≤ 168
material and labor are both binding and an extra hour is worth only 
0.25;
the decreasing slopes are exactly why the curve is concave. (3) At 
b = 168 the plan
reaches  (18,24), where
material and machine are binding and labor is no longer scarce. Beyond that, extra labor has
shadow price  0
and profit stays at $102: buying more of a non-binding resource is worthless. This is
the RHS sensitivity behavior of Chapter 10, computed by brute force.
                                                                  

                                                                  

 



 




Chapter 13
Multi-Objective Optimization   

Learning Outcomes

 

     
     	
     Define multi-objective optimization problems
     
 


     	
     Discuss solutions in terms of the Pareto Frontier
     
 


     	
     Explore approaches for finding the Pareto Frontier
     
 


     	
     Use software to solve for or approximate the Pareto Frontier
 



     
     You are shopping for a used car. One is $4,000 and twelve years
     old; another is $9,000 and three years old; a third is $11,000 and
     eight years old. The third can be dismissed at a glance: the second
     is cheaper and newer. But between the first two, no calculation can
     declare  a  winner:  it  depends  on  what  a  year  of  age  is  worth  to
     you, and that is a judgment, not an optimization. Multi-objective
     optimization is the study of exactly this situation: ruling out the
     options  nobody  should  ever  choose,  and  mapping  the  trade-offs
     among the ones that remain.
 


13.1    Introduction to Multi-Objective Optimization 

Decision makers must often balance competing objectives. Rather than optimizing
a single quantity, we seek solutions that trade off different goals, such as
cost against quality or efficiency against equity. This leads to the field of
multi-objective optimization (MOO), a framework for identifying and analyzing such
trade-offs.

 
To illustrate this, consider a simple inventory and production planning problem over a fixed horizon
of   T = 10 periods. Let 
xt denote the quantity
produced in period  t, 
                                                                  

                                                                  
st the inventory carried
over after period  t,
and  dt
the demand to be satisfied during that period. The system begins with 
s0 = 5 units of initial inventory.
Production costs  ctp
vary by time, while holding inventory incurs a fixed per-unit cost 
ch.

 
The inventory balance constraint for each period is: 
 
	
 
                            st = st−1 + xt − dtfor all t = 1,… ⁡,T



The objective function (single-objective version) is to minimize total cost:

 
	
 
                                   min ⁡ ∑
  t=1T  (c
tpx
t + chs
t)



However, holding inventory is not just costly; it also introduces risk. Products may be
damaged, stolen, or become obsolete. To capture this additional concern, we define
a risk function that models the expected loss due to stored inventory:

 
	
                                                                  

                                                                  
 
                                       r(st) = cr  (1 − e−βst
      )



where  cr is the maximum
risk cost and  β
is a sensitivity parameter. This function grows quickly at first, but saturates as
inventory increases, reflecting that the marginal risk of storing more units diminishes
with protective measures (e.g., insurance, security systems).

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Plot of the inventory risk function r(s) = c_r(1 - exp(-beta*s)) versus inventory level s: a smooth concave curve rising sharply from zero and saturating toward the maximum risk cost c_r, illustrating that marginal risk diminishes as inventory grows.] 


 
Figure 13.1: Inventory risk cost as a function of inventory level.            
                                                                  

                                                                  

Now we face a multi-objective problem: we want to minimize both total cost and
maximum risk incurred across the planning horizon. These objectives are in tension:
reducing risk requires keeping inventory low, which often means producing more
frequently at higher cost.

 
To explore the trade-off, we solve the problem repeatedly with varying upper bounds on inventory
(i.e., limiting  st ≤ R),
and for each value compute: 
 

     
     	
     The optimal total cost (production + holding),
     
 


     	
     The  maximum  risk  experienced  across  all  periods,  computed  as  
     max ⁡ tr(st).
 



This sweep is the  𝜀-constraint
method, which we define later in the chapter (Section 13.2). The parameter values in
this example are illustrative; the computational resources at the end of the chapter
(Section 13.3), such as pymoo, make it easy to experiment with instances of your
own.

 
The resulting plot shows the Pareto frontier (defined precisely in Section 13.2) of
non-dominated solutions, those for which no other solution achieves both a lower cost
and lower risk.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Pareto frontier curve for the multi-objective inventory problem, plotting total cost (horizontal axis) against maximum inventory risk (vertical axis). The downward-sloping non-dominated trade-off curve shows that lower risk can only be achieved by accepting higher cost.] 


 
Figure 13.2: Trade-off between total cost and maximum inventory risk.      
                                                                  

                                                                  

This example illustrates the essence of multi-objective optimization: generating and
analyzing a spectrum of solutions that offer different balances between competing
goals. In practice, decision makers select among these using domain knowledge,
regulatory limits, or stakeholder preferences.

 

13.2    Multi-Objective Optimization and the Pareto Frontier 

We now make these ideas precise. The central concept is the Pareto Frontier (or
Pareto Front), which consists of all solutions for which no objective can be improved
without worsening at least one other.

 

Motivating Example: Furniture Manufacturer 
Consider a high-end furniture manufacturer that builds dining tables and chairs from
expensive bocote and rosewood. The manufacturer receives 960 board-feet (bdft) of bocote
and 200 bdft of rosewood per month. Each table requires 80 bdft of bocote and 12 bdft
of rosewood; each chair requires 20 bdft of bocote and 10 bdft of rosewood. Let 
x denote the number
of tables and  y
the number of chairs produced. The feasible production set 
P is
given by:

 
	
 
P = {(x,y) ∈ ℝ2 : 80x + 20y ≤ 960,
                     12x + 10y ≤ 200,
                     x,y ≥ 0}.
                                                                                        



 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Shaded feasible region in the plane of tables (x) and chairs (y), bounded by two blue constraint lines that intersect near (10, 8), with intercepts at 20 chairs and 12 tables.] 


 
Figure 13.3: Feasible region for the furniture production problem.           
                                                                  

                                                                  

Suppose each table earns $8000 and each chair earns $2000. The goal is to maximize
revenue:

 
	
 
                      Maximize 8000x + 2000ysubject to (x,y) ∈ P.



Scaling the objective to  w = 4x + y,
the feasible region remains the same but is easier to visualize. Solving
this LP reveals multiple optimal solutions on the boundary from 
(12,0) to 
(10,8).
These all yield the same profit, but they may differ in other criteria.

 
Now, suppose a new manager wants to minimize material waste, specifically 10 bdft
wasted per table and 2 bdft per chair:

 
	
 
                    Minimize 10x + 2ysubject to maximum revenue.



Restricting attention to the profit-optimal frontier and minimizing waste identifies 
(10,8) as
preferable. This is an example of the lexicographic method: optimize a primary
objective, then refine solutions with a secondary one.

 
Alternatively, the manager may be willing to sacrifice some revenue. If they accept at
least 70% of maximum profit, they solve:
                                                                  

                                                                  

 
	
 
Minimize  10x + 2y                       
subject to 8000x + 2000y ≥ 0.7 × 96000,
            (x,y) ∈ P.
                                                                                        



 

                                                                  

                                                                  
                                                                  

                                                                  
[image: The furniture feasible region with red dashed revenue level lines and a darker shaded strip along the upper-right boundary marking the plans whose revenue is at least 70 percent of the maximum.] 


 
Figure 13.4:  Feasible  set  with  revenue  constrained  to  at  least  70%  of  the
maximum.                                                         
                                                                  

                                                                  

This  𝜀-constraint
method provides flexibility to explore trade-offs, generating new points on the Pareto
frontier.

 

Pareto Optimality 
Many feasible solutions exist, but only some are Pareto optimal. A solution is Pareto
optimal if no other feasible solution improves one objective without worsening
another.


 
Definition 13.1: Pareto Optimal

 
Given a feasible set  P and
objective functions  fi : P → ℝ to
maximize, a point  x ∈ P is Pareto
Optimal if there is no  x¯ ∈ P
such that: 
 
	
 
fi(x¯) > fi(x) for some i,
fj(x¯) ≥ fj(x) for all j≠i.
                                                                                        



That is, no objective can be strictly improved without sacrificing performance in at
least one other. The Pareto Frontier is the set of all such efficient points.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Objective-space plot of rosewood waste f2=10x+2y against revenue f1=8000x+2000y (in thousands of dollars). Blue dots connected by a line mark Pareto optimal plans (the Pareto frontier); red squares lying above the line mark dominated plans, each labeled with its production plan (x, y).] 


 
Figure 13.5:         The         furniture         problem         in         objective
space:         each         point         is         a         production         plan         
(x,y)
plotted by its revenue  f1
(maximize) and rosewood waste  f2
(minimize).  The  blue  points  are  non-dominated:  no  feasible  plan  earns
more  revenue  without  creating  more  waste,  and  none  creates  less  waste
without  giving  up  revenue.  The  red  points  are  dominated;  for  example,  
(12,0)
earns the same $96,000 as  (10,8)
but        wastes        120 bdft        instead        of        116,        and        
(4,4)
matches the revenue of  (0,20)
with    more    waste.    The    frontier    consists    of    the    plans    along    
x = 0
and         along         the         rosewood         constraint         from         
(0,20)
to  (10,8).
                                                                  

                                                                  

Summary of Multi-Objective Optimization Methods 

 

                                                                  

                                                                  

 

                                                                  

                                                                  


Table 13.1: Summary of Multi-Objective Optimization Methods            
 	
	
	
	

	 Method                 	 Key Idea                     
 
	 Pros                      
 
	 Cons                     
 


	
	
	
	

	 Weighted Sum         	 Combine   objectives   into
  a   single   scalar   using   a
  weighted sum                    
 
	 Simple                and
  computationally
  efficient                      
 
	 May                  miss
  Pareto-optimal
  solutions                in
  non-convex regions       
 


	
	
	
	

	 Lexicographic          	 Prioritize    objectives    in
  strict order                       
 
	 Matches      real-world
  decision hierarchies      
 
	 Does
  not  explore  trade-offs
  or the full frontier        
 


	
	
	
	

	 Epsilon-Constraint   	 Optimize   one   objective,
  treat others as constraints   
 
	 Finds        non-convex
  parts of the frontier      
 
	 Requires       repeated
  solves,  hard  to  set  
  𝜀  
 


	
	
	
	

	 Goal Programming   	 Minimize   deviation   from
  target values                     
 
	 Useful when goals are
  known                       
 
	 Sensitive to target and
  weight choices             
 


	
	
	
	

	 Elbow (Knee Point)  	 Pick   the   frontier   point
  where trade-offs deteriorate
  fastest                             
 
	 Yields      a      single
  balanced compromise    
 
	 Requires
  computing the frontier
  first; not every frontier
  has a clear knee           
 


	
	
	
	

	                     



                                                                  

                                                                  



Scalarization (Weighted Sum) Method 
The weighted sum method transforms a multi-objective optimization problem into a
single-objective one by combining the objectives linearly. For two objectives 
f1(x) and 
f2(x) (both
to be minimized), the scalarized problem takes the form:

 

                min ⁡ x∈X               w1f1(x) + w2f2(x)                                         
               s.t.                    x ∈ X,w1,w2 ≥ 0,w1 + w2 = 1.                              

Here,  w1
and  w2
represent the relative importance of each objective. Varying the weights
traces out the convex portions of the Pareto frontier: each weight vector
corresponds to a supporting hyperplane to the feasible region in objective space.
While simple and computationally efficient, the method cannot produce
Pareto-optimal points lying in non-convex regions of the frontier. Objectives should
be normalized before weighting to ensure that units and scales do not distort the
trade-off.

 

Lexicographic Method 
The lexicographic method ranks the objectives in strict order of priority and
optimizes them sequentially: first optimize the most important objective, then
optimize the second over the set of solutions that are optimal for the first, and so on.
This is what the furniture manufacturer did above: maximize revenue first, then
minimize rosewood waste among the revenue-optimal plans, which selected 
(10,8). The
method fits settings with a clear hierarchy of goals, but it returns a single solution
                                                                  

                                                                  
rather than a picture of the trade-offs.

 

Goal Programming 
Goal programming incorporates explicit target values for each objective,
seeking solutions that minimize the deviations from these goals. Let 
gj be the desired goal
for objective  fj(x).
Introduce positive and negative deviation variables 
dj+ and 
dj− such
that:

 

                  fj(x) + dj−− d
j+ = g
j,dj+,d
j−≥ 0.                                    

A weighted goal programming model minimizes a weighted sum of deviations:

 

           min ⁡ x,d+,d−          ∑
  j=1mw
j(dj+ + d
j−),                                      
          s.t.                x ∈ X,and the above deviation equations hold.                    

                                                                  

                                                                  
The weights  wj
reflect the relative penalty for missing each goal. In preemptive (lexicographic) goal
programming, objectives are ranked in priority and optimized sequentially, ensuring
higher-priority goals are satisfied as well as possible before addressing lower-priority
ones.

 

Elbow (Knee Point) Method 
When the Pareto frontier is plotted, some decision makers prefer to choose a single
compromise point where further improvement in one objective would cause a
disproportionately large loss in another. This elbow or knee point is often found
where the curvature of the frontier is largest. For discrete Pareto points, a common
heuristic is:
     
 
	
  1. 
	Identify the extreme solutions (best in each objective).
     
	
  2. 
	Draw the straight line connecting these extremes in objective space.
     
	
  3. 
	Compute the perpendicular distance of each Pareto point to this line.
     
	
  4. 
	Select the point with the largest distance as the elbow.


In more formal terms, for a smooth frontier 
(f1(t),f2(t)), the knee corresponds
to the value of  t
maximizing the curvature:

 

                    κ(t) = |f1′(t)f2″ ⁡(t) − f2′(t)f1″ ⁡(t)| 
 [(f1′(t))2 + (f2′(t))2] 3∕2  .                                        

                                                                  

                                                                  
Not all Pareto fronts have a clear elbow, and objectives should be normalized to
avoid scale bias.

 

Epsilon-Constraint Method 
The  𝜀-constraint
method selects one objective as the primary optimization target and converts all
other objectives into constraints with adjustable bounds. For two objectives 
f1(x) and 
f2(x) (both
to be minimized), one might solve:

 

                           min ⁡ x∈X                          f1(x)                                                        
                          s.t.                               f2(x) ≤ 𝜀,                                                    
                                                           x ∈ X,                                                       

where  𝜀 is
varied across a range of values to generate the Pareto frontier. This method
can find both convex and non-convex portions of the frontier, unlike the
weighted sum approach. The main practical challenge is choosing meaningful 
𝜀 values
and step sizes. Graphically, this corresponds to sweeping a horizontal (or vertical)
constraint across the feasible objective region and optimizing within each
slice.

 

13.2.1    Applications of Pareto Frontiers 

Although our furniture example was small, multi-objective optimization
arises naturally in many fields. In each case below, the decision-maker faces
competing objectives and must choose a preferred trade-off along the Pareto
frontier.
                                                                  

                                                                  

 


 

Portfolio Optimization 

In finance, the classical Markowitz model seeks portfolios that
trade off expected return against risk (variance of return). Given 
n assets with expected
return vector  μ ∈ ℝn and
covariance matrix  Σ ∈ ℝn×n,
the bi-objective problem is 
 
	
 
                    max ⁡ μ⊤ ⁡w,min ⁡ w⊤ ⁡Σw,subject to1⊤ ⁡w = 1,w ≥ 0.



The Pareto frontier of this problem is the well-known efficient frontier: a curve in the
risk–return plane. Every portfolio on this curve is Pareto optimal; portfolios below it
are dominated (higher risk for the same return, or lower return for the same
risk).

 


 

Engineering Design 

Mechanical and aerospace engineers routinely face multi-objective trade-offs. For
example, in aircraft wing design the objectives might include minimizing weight (for
fuel efficiency), minimizing drag (for speed), and minimizing manufacturing
cost, all subject to structural safety constraints. The Pareto frontier reveals
which designs are non-dominated, allowing the engineer to select a final
design that best matches operational priorities. Similar trade-offs arise in
automotive design, where ride comfort, fuel economy, and acceleration performance
compete.

 


 

                                                                  

                                                                  
Healthcare Staff Scheduling 

Hospitals scheduling nurses and physicians must balance staffing cost against
quality-of-care and workload fairness. Adding staff to a shift reduces patient-to-nurse
ratios and overtime fatigue but increases cost; concentrating shifts among
fewer workers saves money but hurts fairness and increases burnout risk. A
bi-objective model minimizing total staffing cost and, say, the maximum
number of undesirable shifts assigned to any one nurse produces a Pareto
frontier of schedules. Administrators can then see exactly how much each
improvement in fairness costs, rather than committing to a single weighting in
advance.

 


 

Supply Chain and Sustainability 

Firms increasingly aim to minimize both cost and environmental impact in their
supply chains. A manufacturer might seek to minimize total logistics cost while
also minimizing carbon emissions from transportation. Cheaper shipping
routes (e.g., by truck over longer distances) may produce more emissions than
costlier alternatives (e.g., rail). The Pareto frontier shows the achievable
trade-offs, helping firms meet sustainability targets at the lowest additional
cost.

 


 

13.3    Computational Tools for Multi-Objective Optimization 

Resources

 

     
     	
     pymoo: Python Multi-Objective Optimization Framework
     
 


     	
     PlatEMO: Platform for Evolutionary Multi-Objective Optimization
 



For problems with more than two or three objectives, or with large numbers
of decision variables, the exact methods discussed above (weighted sum, 
𝜀-constraint)
can become computationally expensive. In practice, multi-objective evolutionary
algorithms (MOEAs) are widely used to generate high-quality approximations of the
Pareto frontier.

 
Several well-known algorithms are available for this purpose:
                                                                  

                                                                  
     
 
	
     
NSGA-II 
 

	
     (Non-dominated Sorting Genetic Algorithm II) is one of the most widely
     used  MOEAs.  It  maintains  a  population  of  candidate  solutions  and
     uses non-dominated sorting together with a crowding distance metric to
     preserve diversity along the Pareto front. NSGA-II is effective for problems
     with two or three objectives.
     
 

	
     
NSGA-III 
 

	
     extends  NSGA-II  to  handle  many-objective  problems  (four  or  more
     objectives) by using reference directions instead of crowding distance to
     maintain a well-distributed set of solutions across the Pareto frontier.
     
 

	
     
MOEA/D 
 

	
     (Multi-Objective                      Evolutionary                      Algorithm
     based on Decomposition) decomposes the multi-objective problem into
     a collection of single-objective subproblems using weight vectors, solving
     them  simultaneously.  This  approach  is  particularly  effective  when  the
     Pareto frontier has a regular structure.
 



The Python library pymoo provides implementations of these algorithms and
many others, along with built-in test problems, performance metrics, and
visualization tools for Pareto fronts. It offers a convenient way to experiment
with multi-objective optimization without implementing algorithms from
scratch.

 
For small problems like the furniture example, the 
𝜀-constraint
method needs nothing more than an ordinary LP solver. The following PuLP script
maximizes revenue while sweeping the bound on rosewood waste, recovering points
on the Pareto frontier:

 

import pulp 
 
 
 
for eps in [40, 60, 80, 100, 116]: 
 
   prob = pulp.LpProblem("furniture", pulp.LpMaximize) 
 
   x = pulp.LpVariable("tables", lowBound=0) 
 
   y = pulp.LpVariable("chairs", lowBound=0) 
 
   prob += 8000*x + 2000*y # revenue (primary objective) 
 
   prob += 80*x + 20*y <= 960 # bocote 
 
   prob += 12*x + 10*y <= 200 # rosewood 
 
   prob += 10*x + 2*y <= eps # waste <= epsilon 
 
   prob.solve(pulp.PULP_CBC_CMD(msg=0)) 
 
   print(f"eps={eps}: x={x.value():.2f}, y={y.value():.2f}, " 
 
       f"revenue={pulp.value(prob.objective):.0f}")

Sweeping  𝜀
from 40 to 116 traces the frontier from the plan 
(0,20) with revenue
$40,000 up to  (10,8)
with revenue $96,000, passing through fractional plans such as 
x ≈ 5.26, 
                                                                  

                                                                  
y ≈ 13.68 with revenue
$69,474 at  𝜀 = 80.

 


 

13.4    Exercises 

Warm-ups


 
Exercise 13.2: Defining Pareto Optimality

 
 ⋆ 
Define Pareto optimality for a minimization multi-objective problem with two
objectives.

 
[Section 13.2]


 
Exercise 13.3: Spotting Dominated Designs

 
 ⋆ 
Five supplier contracts are scored on two objectives, both to be minimized: 
f1 (cost, in
$1000s) and  f2
(delivery time, in days).

 




 
 	                              Contract                                                	 G  	 H  	 I  	 J  	 K  
	
	
	
	
	
	

	  f
1  	 2  	 4  	 5  	 7  	 6  

	  f2  	 9  	 7  	 8  	 3  	 5  

	                                                                     





Table 13.2: Cost and delivery time for the five supplier contracts.




     
 
	
  1. 
	Which contracts are dominated, and by which contract?
     
	
  2. 
	List     the     Pareto     frontier     in     order     of     increasing     
     f1.
                                                                  

                                                                  
     
	
  3. 
	True   or   false:   a   contract   that   is   the   unique   minimizer   of   
     f1
     can never be dominated. Explain.


[Section 13.2, Exercise 13.5]


 
Exercise 13.4: Computing Weighted-Sum Scores

 
 ⋆ 
Using the contract table from Exercise 13.3, form the weighted score 
S = w1f1 + w2f2 (both
objectives minimized, so the lowest score wins).
     
 
	
  1. 
	For  (w1,w2) = (0.6,0.4),
     compute all five scores and identify the winning contract.
     
	
  2. 
	Repeat for  (w1,w2) = (0.2,0.8).
     Why does the winner change?
     
	
  3. 
	Contract        I        is        dominated        by        contract        H.
     Show        that        for        every        choice        of        weights        
     w1,w2 > 0,
     contract I scores strictly worse than H, so a dominated point can never
     win a weighted sum with positive weights.


[Section 13.2]

 
Core problems


 
Exercise 13.5: Pareto Frontier, Weighted Sum, and 
𝜀-Constraint

 
  ⋆ ⋆ 
Consider the following feasible set of designs with two objectives to minimize: 
f1 (cost)
and  f2
(emissions). The table lists six candidates from a design study; some may be
dominated among this set.

 



                                                                  

                                                                  

 
 	                               Design                                                 	 A  	 B  	 C  	 D  	 E  	 F  

	
	
	
	
	
	
	

	  f1  	 6  	 4  	 7  	 3  	 5  	 10  

	  f2  	 5  	 8  	 4  	 6  	 6  	  3   

	                                                                     






Table 13.3: Cost and emissions for the six candidate designs.




     
 
	
  1. 
	Identify       all       Pareto       optimal      designs       from       
     {A,… ⁡,F}
     and list the Pareto frontier.
     
	
  2. 
	Suppose      we      use      a      weighted-sum      with      weights      
     (α,1 − α),
      α ∈ [0,1].
     Which    designs    can    be    obtained    as    optimal    for    some    
     α?
     Briefly justify.
     
	
  3. 
	Using the  𝜀-constraint
     method minimizing  f1
     subject to  f2 ≤ 𝜀,
     give a value of  𝜀
     that  attains  a  design  on  the  frontier  that  cannot  be  obtained  by  any
     weighted sum (if any), or explain why all frontier points are reachable by
     weighted sums.
                                                                  

                                                                  
     
	
  4. 
	Sketch        (by        hand)        the        points        in        the        
     (f1,f2)
     plane,  indicate  dominated  points,  and  draw  the  Pareto  frontier  with
     arrows showing the direction of improvement.
     


[Section 13.2, Table 13.1]


 
Exercise 13.6: Weighted Sum Method

 
  ⋆ ⋆  A
city planner is evaluating three road improvement projects. Each project has a cost
(to minimize) and an accessibility score (to maximize):

 




 
 	 Project  	 Cost ($M)  	 Accessibility Score  

	
	
	

	    P1      	      2         	          7               

	    P2      	      5         	          9               

	    P3      	      3         	          6               

	          





Table 13.4: Cost and accessibility score for each road improvement project.



We reformulate as a minimization problem with objectives 
f1 = cost and 
f2 = −accessibility (so
both are minimized).
                                                                  

                                                                  

 

     
 
	
  1. 
	Which projects are Pareto optimal? Justify your answer.
     
	
  2. 
	Using       the       weighted-sum       method       with       weights       
     w1 = 0.5
     for cost and  w2 = 0.5
     for negative accessibility, which project is selected?
     
	
  3. 
	Is there a set of weights that would select project P3? Explain.


[Section 13.2]


 
Exercise 13.7: Epsilon-Constraint Method

 
  ⋆ ⋆ 
Consider a bi-objective linear program: 
 
	
 
                         min ⁡ (f1(x),f2(x)) = (x1 + 2x2,3x1 + x2)



subject to  x1 + x2 ≥ 4, 
x1 ≤ 5, 
x2 ≤ 5, and 
x1,x2 ≥ 0.

 

     
 
	
  1. 
	Apply the  𝜀-constraint
     method: minimize  f1
     subject to  f2 ≤ 𝜀.
     Write out the resulting single-objective LP.
     
	
  2. 
	Find the optimal solution for  𝜀 = 10
     and for  𝜀 = 6.
     Are both solutions Pareto optimal?
                                                                  

                                                                  
     
	
  3. 
	Describe what happens as  𝜀
     decreases         from         a         large         value         toward         
     f2∗
     (the minimum of  f2
     alone).


[Section 13.2, Section 13.3]


 
Exercise 13.8: Epsilon-Constraint by Hand

 
  ⋆ ⋆  Consider two
objectives to maximize,  f1 = 3x1 + x2
and  f2 = x1 + 3x2,
over the triangle 
 
	
 
                              X = {(x1,x2) ≥ 0 : x1 + x2 ≤ 6}.




     
 
	
  1. 
	Evaluate     both     objectives     at     the     three     vertices     of     
     X.
     Which vertex maximizes  f1
     alone? Which maximizes  f2
     alone?
     
	
  2. 
	Apply the  𝜀-constraint
     method: maximize  f1
     subject to  f2 ≥ 𝜀
     and  x ∈ X,
     for each  𝜀 ∈{6,10,14,18}.
     Solve     each     LP     by     hand     (graphically,     or     by     checking
     the     vertices     of     the     sliced     region)     and     tabulate     
     (x1,x2,f1,f2).
                                                                  

                                                                  
     
	
  3. 
	Which part of the boundary of  X
     is the Pareto frontier in decision space? What is the trade-off rate between 
     f1
     and  f2
     along it?
     
	
  4. 
	What happens if  𝜀 > 18?


[Section 13.2, Section 13.3]


 
Exercise 13.9: Trade-Off Analysis

 
  ⋆ ⋆  A
manufacturing firm faces two conflicting objectives: minimizing production cost (
f1) and minimizing
environmental emissions ( f2).
After solving a series of weighted-sum problems, the following Pareto optimal
solutions are found:

 




 
 	 Solution  	  f1 (Cost, $1000s)  	  f2 (Emissions, tons)  

	
	
	

	    S1       	                                         40                                                                	                                          20                                                                  
	 S2 	 45 	 14

	    S3       	                                         55                                                                	                                          10                                                                  

	    S4       	                                         70                                                                	                                          8                                                                   

	           






Table 13.5: Pareto optimal solutions found by the weighted-sum method.




     
 
	
  1. 
	Plot these points in the objective space. Draw the Pareto frontier.
     
	
  2. 
	Compute  the  marginal  rate  of  substitution  (trade-off  ratio)  between
     each consecutive pair of solutions. Which jump in cost gives the largest
     reduction in emissions per dollar?
     
	
  3. 
	If the firm is willing to spend at most $50,000, which Pareto optimal
     solution should it choose?


                                                                  

                                                                  
[Section 13.2]

 
Concepts and connections


 
Exercise 13.10: What Weighted Sums Cannot See

 
  ⋆ ⋆  A
design study produces exactly three Pareto optimal outcomes in objective space,
both objectives minimized: 
 
	
 
                              P = (0,4),Q = (3,3),R = (4,0).




     
 
	
  1. 
	Verify that no one of these points dominates another.
     
	
  2. 
	For weights  (α,1 − α)
     with  α ∈ [0,1],
     write   the   weighted   score   of   each   point   as   a   function   of   
     α
     and show that   min ⁡ {4α,4 − 4α}≤ 2 < 3
     for every  α.
     Conclude that  Q
     is never a weighted-sum optimum, not even tied.
     
	
  3. 
	Explain            the            result            geometrically:            which
     points       lie       on       the       lower       convex       hull       of       
     {P,Q,R},
     and  why  does  every  weighted  sum  correspond  to  a  supporting  line  of
     that hull? Relate your answer to the “Cons” entry for the weighted-sum
     method in Table 13.1.
                                                                  

                                                                  
     
	
  4. 
	Name     a     method     from     Table 13.1     that     does     recover     
     Q,
     and give a specific parameter value for it that works.


[Section 13.2, Table 13.1]


 
Exercise 13.11: Lexicographic versus Weighted Sum

 
  ⋆ ⋆  In
the furniture example of Section 13.2, the lexicographic method (maximize
revenue first, then minimize waste among revenue-optimal plans) selects 
(10,8).
     
 
	
  1. 
	A      weighted      sum      with      all      weight      on      revenue      (
     α = 1)
     maximizes  8000x + 2000y
     alone. Which plans are optimal then, and why does this not reproduce
     the lexicographic answer?
     
	
  2. 
	Argue that any weight  α < 1
     close enough to  1
     selects exactly  (10,8):
     the small weight on waste acts as a tie-breaker among revenue-optimal
     plans while being too small to justify giving up revenue. (Exercise 13.12
     computes the exact threshold.)
     
	
  3. 
	When do the two methods agree in general? Explain why for a linear
     program with finitely many vertices there is always a sufficiently extreme
     weight that reproduces the lexicographic solution, and describe informally
     what can go wrong if the weight on the secondary objective is not small
     enough.


[Section 13.2, Table 13.1]

 
Challenge problems


 
Exercise 13.12: Weights That Select Each Vertex

 
  ⋆ ⋆⋆  Return
to the furniture example of Section 13.2. Measure revenue in thousands of dollars, so the
objectives are  f1 = 8x + 2y
(maximize) and  f2 = 10x + 2y
(minimize, waste in bdft). The weighted-sum method solves 
 
	
                                                                  

                                                                  
 
                    max ⁡ (x,y)∈Pαf1(x,y) − (1 − α)f2(x,y),α ∈ [0,1].




     
 
	
  1. 
	The     optimum     is     always     attained     at     a     vertex     of     
     P:
      (0,0),
      (0,20),
      (10,8),
     or  (12,0).
     Write the weighted objective value of each vertex as a linear function of 
     α.
     
	
  2. 
	For   each   Pareto   optimal   vertex,   find   the   exact   interval   of   
     α
     for   which   it   is   optimal,   and   give   the   breakpoint   values   of   
     α.
     
	
  3. 
	What    is    optimal    exactly    at    each    breakpoint,    and    at    
     α = 1?
     Explain           why           the           dominated           vertex           
     (12,0)
     shows up at  α = 1
     and what this says about using zero weights.
     
	
  4. 
	Repeat      part      (2)      with      revenue      in      raw      dollars      (
     f1 = 8000x + 2000y).
     Where  are  the  breakpoints  now?  What  does  this  tell  you  about
     normalizing objectives before choosing weights?


[Section 13.2, Table 13.1]
                                                                  

                                                                  

 


 

Selected Solutions 

Solution

 
(Exercise 13.2) For a problem minimizing 
f1 and 
f2 over a feasible
set  P, a point 
x ∈ P is Pareto optimal
if there is no  x¯ ∈ P
with  fi(x¯) ≤ fi(x) for
both  i = 1,2 and 
fi(x¯) < fi(x) for at least
one  i.
In words: no other feasible point is at least as good in both objectives and strictly
better in one.

 
Solution

 
(Exercise 13.5) (1) Compare pairs for domination (both objectives minimized). 
D = (3,6) dominates
 B = (4,8). 
E = (5,6) is dominated
by  D (
3 ≤ 5, 
6 ≤ 6). 
A = (6,5) is not dominated. 
C = (7,4) is not dominated. 
F = (10,3) is not dominated. The
Pareto frontier is  {D,A,C,F}
with objective vectors  (3,6),(6,5),(7,4),(10,3).

 
(2) A design is a weighted-sum optimum for some 
α
exactly when it lies on the lower-left convex hull of the frontier points. Plotting 
(3,6),(6,5),(7,4),(10,3), the lower convex
hull is formed by  D,
 C, and 
F, while
 A lies above
it:  D (best 
f1) and 
F (best 
f2) are always obtainable,
and  C lies on the hull
between them, but  A sits
above the segment from  D
                                                                  

                                                                  
to  C (slope
check: from  D
to  C, 
Δ = (4,−2); 
A at 
(6,5) vs. the segment
value  6 − 2 
4(6 − 3) = 4.5 < 5),
so  A
cannot be obtained by any weighted sum.

 
(3) Choose  𝜀 = 5:
minimizing  f1
subject to  f2 ≤ 5
selects  A = (6,5),
the frontier point unreachable by weighted sums.

 
Solution

 
(Exercise 13.8) (1) At  (0,0):
 (f1,f2) = (0,0). At 
(6,0): 
(18,6). At 
(0,6): 
(6,18). So 
(6,0) maximizes
 f1 alone
and  (0,6)
maximizes  f2
alone.

 
(2) For  𝜀 > 6 the
constraint  x1 + 3x2 ≥ 𝜀
is binding at the optimum, and the solution lies where it meets the edge 
x1 + x2 = 6: solving the two
equations gives  x2 = (𝜀 − 6)∕2,
 x1 = (18 − 𝜀)∕2.

 




 
 	  𝜀  	  x1  	  x2  	  f1  	  f2  

	
	
	
	
	

	                                  6                                                  	                                  6                                                  	                                  0                                                  	                                 18                                                 	                                  6                                                  
	 10 	 4 	 2 	 14 	 10

	                                  14                                                 	                                  2                                                  	                                  4                                                  	                                 10                                                 	                                 14                                                 

	                                  18                                                 	                                  0                                                  	                                  6                                                  	                                  6                                                  	                                 18                                                 

	                                                                     






                                                                  

                                                                  
Table 13.6: Solutions of the  𝜀-constraint
problem as  𝜀
varies.



(3) Each solution has  f2 = 𝜀 exactly
and the largest possible  f1
given that, so each is Pareto optimal. The frontier is the edge 
x1 + x2 = 6 from 
(6,0) to 
(0,6): parametrizing
by  x2 = t
gives  f1 = 18 − 2t
and  f2 = 6 + 2t,
a one-for-one trade-off between the objectives.

 
(4) The maximum of  f2
over  X is 
18, so
for  𝜀 > 18
the constrained LP is infeasible; the sweep should stop there.

 
Solution

 
(Exercise 13.12) (1) The weighted objective 
α(8x + 2y) − (1 − α)(10x + 2y) at
each vertex: 
 
	
 
       (0,0) : 0,(0,20) : 80α − 40,(10,8) : 212α − 116,(12,0) : 216α − 120.



(2) The optimal value is the upper envelope of these four linear functions of 
α. Comparing
pairs:  (0,20)
beats  (0,0)
iff  80α − 40 ≥ 0,
i.e.,  α ≥ 1 
2;
 (10,8) beats
                                                                  

                                                                  
 (0,20) iff 
212α − 116 ≥ 80α − 40, i.e., 
132α ≥ 76, i.e., 
α ≥ 19 
33 ≈ 0.576; and 
(10,8) beats 
(12,0) iff 
4 ≥ 4α, which holds
for all  α ≤ 1.
Hence 
 
	
 
     (0,0) optimal for α ∈ [0, 1 
2],(0,20) for α ∈ [1
2, 19 
33],(10,8) for α ∈ [19
33,1].



A numerical sweep confirms the switch: 
α = 0.5757 returns 
(0,20) and 
α = 0.5758 returns 
(10,8).

 
(3) At  α = 1 
2 the entire
edge  x = 0 is optimal
(every plan  (0,y)
scores  0 there); at 
α = 19 
33 the whole rosewood
edge from  (0,20)
to  (10,8) is
optimal. At  α = 1
waste is ignored, so all revenue-optimal plans, the edge from 
(10,8) to 
(12,0), are optimal, including
the dominated plan  (12,0).
A weighted sum with a zero weight can return points that are not
Pareto optimal; any positive weight on waste breaks the tie in favor of 
(10,8).

 
(4) With  f1 = 8000x + 2000y, the same
comparisons give breakpoints  α =   1 
1001 ≈ 0.001
and  α =   19 
14019 ≈ 0.00136: virtually every
                                                                  

                                                                  
weight selects  (10,8).
When objectives live on wildly different scales, the weights lose their intended
meaning, which is why objectives should be normalized before weighting
(Section 13.2).
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Chapter 14
Graph Algorithms   

1

 

14.1    Graph Theory 

 


  1Substantial portions of this chapter, including the motivating examples, several algorithm
walkthroughs, and a number of exercises, are adapted from the Graph Theory chapter of Math in
Society by David Lippman, licensed CC BY-SA 3.0, with modifications by Robert Hildebrand and
contributors. See the Sources and Attribution chapter for details.
 
 
                     
 
In the
modern world, planning efficient routes is essential for business and industry, with
applications as varied as product distribution, laying new fiber optic lines for
broadband internet, and suggesting new friends within social network websites like
Facebook.

 
This field of mathematics started nearly 300 years ago as a look into a mathematical
puzzle (we’ll look at it in a bit). The field has exploded in importance in the
last century, both because of the growing complexity of business in a global
economy and because of the computational power that computers have provided
us.

 

14.2    Graphs 



 

14.2.1    Drawing Graphs 


Example 14.1

 
Here is a portion of a housing development from Missoula,
Montana2.
As part of her job, the development’s lawn inspector has to walk down every street in
the development making sure homeowners’ landscaping conforms to the community
requirements.

 


 


  2Sam Beebe. http://www.flickr.com/photos/sbeebe/2850476641/
 
 
                  
 

                                                                  

                                                                  

 
 [image: Aerial photograph of a Missoula, Montana housing development showing several blocks of houses connected by a network of streets. The image motivates the question of whether a lawn inspector can walk every street without backtracking.]



 
Figure 14.1: Aerial photograph of a Missoula, Montana housing development
showing several blocks of houses...                                     


Naturally, she wants to minimize the amount of walking she has to do. Is it possible
for her to walk down every street in this development without having to do any
backtracking? While you might be able to answer that question just by looking at the
picture for a while, it would be ideal to be able to answer the question for any picture
regardless of its complexity.


 
To do that, we first need to simplify the picture into a form that is easier to work
with. We can do that by drawing a simple line for each street. Where streets
intersect, we will place a dot. 


 
[image: Side-by-side: the housing aerial photo is overlaid with red dots at intersections and red lines along streets; next to it, the same network is redrawn as a graph of labeled vertices joined by edges, showing the reduction of a street map to a graph.]



 
Figure 14.2: Side-by-side: the housing aerial photo is overlaid with red dots at
intersections and red lines...

This type of simplified picture is called a graph.


 
Definition 14.2: Graphs, Vertices, and Edges

 
A graph consists of a set of dots, called vertices, and a set of edges connecting pairs
of vertices.

 
While we drew our original graph to correspond with the picture we had, there is
nothing particularly important about the layout when we analyze a graph.
Both of the graphs below are equivalent to the one drawn above since they
show the same edge connections between the same vertices as the original
graph.

 
[image: Eighteen-vertex housing-development graph with nodes A through R laid out on a roughly grid-like map of streets; reused from earlier in the chapter to ask whether an Euler circuit exists for the lawn inspector.]



 
Figure 14.3:               Eighteen-vertex
housing-development graph with nodes
A  through  R  laid  out  on  a  roughly
grid-like...

                                                                  

                                                                  

 [image: The same 18-vertex graph G (vertices A through R) redrawn with vertices scattered in a non-grid layout. The edge set is identical to the previous figure, illustrating that a graph's structure is independent of how it is drawn.]


Figure 14.4: The same 18-vertex graph
G (vertices A through R) redrawn with
vertices scattered in a non-grid layout.


You probably already noticed that we are using the term graph differently than you
may have used the term in the past to describe the graph of a mathematical
function.


 
Example 14.3

 
Back in the 18th century in the Prussian city of Königsberg, a river ran through the
city and seven bridges crossed the forks of the river. The river and the bridges are
highlighted in the picture to the right 
 




 
[image: Historical map of the Prussian city of Koenigsberg with the river highlighted in blue and the seven bridges that cross its forks marked in green, depicting the geographic setting of the famous Koenigsberg bridge problem that launched graph theory.]




 
Figure 14.5: Historical map of the Prussian city of Koenigsberg with the river
highlighted in blue and the seven...                                    
Image credit: Bogdan Giusca, Public Domain, CC-BY-SA 3.0.

As a weekend amusement, townsfolk would see if they could find a route that
would take them across every bridge once and return them to where they
started.

 
Leonard Euler (pronounced OY-lur), one of the most prolific mathematicians ever,
looked at this problem in 1735, laying the foundation for graph theory as a field in
mathematics. To analyze this problem, Euler introduced edges representing the
bridges: 
 




 
[image: Schematic of Konigsberg's four landmasses drawn as labelled ellipses (North Bank, Island, East Bank, South Bank) with seven short line segments crossing between them representing the seven bridges of the puzzle.]



 
Figure 14.6:  Schematic  of  Konigsberg’s  four  landmasses  drawn  as  labelled
ellipses (North Bank, Island, East...                                    


Since the size of each land mass it is not relevant to the question of bridge
                                                                  

                                                                  
crossings, each can be shrunk down to a vertex representing the location:

 




 
[image: Graph abstraction of the Konigsberg bridges: four circular vertices labelled NB, I, EB, and SB with seven edges connecting them, including two parallel arcs between NB and I and two between I and SB to represent the duplicate bridges (a multigraph).]



 
Figure 14.7: Graph abstraction of the Konigsberg bridges: four circular vertices
labelled NB, I, EB, and SB with...                                     


Notice that in this graph there are two edges connecting the north bank and
island, corresponding to the two bridges in the original drawing. Depending
upon the interpretation of edges and vertices appropriate to a scenario, it is
entirely possible and reasonable to have more than one edge connecting two
vertices.

 
While we haven’t answered the actual question yet of whether or not there is a route
which crosses every bridge once and returns to the starting location, the graph
provides the foundation for exploring this question.

 


 

14.3    Definitions 

While we loosely defined some terminology earlier, we now will try to be more
specific.


 
Definition 14.4: Vertex

 
A vertex is a dot in the graph that could represent an intersection of streets, a land
mass, or a general location, like “work” or “school”. Vertices are often connected by
edges. Note that vertices only occur when a dot is explicitly placed, not
whenever two edges cross. Imagine a freeway overpass – the freeway and
side street cross, but it is not possible to change from the side street to the
freeway at that point, so there is no intersection and no vertex would be
placed.


 
Definition 14.5: Edges

 
Edges connect pairs of vertices. An edge can represent a physical connection between
locations, like a street, or simply that a route connecting the two locations exists, like
an airline flight.

                                                                  

                                                                  

 
Definition 14.6: Loop

 
A loop is a special type of edge that connects a vertex to itself. Loops are not used
much in street network graphs.


 
[image: Small graph illustrating a loop: three filled-dot vertices form a triangle and a red self-loop attaches to the rightmost vertex, showing an edge that connects a vertex to itself.]



 
Figure 14.8: Small graph illustrating a loop: three filled-dot vertices form a
triangle and a red self-loop...


Definition 14.7: Degree of a vertex

 
The degree of a vertex is the number of edges meeting at that vertex. It is possible
for a vertex to have a degree of zero or larger. 
 




 
 	
	
	
	
	

	 Degree 0  	 Degree 1  	 Degree 2  	 Degree 3  	 Degree 4  

	
	
	
	
	

	   [image: Single isolated vertex with no edges, illustrating a vertex of degree 0 in the table of degree examples.]     	   [image: A vertex with one edge attached, illustrating degree 1 in the table of degree examples.]     	   [image: A vertex with two edges attached (forming a V), illustrating degree 2 in the table of degree examples.]     	   [image: A vertex with three edges attached, illustrating degree 3 in the table of degree examples.]     	   [image: A vertex with four edges attached (one to each diagonal direction), illustrating degree 4 in the table of degree examples.]     

	
	
	
	
	

	          






Figure 14.9: Examples of vertices of degree 0 through 4.




Definition 14.8: Path

 
A path is a sequence of vertices using the edges. Usually we are interested in a path
between two vertices. For example, a path from vertex A to vertex M is shown below.
It is one of many possible paths in this graph. 
 




 
[image: A 3-by-4 grid graph with 12 vertices labelled A-D (top), E-H (middle), J-M (bottom). All grid edges are drawn; a path from A to M is highlighted in thick red, traversing A-E-F-G-L-M.]



 
Figure 14.10: A 3-by-4 grid graph with 12 vertices labelled A-D (top), E-H
(middle), J-M (bottom).                                             



                                                                  

                                                                  
Definition 14.9: Circuit (a.k.a. cycle)

 
A circuit (a.k.a. cycle) is a path that begins and ends at the same vertex. A circuit
(a.k.a. cycle) starting and ending at vertex A is shown below.

 




 
[image: The same 3-by-4 grid graph (vertices A-D, E-H, J-M) with a circuit highlighted in thick red, beginning and ending at vertex A by traversing A-E-J-K-F-B-A and similar back path, illustrating a cycle.]



 
Figure 14.11: The same 3-by-4 grid graph (vertices A-D, E-H, J-M) with a
circuit highlighted in thick red...                                       



Definition 14.10: Connected

 
A graph is connected if there is a path from any vertex to any other vertex. Every
graph drawn so far has been connected. The graph below is disconnected;
there is no way to get from the vertices on the left to the vertices on the
right.

 
[image: A 3-by-4 grid graph with vertices A-D, E-H, J-M, but with the column-A horizontal edges deleted so that vertex A and the left column are isolated from the rest, illustrating a disconnected graph.]



 
Figure 14.12: A 3-by-4 grid graph with vertices A-D, E-H, J-M, but with the
column-A horizontal edges deleted so...


Definition 14.11: Weights

 
Depending upon the problem being solved, sometimes weights are assigned to
the edges. The weights could represent the distance between two locations,
the travel time, or the travel cost. It is important to note that the distance
between vertices in a graph does not necessarily correspond to the weight of an
edge.


 
Learning Checkpoint 14.3.1

 
The graph below shows 5 cities. The weights on the edges represent the airfare for a
one-way flight between the cities.
     
 
	
  a. 
	How many vertices and edges does the graph have?
                                                                  

                                                                  
     
	
  b. 
	Is the graph connected?
     
	
  c. 
	What is the degree of the vertex representing LA?
     
	
  d. 
	If you fly from Seattle to Dallas to Atlanta, is that a path or a circuit?
     
	
  e. 
	If you fly from LA to Chicago to Dallas to LA, is that a path or a circuit?





 
[image: Weighted graph of five U.S. cities (LA, Seattle, Chicago, Atlanta, Dallas) shown as filled dots arranged across the plane, with all ten edges drawn and labelled with one-way airfares such as $70 (LA-Seattle), $150 (LA-Dallas), $85 (Atlanta-Dallas), $75 (Chicago-Atlanta).]



 
Figure 14.13: Weighted graph of five U.S. cities (LA, Seattle, Chicago, Atlanta,
Dallas) shown as filled dots...                                         




 

14.4    Shortest Path 

Learning Outcomes

 

     
     	
     What is the problem statement?
     
 


     	
     How to use Dijkstra’s algorithm
     
 


     	
     Software solutions
 



Resources

 

                                                                  

                                                                  
     
     	
     How Dijkstra’s algorithm works
     
 


     	
     YouTube Video of Dijkstra’s Algorithm
     
 


     	
     Python Example using Networkx and also showing Dijkstra’s algorithm
 



When you visit a website like Google Maps or use your Smartphone to ask for
directions from home to your Aunt’s house in Pasadena, you are usually looking for a
shortest path between the two locations. These computer applications use
representations of the street maps as graphs, with estimated driving times as edge
weights.

 
While often it is possible to find a shortest path on a small graph by guess-and-check,
our goal in this chapter is to develop methods to solve complex problems in a
systematic way by following algorithms. An algorithm is a step-by-step procedure
for solving a problem. Dijkstra’s (pronounced dike-stra) algorithm will find the
shortest path between two vertices.

 
Dijkstra’s Algorithm Dijkstra’s Algorithm 
     

 

     
 
	
  1. 
	Mark the ending vertex with a distance of zero. Designate this vertex as
     current.
     


 
[image: Initial-state diagram for Dijkstra's algorithm: seven blue circular nodes T, E, A, NB, MR, P, Y connected by weighted edges (e.g., T-A=20, A-NB=36, NB-Y=120, MR-Y=90); each node has a green-boxed tentative-distance label, all set to infinity except the destination T which is 0.]

 
Algorithm: Initial-state diagram for Dijkstra’s algorithm: seven blue
circular nodes T, E, A, NB, MR, P, Y...


 


     
	
  2. 
	Find all vertices leading to the current vertex. Calculate their distances
     to the end. Since we already know the distance the current vertex
     is from the end, this will just require adding the most recent edge.
     Don’t record this distance if it is longer than a previously recorded
     distance.
                                                                  

                                                                  
     
	
  3. 
	Mark the current vertex as visited. We will never look at this vertex
     again.
     
	
  4. 
	Mark the vertex with the smallest distance as current, and repeat from step
     2.



                                                                  

                                                                  


 
Example 14.12

 
Suppose you need to travel from Yakima, WA (vertex Y) to Tacoma, WA (vertex T).
Looking at a map, it looks like driving through Auburn (A) then Mount Rainier
(MR) might be shortest, but it’s not totally clear since that road is probably slower
than taking the major highway through North Bend (NB). A graph with travel times
in minutes is shown below. An alternate route through Eatonville (E) and Packwood
(P) is also shown.

 
[image: Weighted road network for the Yakima-to-Tacoma example: seven filled-dot vertices T (Tacoma), E (Eatonville), A (Auburn), NB (North Bend), MR (Mount Rainier), P (Packwood), Y (Yakima) with edges labelled by travel times in minutes (e.g., T-A=20, A-NB=36, NB-Y=104, MR-Y=96, P-Y=76).]



 
Figure 14.14: Weighted road network for the Yakima-to-Tacoma example: seven
filled-dot vertices T (Tacoma), E...

Step 1: Mark the ending vertex with a distance of zero. The distances will be
recorded in [brackets] after the vertex name.
[image: Yakima-to-Tacoma road network as before, now with the destination Y annotated [0] in red to mark it as the starting vertex of Dijkstra's algorithm with tentative distance zero.]


Figure 14.15:  Yakima-to-Tacoma  road  network  as  before,  now  with  the
destination Y annotated [0] in red to mark it...

Step 2: For each vertex leading to Y, we calculate the distance to the end. For
example, NB is a distance of 104 from the end, and MR is 96 from the end.
Remember that distances in this case refer to the travel time in minutes.
[image: Yakima example after Dijkstra step 2: tentative distances [104] at NB, [96] at MR, [76] at P are recorded in red next to each neighbour of Y; Y still labelled [0]; remaining vertices T, E, A are unlabelled.]


Figure 14.16: Yakima example after Dijkstra step 2: tentative distances [104] at
NB, [96] at MR, [76] at P are...

Step 3 & 4: We mark Y as visited, and mark the vertex with the smallest recorded
distance as current. At this point, P will be designated current. Back to step
2.


                                                                  

                                                                  

 
Step 2 (#2): For each vertex leading to P (and not leading to a visited vertex) we
find the distance from the end. Since E is 96 minutes from P, and we’ve
already calculated P is 76 minutes from Y, we can compute that E is 
96 + 76 = 172
minutes from Y. 


 
If we make the same computation for MR, we’d calculate 
76 + 27 = 103. Since
this is larger than the previously recorded distance from Y to MR, we will not replace
it.
[image: Yakima example after the second iteration: P is the current vertex; E now has tentative distance [172] (via P), and Y is shown struck-through (visited); other labels [104] at NB, [96] at MR, [76] at P remain.]



 
Figure 14.17: Yakima example after the second iteration: P is the current vertex;
E now has tentative distance...

Step 3 & 4 (#2): We mark P as visited, and designate the vertex with the smallest
recorded distance as current: MR. Back to step 2.

Step 2 (#3): For each vertex leading to MR (and not leading to a visited vertex) we find
the distance to the end. The only vertex to be considered is A, since we’ve already
visited Y and P. Adding MR’s distance 96 to the length from A to MR gives the distance
 96 + 79 = 175
minutes from A to Y. 
[image: Yakima example after the third iteration: A has tentative distance [175] (via MR); P and Y appear struck-through (visited); NB still [104], MR [96], E [172].]



 
Figure 14.18: Yakima example after the third iteration: A has tentative distance
[175] (via MR); P and Y appear...

Step 3 & 4 (#3): We mark MR as visited, and designate the vertex with smallest
recorded distance as current: NB. Back to step 2.

Step 2 (#4): For each vertex leading to NB, we find the distance to
the end. We know the shortest distance from NB to Y is 104 and the
distance from A to NB is 36, so the distance from A to Y through NB is 
104 + 36 = 140. Since
this distance is shorter than the previously calculated distance from Y to A through
MR, we replace it.
[image: Yakima example after the fourth iteration: A's distance is updated to [140] via NB; NB, MR, P, Y all struck-through; E still [172].]



 
Figure 14.19: Yakima example after the fourth iteration: A’s distance is updated
to [140] via NB; NB, MR, P, Y...
                                                                  

                                                                  

Step 3 & 4 (#4): We mark NB as visited, and designate A as current, since it now
has the shortest distance.

Step 2 (#5): T is the only non-visited vertex leading to A, so we calculate the distance from T to
Y through A:  20 + 140 = 160
minutes. 
[image: Yakima example after the fifth iteration: T receives tentative distance [160] via A; A, NB, MR, P, Y are struck-through, leaving E [172] still active. The shortest path Y-NB-A-T of 160 minutes is now determined.]



 
Figure 14.20:  Yakima  example  after  the  fifth  iteration:  T  receives  tentative
distance [160] via A; A, NB, MR, P...

Step 3 & 4 (#5): We mark A as visited, and designate E as current.

Step 2 (#6): The only non-visited vertex leading to E is T.
Calculating the distance from T to Y through E, we compute 
172 + 57 = 229
minutes. Since this is longer than the existing marked time, we do not replace it.



 
Step 3 (#6): We mark E as visited. Since all vertices have been visited, we are done.



 
From this, we know that the shortest path from Yakima to Tacoma will take 160
minutes. Tracking which sequence of edges yielded 160 minutes, we see the shortest
path is Y-NB-A-T.

 
Dijkstra’s algorithm is an optimal algorithm, meaning that it always produces
the actual shortest path, not just a path that is pretty short, provided one
exists. This algorithm is also efficient, meaning that it can be implemented
in a reasonable amount of time. Dijkstra’s algorithm takes around V
2
calculations, where V is the number of vertices in a
graph3. A
graph with 100 vertices would take around 10,000 calculations. While that would be
a lot to do by hand, it is not a lot for a computer to handle. It is because of this
efficiency that your car’s GPS unit can compute driving directions in only a few
seconds.

 
 


  3It can be made to run faster through various optimizations to the implementation.
 
 
     
 
In
contrast, an inefficient algorithm might try to list all possible paths then compute
the length of each path. Trying to list all possible paths could easily take 10
25
calculations to compute the shortest path with only 25 vertices; that’s a 1 with 25
                                                                  

                                                                  
zeros after it! To put that in perspective, the fastest computer in the world would
still spend over 1000 years analyzing all those paths.


 
Example 14.13: Dijkstra’s algorithm example

 
We would like to find a shortest path in the graph from node a to node g. See Code
for python code to solve this problem and create these graphics.

 




 
[image: Weighted undirected graph for the Dijkstra example. Seven vertices a-g are joined by edges with weights a-b=2, a-c=6, c-d=8, b-d=5, d-e=10, d-f=15, e-f=6, e-g=2, f-g=6. No vertex is yet marked visited.]




 
Figure 14.21: Weighted undirected graph for the Dijkstra example.          


We will initialize our algorithm at node ’a’.

 
[image: Dijkstra step 1: the start vertex a is highlighted in red and labeled with tentative distance 0. Its neighbors b and c receive tentative labels 2 and 6 from a; all other vertices remain labeled infinity.]



 
Figure 14.22: Dijkstra step 1: the start
vertex a is highlighted in red and labeled
with tentative distance 0.


  	
	
	
	
	
	
	
	

	 current  	 a  	 b  	 c  	 d                                                     	 e                                                     	 f                                                      	 g                                                     

	
	
	
	
	
	
	
	

	 a           	 0  	 2  	 6  	  ∞ 	  ∞ 	  ∞ 	  ∞ 
	
	
	
	
	
	
	
	

	 





[image: Dijkstra step 2: vertex b is now marked as visited with permanent distance 2, and the edge a-b is highlighted in red. Vertex d is updated through b to tentative distance 7. Labels at c, e, f, and g are unchanged.]


Figure 14.23:  Dijkstra  step  2:  vertex
b   is   now   marked   as   visited   with
permanent distance 2, and the edge a-b
is...


  	
	
	
	
	
	
	
	

	 current  	 a  	 b  	 c  	 d  	 e                                                     	 f                                                      	 g                                                     

	
	
	
	
	
	
	
	

	 b           	 0  	 2  	 6  	 7  	  ∞ 	  ∞ 	  ∞ 
	
	
	
	
	
	
	
	

	 





[image: Dijkstra step 3: vertex c is marked visited with distance 6 and edge a-c is highlighted. Reaching d through c would give 6+8=14, which is worse than the current label 7, so d's tentative distance is unchanged.]


Figure 14.24: Dijkstra step 3: vertex c
is marked visited with distance 6 and
edge a-c is highlighted.


  	
	
	
	
	
	
	
	

	 current  	 a  	 b  	 c  	 d  	 e                                                     	 f                                                      	 g                                                     

	
	
	
	
	
	
	
	

	 c           	 0  	 2  	 6  	 7  	  ∞ 	  ∞ 	  ∞ 
	
	
	
	
	
	
	
	

	 





[image: Dijkstra step 4: vertex d is marked visited with distance 7, and the path a-b-d is highlighted in red. Neighbors of d are updated: e to 17 (via 7+10) and f to 22 (via 7+15); g remains infinity.]


Figure 14.25: Dijkstra step 4: vertex d
is marked visited with distance 7, and
the path a-b-d is highlighted in red.


  	
	
	
	
	
	
	
	

	 current  	 a  	 b  	 c  	 d  	 e   	 f    	 g                                                     

	
	
	
	
	
	
	
	

	 d           	 0  	 2  	 6  	 7  	 17  	 22  	  ∞ 
	
	
	
	
	
	
	
	

	 





[image: Dijkstra step 5: vertex e is marked visited with distance 17 and the edge d-e is added to the highlighted path. From e, vertex g is updated to 17+2=19, improving on its previous infinity label.]


Figure 14.26: Dijkstra step 5: vertex e
is marked visited with distance 17 and
the edge d-e is added to the...


  	
	
	
	
	
	
	
	

	 current  	 a  	 b  	 c  	 d  	 e   	 f    	 g   

	
	
	
	
	
	
	
	

	 e           	 0  	 2  	 6  	 7  	 17  	 22  	 19  
	
	
	
	
	
	
	
	

	 





[image: Dijkstra step 6: vertex g is marked visited with distance 19, and the edge e-g is highlighted, completing a tentative shortest path a-b-d-e-g. The remaining unvisited vertex f keeps tentative distance 22.]


Figure 14.27: Dijkstra step 6: vertex g
is marked visited with distance 19, and
the edge e-g is highlighted...


  	
	
	
	
	
	
	
	

	 current  	 a  	 b  	 c  	 d  	 e   	 f    	 g   

	
	
	
	
	
	
	
	

	 g           	 0  	 2  	 6  	 7  	 17  	 22  	 19  

	
	
	
	
	
	
	
	

	         





[image: Dijkstra step 7: vertex f is marked visited with distance 22 and the edge d-f is highlighted along with the previously found path. All seven vertices are now visited so the algorithm terminates.]


Figure 14.28: Dijkstra step 7: vertex f is
marked visited with distance 22 and the
edge d-f is highlighted along...


  	
	
	
	
	
	
	
	

	 current  	 a  	 b  	 c  	 d  	 e   	 f    	 g   

	
	
	
	
	
	
	
	

	 f           	 0  	 2  	 6  	 7  	 17  	 22  	 19  
	
	
	
	
	
	
	
	

	 






We can now summarize our calculations that followed Dijkstra’s algorithm.


 
[image: Final state of the Dijkstra example: every vertex carries its shortest-path distance from a (a=0, b=2, c=6, d=7, e=17, g=19, f=22), and the shortest-path tree found by the algorithm is highlighted in red.]



 
Figure 14.29: Final state of the Dijkstra
example:                                 every
vertex carries its shortest-path distance
from a (a=0...


  	
	
	
	
	
	
	
	

	 current  	 a  	 b  	 c  	 d                                                     	 e                                                     	 f                                                      	 g                                                     

	
	
	
	
	
	
	
	

	 a           	 0  	 2  	 6  	  ∞ 	  ∞ 	  ∞ 	  ∞ 
	
	
	
	
	
	
	
	

	 b  	 0  	 2  	 6  	 7  	  ∞  	  ∞  	  ∞

	
	
	
	
	
	
	
	

	 c           	 0  	 2  	 6  	 7                                                     	  ∞ 	  ∞ 	  ∞ 
	
	
	
	
	
	
	
	

	 d  	 0  	 2  	 6  	 7  	 17  	 22  	  ∞

	
	
	
	
	
	
	
	

	 e           	 0  	 2  	 6  	 7                                                     	 17                                                    	 22                                                    	 19                                                    
	
	
	
	
	
	
	
	

	 g  	 0  	 2  	 6  	 7  	 17  	 22  	 19

	
	
	
	
	
	
	
	

	 f           	 0  	 2  	 6  	 7                                                     	 17                                                    	 22                                                    	 19                                                    
	
	
	
	
	
	
	
	

	 






Final solution 
The shortest path from a to g is the path a - b - d - e - g, 
 




 
[image: The same seven-vertex weighted graph with the shortest path from a to g highlighted in red: a-b-d-e-g, traversing edges of weight 2, 5, 10, and 2 for a total length of 19.]



 
Figure 14.30: The same seven-vertex weighted graph with the shortest path
from a to g highlighted in red...                                       


and has length
                                                                  

                                                                  

 
 
                                       2 + 5 + 10 + 2 = 19.



 

                                                                  

                                                                  

 

                                                                  

                                                                  


 
Example 14.14

 
A shipping company needs to route a package from Washington, D.C. to
San Diego, CA. To minimize costs, the package will first be sent to their
processing center in Baltimore, MD then sent as part of mass shipments
between their various processing centers, ending up in their processing center in
Bakersfield, CA. From there it will be delivered in a small truck to San
Diego.

 
The travel times, in hours, between their processing centers are shown in the table
below. Three hours has been added to each travel time for processing. Find the
shortest path from Baltimore to Bakersfield. 
 




 
 	
	
	
	
	
	
	

	           	 Baltimore  	 Denver  	 Dallas  	 Chicago  	 Atlanta  	 Bakersfield  

	           	           	        	       	         	         	           

	
	
	
	
	
	
	

	 Baltimore   	     *        	        	       	    15      	   14     	           

	
	
	
	
	
	
	

	 Denver       	           	    *      	       	    18      	   24     	     19       

	
	
	
	
	
	
	

	 Dallas        	           	        	   *     	    18      	   15     	     25       

	
	
	
	
	
	
	

	 Chicago      	    15       	   18     	   18    	    *      	   14     	           

	
	
	
	
	
	
	

	 Atlanta      	    14       	   24     	   15    	    14      	    *      	           

	
	
	
	
	
	
	

	 Bakersfield  	           	   19     	   25    	         	         	     *        

	
	
	
	
	
	
	

	           





Table 14.1: Travel times in hours between processing centers, with three hours
added for processing.



While we could draw a graph, we can also work directly from the table.



 
Step 1: The ending vertex, Bakersfield, is marked as current.


 
Step 2: All cities connected to Bakersfield, in this case Denver and Dallas, have
their distances calculated; we’ll mark those distances in the column headers.



 
Step 3 & 4: Mark Bakersfield as visited. Here, we are doing it by shading the
corresponding row and column of the table. We mark Denver as current, shown in
bold, since it is the vertex with the shortest distance. 
 



                                                                  

                                                                  

 
 	
	
	
	
	
	
	

	           	 Baltimore  	 Denver  	 Dallas  	 Chicago  	 Atlanta  	 Bakersfield  

	           	           	   [19]     	  [25]    	         	         	            

	
	
	
	
	
	
	

	 Baltimore   	     *        	         	       	    15      	   14     	            

	
	
	
	
	
	
	

	 Denver       	           	    *      	       	    18      	   24     	     19       

	
	
	
	
	
	
	

	 Dallas        	           	         	   *     	    18      	   15     	     25       

	
	
	
	
	
	
	

	 Chicago      	    15       	    18      	   18    	    *      	   14     	            

	
	
	
	
	
	
	

	 Atlanta      	    14       	    24      	   15    	    14      	    *      	            

	
	
	
	
	
	
	

	 Bakersfield  	          	    19      	   25    	        	        	     *        

	
	
	
	
	
	
	

	           




Step 2 (#2): For cities connected to Denver, calculate distance to
the end. For example, Chicago is 18 hours from Denver, and Denver
is 19 hours from the end, the distance for Chicago to the end is 
18 + 19 = 37 (Chicago
to Denver to Bakersfield). Atlanta is 24 hours from Denver, so the distance to the end
is  24 + 19 = 43
(Atlanta to Denver to Bakersfield).


 
Step 3 & 4 (#2): We mark Denver as visited and mark Dallas as current.

 




 
 	
	
	
	
	
	
	

	           	 Baltimore  	 Denver  	 Dallas  	 Chicago  	 Atlanta  	 Bakersfield  

	           	           	        	   [25]    	   [37]     	   [43]    	            

	
	
	
	
	
	
	

	 Baltimore   	     *        	        	        	    15      	   14     	            

	
	
	
	
	
	
	

	 Denver       	          	    *      	        	    18      	   24     	     19       

	
	
	
	
	
	
	

	 Dallas        	           	        	    *      	    18      	   15     	     25       

	
	
	
	
	
	
	

	 Chicago      	    15       	   18     	   18     	    *      	   14     	            

	
	
	
	
	
	
	

	 Atlanta      	    14       	   24     	   15     	    14      	    *      	            

	
	
	
	
	
	
	

	 Bakersfield  	          	   19     	   25     	        	        	     *        

	
	
	
	
	
	
	

	           




Step 2 (#3): For cities connected to Dallas, calculate the distance to the end. For
Chicago, the distance from Chicago to Dallas is 18 and from Dallas to the end
is 25, so the distance from Chicago to the end through Dallas would be 
18 + 25 = 43. Since this is
longer than the currently marked distance for Chicago, we do not replace it. For Atlanta, we
calculate  15 + 25 = 40.
Since this is shorter than the currently marked distance for Atlanta, we replace the
existing distance.


 
Step 3 & 4 (#3): We mark Dallas as visited, and mark Chicago as current.

 



                                                                  

                                                                  

 
 	
	
	
	
	
	
	

	           	 Baltimore  	 Denver  	 Dallas  	 Chicago  	 Atlanta  	 Bakersfield  

	           	           	        	        	   [37]     	   [40]    	            

	
	
	
	
	
	
	

	 Baltimore   	     *        	        	        	    15      	   14     	            

	
	
	
	
	
	
	

	  Denver      	          	    *      	        	    18      	   24     	     19       

	
	
	
	
	
	
	

	 Dallas        	          	        	   *     	    18      	   15     	     25       

	
	
	
	
	
	
	

	 Chicago      	    15       	   18     	   18    	    *       	   14     	            

	
	
	
	
	
	
	

	 Atlanta      	    14       	   24     	   15    	    14      	    *      	            

	
	
	
	
	
	
	

	 Bakersfield  	          	   19     	   25    	          	        	     *        

	
	
	
	
	
	
	

	           




Step 2 (#4): Baltimore and Atlanta are the only non-visited cities connected to Chicago.
For Baltimore, we calculate 15+37 = 52 and mark that distance. For Atlanta, we calculate
 14 + 37 = 51.
Since this is longer than the existing distance of 40 for Atlanta, we do not replace
that distance.


 
Step 3 & 4 (#4): Mark Chicago as visited and Atlanta as current.

 




 
 	
	
	
	
	
	
	

	           	 Baltimore  	 Denver  	 Dallas  	 Chicago  	 Atlanta  	 Bakersfield  

	           	    [52]      	        	        	        	   [40]     	            

	
	
	
	
	
	
	

	 Baltimore   	     *        	        	        	    15      	    14      	            

	
	
	
	
	
	
	

	  Denver      	          	    *      	        	    18      	    24      	     19       

	
	
	
	
	
	
	

	 Dallas        	          	        	   *     	    18      	    15      	     25       

	
	
	
	
	
	
	

	 Chicago      	    15       	   18     	   18    	    *      	    14      	            

	
	
	
	
	
	
	

	 Atlanta      	    14       	   24     	   15    	    14      	    *       	            

	
	
	
	
	
	
	

	 Bakersfield  	          	   19     	   25    	        	          	     *        

	
	
	
	
	
	
	

	           




Step 2 (#5): The distance from Atlanta to Baltimore is 14. Adding that
to the distance already calculated for Atlanta gives a total distance of 
14 + 40 = 54
hours from Baltimore to Bakersfield through Atlanta. Since this is larger
than the currently calculated distance, we do not replace the distance for
Baltimore.


 
Step 3 & 4 (#5): We mark Atlanta as visited. All cities have been visited and we are
done.

 
The shortest route from Baltimore to Bakersfield will take 52 hours, and will route
through Chicago and Denver.

 

14.4.1    Run time improvements 

Instance Generation. 
For each problem size  n, we
generate a random directed graph  G = (V,E)
                                                                  

                                                                  
with  V = {0,1,… ⁡,n − 1}
using an Erdős–Rényi model for digraphs. For every ordered pair 
(i,j) with 
i≠j, the
arc  (i,j)
is included independently with probability 
p and assigned an integer
weight  wij sampled uniformly
from a fixed range  [w̲,w¯]. The
source and sink are fixed as  s = 0
and  t = n − 1.
We measure wall-clock solve time for three approaches: NetworkX’s Dijkstra
implementation, a binary MILP formulation solved via PuLP’s default solver, and
the same MILP solved with Gurobi. To reduce variance, each size is replicated across
several independently drawn graphs and the reported time is the mean over
replications. To summarize performance trends, we fit simple runtime laws 
T(n) by least squares and
report the best (highest  R2)
among (i) power law  T(n) ≈ cnα,
(ii) exponential  T(n) ≈ ceβn,
and (iii) quadratic  T(n) ≈ an2 + bn + c.

 

Solver and Library Versions. 
The experiments were run with NetworkX version 2.5, PuLP version 2.4, and
Gurobi runtime version (10, 0, 3). The default PuLP solver was CBC.

 


 

14.5    Spanning Trees 

Learning Outcomes

 

     
     	
     Find the smallest set of edges that connects a graph
 



Resources

 

     
     	
                                                                  

                                                                  
     YouTube Video: Kruskal’s algorithm to find a minimum weight spanning
     tree
 



A company requires reliable internet and phone connectivity between their five offices
(named A, B, C, D, and E for simplicity) in New York, so they decide to lease
dedicated lines from the phone company. The phone company will charge for each
link made. The costs, in thousands of dollars per year, are shown in the
graph.

 




 
[image: A 4-vertex spanning tree drawn as filled dots at corners of a small region, connected by three edges forming a Y-shape (top-left to top vertex, bottom-right to middle, top to bottom-right), illustrating one possible spanning tree on four vertices.]



 
Figure 14.31: A 4-vertex spanning tree drawn as filled dots at corners of a small
region, connected by three...                                          


In this case, we don’t need to find a circuit, or even a specific path; all we
need to do is make sure we can make a call from any office to any other. In
other words, we need to be sure there is a path from any vertex to any other
vertex.


 
Definition 14.15: Spanning Tree

 
A spanning tree is a connected graph using all vertices in which there are no circuits.
In other words, there is a path from any vertex to any other vertex, but no
circuits.

 
Some examples of spanning trees are shown below. Notice there are no circuits in the
trees, and it is fine to have vertices with degree higher than two.


 
[image: A 4-vertex spanning tree with three edges arranged as a path: middle vertex linked to top-right, top-right linked to bottom-right, and bottom-right linked to bottom-left, showing another spanning-tree configuration on four vertices.]



 
Figure 14.32: A
4-vertex
spanning
tree  with  three
edges  arranged
as
a  path:  middle
vertex linked to
top-right...

                                                                  

                                                                  

 [image: Composite figure of five small spanning trees with n = 1, 2, 3, 4, 5 vertices arranged left-to-right; each tree has exactly n-1 edges, demonstrating that a spanning tree on n vertices uses n-1 edges.]


Figure 14.33:
Composite
figure   of   five
small  spanning
trees
with  n  =  1,  2,
3,  4,  5  vertices
arranged...


 [image: n = 3 case from the spanning-tree examples: three labelled vertices A, B, C connected by two edges (A-B and B-C) forming a path, with exactly n-1 = 2 edges.]

 [image: n = 4 case from the spanning-tree examples: a star tree with center B connected to leaves A, C, and D by three edges, illustrating n-1 = 3 edges on n = 4 vertices.]

 [image: Five small spanning trees side by side on n = 1, 2, 3, 4, 5 vertices. Yellow circular nodes labelled A through E are connected by exactly n-1 edges in each, supporting the lemma that a tree on n vertices has n-1 edges.]



Usually we have a starting graph to work from, like in the phone example above. In
this case, we form our spanning tree by finding a subgraph – a new graph formed
using all the vertices but only some of the edges from the original graph. No edges
will be created where they didn’t already exist.

 
Question: How many edges are in a spanning tree of a connected
graph?

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Single yellow circular node labelled A drawn in isolation, illustrating the base case of the induction proof: a tree with one vertex and zero edges satisfies |E| = n - 1 = 0.]




 
Figure 14.34:        Examples        of        spanning        trees        with        
n = 1,2,3,4,5
nodes                           and                           exactly                           
n − 1
edges                                                             
                                                                  

                                                                  




Lemma 14.1.  Number    of    Edges    in    a    Spanning    Tree    Let    
G = (V,E)
be a connected undirected graph with  |V | = n.
Then every spanning tree of  G
contains exactly  n − 1
edges.

 




 


Proof idea.   We  prove  this  by  induction  on  the  number  of  vertices  
n.

 
Base case ( n = 1):
A  tree  with  one  vertex  and  no  edges  trivially  satisfies  the  property  
|E| = 1 − 1 = 0.

 




 
[image: A single yellow vertex labeled A with no edges: the smallest possible graph.] 


 
Figure 14.35: Base case: A single vertex with no edges                    


Inductive step: Assume that every tree with 
k vertices has
exactly  k − 1
edges.

 
Now consider a tree with  k + 1
vertices. Every tree has at least one leaf (a vertex of degree 1). Remove a leaf and its
single incident edge. The resulting graph is still a tree (connected and acyclic) with 
k
vertices.

 
By the inductive hypothesis, this smaller tree has 
k − 1
edges. Adding back the removed leaf and its edge gives 
                                                                  

                                                                  
k edges total,
which equals  (k + 1) − 1.

 




 
[image: Pseudocode block titled 'Kruskal's Algorithm (Descriptive Version)'. Initialize T to empty; repeatedly pick the cheapest unused edge, skipping any edge that would create a cycle; stop once T contains |V|-1 edges, forming a minimum spanning tree of G.] 


 
Figure 14.36:        Inductive        step:        Removing        the        leaf        
L
and its dashed edge reduces the tree to 4 vertices and 3 edges              


Thus, by induction, any tree with  n
vertices has exactly  n − 1
edges.                                                                                              □

 


Of course, any random spanning tree isn’t really what we want. We want the
minimum cost spanning tree (MCST).


 
Definition 14.16: Minimum Cost Spanning Tree (MCST)

 
The minimum cost spanning tree is the spanning tree with the smallest total edge
weight.

 
Applications of the Minimum Cost Spanning Tree (MCST):
     
 
	
  1. 
	Network  Design:  When  laying  fiber  optic  cables,  water  pipes,  or
     electrical wires to connect a set of cities or buildings, we want to ensure full
     connectivity at the lowest installation cost. An MCST gives the cheapest
     way to connect all locations without creating loops.
     
	
  2. 
	Transportation Infrastructure: A transportation planner may need to
     connect a set of towns with roads while minimizing total construction cost.
     The MCST provides a plan to connect all towns with no redundant roads.
     
	
  3. 
	Clustering  in  Machine  Learning:  In  hierarchical  clustering,  data
     points can be viewed as nodes in a graph, with edges weighted by pairwise
     distances. The MCST captures the structure of the data, and removing
     the largest edges can reveal natural clusters.
                                                                  

                                                                  
     
	
  4. 
	Reliable  Communication  Networks:  For  basic  connectivity  in
     communication systems (e.g., computer networks or telecommunications),
     an MCST ensures all devices are connected with minimal total wiring cost,
     providing a base network.
     
	
  5. 
	Subroutines in Approximation Algorithms: The MCST is used as
     a  key  subroutine  in  approximation  algorithms  for  NP-hard  problems,
     such  as  the  Traveling  Salesperson  Problem  (TSP).  For  instance,  the
     2-approximation  for  metric  TSP  begins  by  constructing  a  minimum
     spanning tree to guide tour construction.


14.5.1    Kruskal’s Algorithm for Minimum Cost Spanning Tree 

Kruskal’s algorithm is a surprisingly simple algorithm. It builds a spanning tree one
edge at a time by choosing the cheapest next edge to add. But! It skips the edge if
this edge would create a cycle.

 
Here is an algorithm description:

 
Algorithm: Kruskal’s Algorithm (Descriptive Version)

 

     
 

        Input: A connected, undirected graph 
     G = (V,E)
     with edge weights  w(e).
     
 
   Initialization: Mark all edges as unused. Set 
     T ←∅.
     
 
repeat
     
 
   Select the cheapest unused edge in the graph.
     
 
if adding the edge would create a cycle then
     
 
   Skip this edge.
     
 
else
     
 
   Add the edge to  T.
     
 
end if
     
 
until  T
     contains  |V |− 1
     edges (i.e., a spanning tree has been formed).
     
 
   Output: The set  T,
     forming a minimum spanning tree of 
     G.
 


                                                                  

                                                                  
In pseudocode, the algorithm looks like this:

 
Algorithm: Kruskal’s Algorithm

 

     
 

        Input: A connected, undirected graph 
     G = (V,E)
     with weights  w(e)
     on each edge  e ∈ E.
     
 
   Initialization: 
 

    
    	
    Set  T ←∅.
    
 


    	
    Sort all edges  E
    in non-decreasing order by weight.
 



     for each edge  e ∈ E
     in sorted order do
     
 
if adding  e
     to  T
     does not form a cycle then
     
 
   Add  e
     to  T.
     
 
end if
     
 
if  T
     contains  |V |− 1
     edges then
     
 
   break
     
 
end if
     
 
end for
     
 
   Output: The set  T,
     which forms a minimum spanning tree.
 



Example 14.17

 
Using our phone line graph from above, begin adding edges:

 
 	 AB  	 $4  	 OK                                  

	 AE   	 $5  	 OK                                  

	 BE   	 $6  	 reject – closes circuit ABEA  

	 DC   	 $7  	 OK                                  

	 AC   	 $8  	 OK                                  

	      




 [image: Five-vertex graph with cities A, B, C, D, E as black dots, fully connected with dollar-cost edge labels (AB=4, AE=5, AC=8, DC=7, plus higher cross-edges). Edges AB, AE, AC, DC are thick red, marking the MST built by Prim's algorithm starting at A.]


Figure 14.37:  Five-vertex  graph  with
cities A, B, C, D, E as black dots, fully
connected with dollar-cost edge...


At this point we stop – every vertex is now connected, so we have formed a spanning
tree with cost $24 thousand a year.

 
Kruskal’s algorithm is both optimal and efficient; we are guaranteed to always
produce the optimal MCST.


 
Example 14.18

 
The power company needs to lay updated distribution lines connecting the ten
Oregon cities below to the power grid. How can they minimize the amount of new
line to lay?

 




 
 	
	
	
	
	
	
	
	
	
	
	

	            	          	        	       	          	             	         	          	          	        	         
	 	 	 	 	 	 	 	 	 	 	 
	 	 Ashland 	 Astoria 	 Bend 	 Corvallis 	 Crater Lake 	 Eugene 	 Newport 	 Portland 	 Salem 	 Seaside

	
	
	
	
	
	
	
	
	
	
	

	 Ashland       	    –       	   374    	  200   	    223      	     108        	   178     	    252      	    285      	   240    	   356     
	
	
	
	
	
	
	
	
	
	
	

	 Astoria 	 374 	 – 	 255 	 166 	 433 	 199 	 135 	 95 	 136 	 17

	
	
	
	
	
	
	
	
	
	
	

	 Bend           	   200     	   255    	   –     	    128      	     277        	   128     	    180      	    160      	   131    	   247     
	
	
	
	
	
	
	
	
	
	
	

	 Corvallis 	 223 	 166 	 128 	 – 	 430 	 47 	 52 	 84 	 40 	 155

	
	
	
	
	
	
	
	
	
	
	

	 Crater Lake  	   108     	   433    	  277   	    430      	      –         	   453     	    478      	    344      	   389    	   423     

	
	
	
	
	
	
	
	
	
	
	

	 Eugene        	   178     	   199    	  128   	    47       	     453        	    –      	    91      	    110      	   64     	   181     

	
	
	
	
	
	
	
	
	
	
	

	 Newport      	   252     	   135    	  180   	    52       	     478        	    91      	     –       	    114      	   83     	   117     

	
	
	
	
	
	
	
	
	
	
	

	 Portland      	   285     	   95     	  160   	    84       	     344        	   110     	    114      	     –       	   47     	    78      

	
	
	
	
	
	
	
	
	
	
	

	 Salem          	   240     	   136    	  131   	    40       	     389        	    64      	    83      	    47       	   –     	   118     

	
	
	
	
	
	
	
	
	
	
	

	 Seaside        	   356     	   17     	  247   	    155      	     423        	   181     	    117      	    78       	   118    	    –      

	
	
	
	
	
	
	
	
	
	
	

	            





Using Kruskal’s algorithm, we add edges from cheapest to most expensive, rejecting
any that close a circuit. We stop when the graph is connected.


 
 	 Seaside to Astoria    	 17 miles                   
	 Corvallis to Salem 	 40 miles

	 Portland to Salem     	 47 miles                   
	 Corvallis to Eugene 	 47 miles

	 Corvallis to Newport  	 52 miles                   

	 Salem to Eugene       	 reject – closes circuit  

	 Portland to Seaside    	 78 miles                   

	                    




The graph up to this point is shown to the
right.
                                                                  

                                                                  

 

  [image: PIC]


Figure 14.38: A spanning subgraph of
the Oregon cities graph.


Continuing,

 
 	 Newport to Salem        	 reject       

	 Corvallis to Portland     	 reject       

	 Eugene to Newport       	 reject       

	 Portland to Astoria       	 reject       

	 Ashland to Crater Lake  	 108 miles  
	 Eugene to Portland 	 reject

	 Newport to Portland     	 reject       

	 Newport to Seaside       	 reject       

	 Salem to Seaside           	 reject       

	 Bend to Eugene            	 128 miles  

	 Bend to Salem              	 reject       

	 Astoria to Newport       	 reject       

	 Salem to Astoria           	 reject       

	 Corvallis to Seaside       	 reject       

	 Portland to Bend          	 reject       

	 Astoria to Corvallis       	 reject       

	 Eugene to Ashland        	 178 miles  

	                      




This connects the graph. The total length
of cable to lay would be 695 miles.

 

  [image: PIC]


Figure 14.39: Another subgraph of the
Oregon cities graph.



Exercise 14.19: Min Cost Spanning Tree

 
Find a minimum cost spanning tree on the graph below using Kruskal’s
algorithm.

 



                                                                  

                                                                  

 
[image: Undirected weighted graph with six yellow circular vertices A, B, C, E, F, G arranged hexagonally. Every pair is joined by an edge labelled with its integer weight (e.g. AB=11, BG=13, AE=14, EF=16, AC=33). Input graph for the Kruskal exercise.]



 
Figure 14.40: Undirected weighted graph with six yellow circular vertices A, B,
C, E, F, G arranged hexagonally.                                      



Exercise 14.20: Networkx

 
Use the code below to load the prior exercise’s graph into Python. Then solve this
problem using the Networkx package.

 



import networkx as nx 
 
 
 
# Create an undirected graph 
 
G = nx.Graph() 
 
 
 
# Add nodes (optional, as adding edges adds nodes implicitly) 
 
nodes = ['A', 'B', 'C', 'E', 'F', 'G'] 
 
G.add_nodes_from(nodes) 
 
 
 
# Add weighted edges 
 
edges = [ 
 
   ('A', 'B', 11), 
 
   ('A', 'C', 33), 
 
   ('A', 'E', 14), 
 
   ('A', 'F', 41), 
 
   ('A', 'G', 15), 
 
   ('B', 'C', 25), 
 
   ('B', 'E', 43), 
 
   ('B', 'F', 23), 
 
   ('B', 'G', 13), 
 
   ('C', 'E', 17), 
 
   ('C', 'F', 37), 
 
   ('C', 'G', 36), 
 
   ('E', 'F', 16), 
 
   ('E', 'G', 45), 
 
   ('F', 'G', 19) 
 
] 
 
 
 
G.add_weighted_edges_from(edges) 
 
 
 
# Optionally, visualize it 
 
# nx.draw(G, with_labels=True) 
 
# or use spring_layout or manual positions for a better view

Listing 14.1:
    Loading
    the
    graph
    into
    NetworkX


 

14.6    Exercise Answers 


       
 
	
Exercise 14.3.1 
	
           	
       (a) 
	5 vertices, 10 edges
           
	
       (b) 
	Yes, it is connected.
           
	
        (c) 
	The vertex is degree 4.
           
	
       (d) 
	A path
           
	
        (e) 
	A circuit



                                                                  

                                                                  
       
	
Exercise 14.23 
	The shortest path is ABDEG, with length 13.

       
	
Exercise 14.19 
	     
AB: Add, cost 11
BG: Add, cost 13
AE: Add, cost 14
AG: Skip, would create circuit ABGA
EF: Add, cost 16
EC: Add, cost 17

This completes the spanning tree.

       
 

 [image: Python code listing 'Loading the graph into NetworkX' that builds the prior 6-vertex weighted graph in NetworkX: it imports nx, creates an undirected Graph, adds nodes A,B,C,E,F,G, and feeds the 15 weighted edges via G.add_weighted_edges_from(edges).]
       





 

14.6.1    Prim’s Algorithm for Minimum Cost Spanning Tree 

Algorithm: Prim’s Algorithm (Descriptive Version)

 

     
 

        Input: A connected, undirected graph 
     G = (V,E)
     with edge weights  w(e).
     
 
   Initialization: Start with any vertex 
     v ∈ V .
     Let  T ←{v}
     and  ET ←∅.
     
 
repeat
     
 
   Find the cheapest edge with one endpoint in 
     T
     and one endpoint not in  T.
     
 
   Add that edge to  ET
     and its other endpoint to  T.
     
 
until  T
     includes all vertices.
     
 
   Output: The set  ET,
     forming a minimum spanning tree of 
     G.
 


                                                                  

                                                                  
In pseudocode, the algorithm looks like this:

 
Algorithm: Prim’s Algorithm

 

     
 

        Input: A connected, undirected graph 
     G = (V,E)
     with weights  w(e)
     on each edge.
     
 
   Initialization: 
 

    
    	
    Pick an arbitrary starting vertex 
    v0.
    
 


    	
    Let  T ←{v0},
     ET ←∅.
 



     while  |T| < |V |
     do
     
 
   Among all edges  (u,v) ∈ E
     with  u ∈ T
     and  v∉T,
     find the one with minimum weight.
     
 
   Add  v
     to  T,
     and  (u,v)
     to  ET.
     
 
end while
     
 
   Output: The set  ET,
     which forms a minimum spanning tree.
 



Example 14.21

 
Using our phone line graph from above, begin with vertex A and grow the
tree:

 
 	 Start at A  	    	                       

	 AB            	 $4  	 add AB                        

	 AE            	 $5  	 add AE                        

	 BE            	 $6  	 reject – E already added  

	 DC            	 $7  	 add DC                        

	 AC            	 $8  	 add AC                        

	            



                                                                  

                                                                  

 [image: Five-vertex graph with cities A, B, C, D, E as black dots, fully connected with dollar-cost edge labels (AB=4, AE=5, AC=8, DC=7, plus higher cross-edges). Edges AB, AE, AC, DC are thick red, marking the MST built by Prim's algorithm starting at A.]


The same minimum cost spanning tree is produced, and we stop once all vertices
have been added to the tree.

 
Just like Kruskal’s algorithm, Prim’s algorithm is guaranteed to find the optimal
minimum spanning tree. However, it grows the tree from a single root and adds the
cheapest connecting edge at each step, which makes it especially efficient when
implemented with a priority queue (e.g., using a Fibonacci heap for near-linear time
in sparse graphs).


 
Exercise 14.22: Prim’s Algorithm

 
Use Prim’s algorithm to find a minimum cost spanning tree on the same graph as in
Exercise 14.19, starting from vertex A. Show the steps as you add edges and vertices
to the growing tree.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Same five-city phone-line graph (A, B, C, D, E) used to illustrate Prim's algorithm. Edges are labelled with dollar costs and the spanning tree edges AB, AE, AC, DC are drawn in thick red while the remaining inter-city edges are thin black.]



 
Figure 14.41: Prim’s algorithm                                        
                                                                  

                                                                  

14.7    Exercises 

The exercises in this chapter are arranged in three bands that build on one another.
Skills items drill the mechanics: translating maps and tables into graphs, computing
degrees, and running Dijkstra’s and Kruskal’s algorithms by hand. Concepts
items ask you to explain why the algorithms work and what their limits
are. Explorations are longer, open-ended activities suited to group work.
Within each band, items follow the order in which the material appears in the
chapter.


 
Exercise 14.23: Shortest Path Problem

 
Find the shortest path between vertices A and G in the graph below.


 
[image: Boxed figure for Prim's algorithm: 7-vertex graph with vertices a, b, c, d, e, f, g as red circles. The minimum spanning tree edges d-a, d-f, a-b, b-e, e-c, e-g are drawn thick red; remaining edges are thin black with integer weights.]



 
Figure 14.42: Boxed figure for Prim’s algorithm: 7-vertex graph with vertices
a, b, c, d, e, f, g as red circles.

Skills
     
 
	
  1. 
	To deliver mail in a particular neighborhood, the postal carrier needs to
     walk along each of the streets with houses (the dots). Create a graph with
     edges showing where the carrier must walk to deliver the mail.

     [image: Exercise diagram: a stylized neighborhood shown as six rectangular blocks in two rows of three. Black squares on the inside borders of each block mark houses; students draw edges along the streets the carrier walks to reach every house.]




 
Figure 14.43:  Exercise  diagram:  a  stylized  neighborhood  shown  as  six
rectangular blocks in two rows of three.


	
2.
	Suppose that a town has 7 bridges as pictured below. Create a graph that could
be used to determine if there is a path that crosses all bridges once.

[image: Exercise map of a fictional town: a teal river divides the area into several land masses, with seven black bars marking bridges. Students convert the map to a graph to test for an Eulerian path crossing each bridge once.]



                                                                  

                                                                  

 
Figure 14.44: Exercise map of a fictional town: a teal river divides the area into
several land masses, with...


	
3.
	The table below shows approximate driving times (in minutes, without traffic)
between five cities in the Dallas area. Create a weighted graph representing this
data.



 
 	
	
	
	
	

	           	 Plano  	 Mesquite  	 Arlington  	 Denton  

	
	
	
	
	

	 Fort Worth  	   54    	    52      	    19       	   42     
	
	
	
	
	

	 Plano 	 	 38 	 53 	 41

	
	
	
	
	

	 Mesquite     	       	          	    43       	   56     

	
	
	
	
	

	 Arlington    	       	          	          	   50     

	
	
	
	
	

	            





Table 14.2:  Approximate  driving  times  in  minutes  between  five  Dallas-area
cities.




	
4.
	Shown in the table below are the one-way airfares between 5
cities4.
Create a graph showing this data.

 


  4Cheapest fares found when retrieved Sept. 1, 2009 for travel Sept. 22, 2009
 
 
           
 


 
 	
	
	
	
	

	         	 Honolulu  	 London  	 Moscow  	 Cairo  

	
	
	
	
	

	 Seattle     	   $159     	  $370    	   $654    	  $684  

	
	
	
	
	

	 Honolulu  	          	  $830    	   $854    	  $801  

	
	
	
	
	

	 London    	          	         	   $245    	  $323  

	
	
	
	
	

	 Moscow   	          	         	         	  $329  

	
	
	
	
	

	          





Table 14.3: One-way airfares between five cities.




	
5.
	Find the degree of each vertex in the graph below.

[image: Seven-vertex weighted graph for the shortest-path exercise. Vertices A, B, C, D, E, F, G in a roughly diamond layout with integer edge weights (AB=1, AC=4, BD=3, CD=2, DE=2, DF=4, EG=7, FG=6, plus chords). Goal: find the shortest path from A to G.]

                                                                  

                                                                  


 
Figure 14.45: Seven-vertex weighted graph for the shortest-path exercise.


	
6.
	Find the degree of each vertex in the graph below.

[image: Airfare table giving one-way dollar fares between Seattle, Honolulu, London, Moscow, and Cairo (e.g. Seattle-Honolulu $159, Honolulu-London $830, London-Moscow $245, Moscow-Cairo $329). Used as input for building a weighted graph.]



 
Figure 14.46:  Airfare  table  giving  one-way  dollar  fares  between  Seattle,
Honolulu, London, Moscow, and Cairo (e.g.


	
7.
	Which of these graphs are connected?

 	
	
	

	     	      	      
	 [image: Small undirected graph with five black-dot vertices arranged in two rows, with four edges (square plus a diagonal extension). One of three example graphs presented side-by-side asking 'Which of these graphs are connected?'.] 	 [image: Small undirected graph with five black-dot vertices; edges form one triangle on the right plus a separate vertical segment on the left, leaving the graph in two components. One of three connectivity examples.] 	 [image: Small undirected graph with five black-dot vertices fully linked through a series of edges so all vertices belong to one component. The third option in the 'Which of these graphs are connected?' exercise.]

	      	      	      

	
	
	

	      






Figure 14.47: Three five-vertex graphs for the connectedness exercise.


	
8.
	Which of these graphs are connected?

 	
	
	

	     	      	      
	 [image: Eight-vertex graph drawn on a 3-by-3 grid layout with three short horizontal segments stacked at top, middle, and bottom; the components are not all linked, illustrating a disconnected graph for the second connectivity question.] 	 [image: Eight-vertex graph on a 3-by-3 grid layout where a central vertex (1.5,1) has high degree, connecting most of the graph; one corner pair remains separated. Used for the second 'Which of these graphs are connected?' question.] 	 [image: Eight-vertex graph with edges forming a connected outer cycle plus several interior diagonals; the third option in the second connectivity exercise.]

	      	      	      

	
	
	

	      






Figure 14.48: Three more graphs for the connectedness exercise.


	
9.
	Travel times by rail for a segment of the Eurail system is shown below with travel
times in hours and minutes. Find path with shortest travel time from Bern to Berlin
by applying Dijkstra’s algorithm.

[image: PIC]



 
Figure 14.49: European rail network with travel times between cities.
                                                                  

                                                                  


	
10.
	Using the graph from the previous problem, find the path with shortest travel time
from Paris to München.

	
11.
	Find a minimum cost spanning tree for the graph you created in problem
#3.


	
12.
	A company wants to connect its 5 buildings with fiber optic cable. Costs (in
thousands of dollars) to lay cables between pairs of buildings are shown below. Find a
minimum cost spanning tree connecting the buildings.

[image: Weighted graph on five labelled vertices A, B, C, D, E in a pentagonal layout, fully connected by ten edges with dollar-cost labels (e.g. CD=$5.6, CA=$5.1, BC=$4.3, AE=$4.4, CE=$4.0); used to plan a minimum-cost sonet ring.]




 
Figure 14.50:  Weighted  graph  on  five  labelled  vertices  A,  B,  C,  D,  E  in  a
pentagonal layout, fully connected by...


	
13.
	Passenger rail travel times, in minutes, between five Virginia cities and Washington,
D.C. are shown below. Apply Dijkstra’s algorithm, exactly as in the worked
examples of §14.4 and in Exercise 9, to find the route with shortest travel
time from Bristol to Washington. Record the distance labels as they become
permanent.

[image: PIC]



 
Figure 14.51: Virginia cities road network with distances.

[§14.4, Exercise 9]

	
14.
	Using Kruskal’s algorithm, find a minimum cost spanning tree for the airfare graph
you created in problem #4. List the edges in the order the algorithm considers them,
noting any edge that is rejected because it would close a circuit. What would an
airline alliance use such a tree for?
[§14.5.1]
 



Concepts

 

     
 
	
                                                                  

                                                                  
 15. 
	Can a graph have one vertex with odd degree? If not, are there other
     values that are not possible? Why?

     
	
 16. 
	Kruskal’s    algorithm    is    greedy:    at    every    step    it    grabs    the
     cheapest    edge    available,    with    no    regard    for    what    comes
     later.   Explain   informally   why   this   shortsightedness   never   costs
     anything   for   spanning   trees.   Suppose   the   algorithm’s   tree   
     T
     skipped some edge  e
     that  belongs  to  a  cheaper  spanning  tree;  use  the  fact  that  adding  
     e
     to  T
     closes exactly one circuit to argue that the cheaper tree can be repaired,
     one edge at a time, into Kruskal’s tree without ever increasing the cost.
     Would the same reasoning work if some edge costs were negative?
     [§14.5.1]
     
 

	
 17. 
	Dijkstra’s  algorithm  permanently  marks  the  unvisited  vertex  with  the
     smallest  recorded  distance  and  never  revisits  it.  Explain  why  this  is
     justified when all edge weights are nonnegative. Then construct a graph
     with three vertices, one of which has a negative edge weight, on which the
     algorithm returns a wrong answer.
     [§14.4]
     
 



Explorations

 

     
 
	
 18. 
	Social networks such as Facebook and LinkedIn can be represented using
     graphs in which vertices represent people and edges are drawn between two
     vertices when those people are “friends.” The table below shows a friendship
     table, where an X shows that two people are friends.
     


 
 	
	
	
	
	
	
	
	
	
	

	   	 A  	 B  	 C  	 D  	 E  	 F  	 G  	 H  	  I  
	
	
	
	
	
	
	
	
	
	

	 A 	  	 X 	 X 	 	 	 X 	 X 	 	

	
	
	
	
	
	
	
	
	
	

	 B  	    	    	 X  	    	 X  	    	    	    	    
	
	
	
	
	
	
	
	
	
	

	 C 	  	  	  	 	 X 	 	 	 	

	
	
	
	
	
	
	
	
	
	

	 D  	    	    	    	    	 X  	    	    	    	 X  

	
	
	
	
	
	
	
	
	
	

	 E  	    	    	    	    	    	    	 X  	    	 X  

	
	
	
	
	
	
	
	
	
	

	 F  	    	    	    	    	    	    	    	 X  	 X  

	
	
	
	
	
	
	
	
	
	

	 G  	    	    	    	    	    	    	    	 X  	    

	
	
	
	
	
	
	
	
	
	

	 H  	    	    	    	    	    	    	    	    	 X  

	
	
	
	
	
	
	
	
	
	

	    




                                                                  

                                                                  


Table 14.4: Friendship table: an X marks pairs of people who are friends.



     
         
 
	
      (a) 
	Create a graph of this friendship table
         
	
     (b) 
	Find the shortest path from A to D. The length of this path is often
         called the “degrees of separation” of the two people.
         
	
      (c) 
	Extension: Split into groups. Each group will pick 10 or more movies,
         and look up their major actors (www.imdb.com is a good source).
         Create a graph with each actor as a vertex, and edges connecting two
         actors in the same movie (note the movie name on the edge). Find
         interesting paths between actors, and quiz the other groups to see if
         they can guess the connections.



     
	
 19. 
	A spell checker in a word processing program makes suggestions when it finds a
     word not in the dictionary. To determine what words to suggest, it tries to find
     similar words. One measure of word similarity is the Levenshtein distance,
     which measures the number of substitutions, additions, or deletions
     that are required to change one word into another. For example, the
     words spit and spot are a distance of 1 apart; changing spit to spot
     requires one substitution (i for o). Likewise, spit is distance 1 from
     pit since the change requires one deletion (the s). The word spite is
     also distance 1 from spit since it requires one addition (the e). The
     word soot is distance 2 from spit since two substitutions would be
     required.
         	
      (a) 
	Create a graph using words as vertices, and edges connecting words
         with a Levenshtein distance of 1. Use the misspelled word “moke” as
         the center, and try to find at least 10 connected dictionary words.
         How might a spell checker use this graph?
         
	
     (b) 
	Improve the method from above by assigning a weight to each edge
         based  on  the  likelihood  of  making  the  substitution,  addition,  or
         deletion.  You  can  base  the  weights  on  any  reasonable  approach:
         proximity of keys on a keyboard, common language errors, etc. Use
                                                                  

                                                                  
         Dijkstra’s algorithm to find the length of the shortest path from each
         word to “moke”. How might a spell checker use these values? 



     




 

Selected Solutions 

Solution

 
(Exercise 9) Run Dijkstra’s algorithm from Bern. The vertices become permanently
labeled in the order: Bern (0:00), Lyon (3:50), Frankfurt (3:55), Paris (5:45, via
Lyon), München (7:05, via Frankfurt), Amsterdam (7:10, via Paris), Berlin (12:50,
via München). The shortest route is 
 
	
 
      Bern →Frankfurt →München →Berlin,3:55 + 3:10 + 5:45 = 12:50.



For comparison, Bern–Frankfurt–Amsterdam–Berlin takes 14:05 and
Bern–Lyon–Paris–Amsterdam–Berlin takes 13:20.

 
Solution

 
(Exercise 12) Using Kruskal’s algorithm, the four cheapest edges are accepted one after
another with no rejections: CE (4.0), BD (4.3), AE (4.4), AD (4.7). These four edges
connect all five buildings, so the algorithm stops. The minimum cost spanning tree is 
{CE,BD,AE,AD} with total
cost  4.0 + 4.3 + 4.4 + 4.7 = 17.4,
i.e., $17,400. (A spanning tree is the cheapest way to connect the buildings, but it
offers no backup path if a cable is cut.)

 
Solution

 
(Exercise 13) Running Dijkstra’s algorithm from Washington, the labels become
permanent in the order: Washington (0), Richmond (115), Charlottesville (140),
Lynchburg (210, via Charlottesville), Roanoke (260, via Charlottesville), Bristol
(405). The shortest route is 
 
	
                                                                  

                                                                  
 
Bristol →Roanoke →Charlottesville →Washington,145+120+140 = 405 minutes,



that is, 6 hours 45 minutes. For comparison, routing through Lynchburg takes 
145 + 55 + 70 + 140 = 410 minutes and routing
through Richmond takes  145 + 55 + 125 + 115 = 440
minutes.

 
Solution

 
(Exercise 14) Sorting the airfares from cheapest to most expensive, Kruskal’s
algorithm accepts Seattle–Honolulu ($159), London–Moscow ($245), and
London–Cairo ($323); it then rejects Moscow–Cairo ($329) because that edge would
close the circuit London–Moscow–Cairo, and finally accepts Seattle–London ($370),
which connects all five cities. The minimum cost spanning tree has total cost 
159 + 245 + 323 + 370 = $1097. Such
a tree gives the cheapest set of routes that still links every city, though any
trip between cities in different branches must connect through intermediate
stops.

 
Solution

 
(Exercise 16) Suppose a spanning tree 
T∗ uses an edge 
e that Kruskal’s tree
 T skipped. Kruskal’s
algorithm rejected  e only
because, at the moment  e
was examined,  e
closed a circuit with edges already accepted; since edges are examined from
cheapest to most expensive, every edge on that circuit costs no more than 
e. That circuit must
contain some edge  f∉T∗
(a tree cannot contain a whole circuit). Replacing 
e by 
f in 
T∗ yields
another spanning tree that is no more expensive, and which agrees with 
T
on one more edge. Repeating this exchange turns 
                                                                  

                                                                  
T∗ into 
T without ever
increasing the cost, so  T
is at least as cheap as any spanning tree. The argument never used the sign of the
costs, only their order, so it works with negative edge costs too; note the
contrast with Dijkstra’s algorithm, which does rely on nonnegative weights
(Exercise 17).

 


 

14.7.1    Notes 

Dijkstra’s algorithm was introduced by Edsger W. Dijkstra in his 1959 paper “A note
on two problems in connexion with graphs,” Numerische Mathematik 1, 269–271. The
algorithm finds the shortest path between two nodes; a common variant
finds the shortest paths from a single source node to every other node in the
network.

 


 

Notes, References, and Resources 

Resources

 
Youtube! Video of many graph algorithms by Google engineer (6+ hours)

 


 

Graph Libraries in Python 

Several graph libraries are available in Python, each with distinct strengths
depending on your needs. NetworkX is widely used for its ease of use and flexibility,
especially for small to medium-sized graphs. For high-performance analysis on large
graphs, graph-tool and NetworKit offer optimized implementations of common
graph algorithms. igraph strikes a balance between speed and usability, while
libraries like PyTorch Geometric and DGL are specifically designed for machine
learning on graphs. The table below compares key features across several popular
graph libraries.

 

                                                                  

                                                                  

 

                                                                  

                                                                  

 	Library              	   Speed   	 Ease of Use  	  Graph Size   	 Algorithms  	 Visualization

	NetworkX          	    Low      	     High       	 Small–Medium  	    Basic       	   Moderate    

	graph-tool        	 Very High  	     Low        	     Large        	  Advanced    	     Basic      

	igraph            	   High     	   Moderate    	 Medium–Large  	    Strong      	    Limited     

	NetworKit         	 Very High  	     Low        	   Very Large    	  Advanced    	     None      

	PyTorch Geometric 	 Very High  	     Low        	     Large        	  ML-Specific  	     None      


	                  




Table 14.5: Comparison of Python Graph Libraries
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Chapter 15
Introduction to Integer Programming Formulations   

Learning Outcomes
     
 
	
  A. 
	Learn classic integer programming formulations.
     
	
  B. 
	Demonstrate different uses of binary and integer variables.
     
	
  C. 
	Demonstrate the format for modeling an optimization problem with sets,
     parameters, variables, and the model.


     
     Your  linear  program  says  to  build  2.7  warehouses  and  route  3.4
     trucks. Rounding up to 3 warehouses might blow the budget; rounding
     down to 2 might leave demand unmet; and neither rounded plan is
     necessarily anywhere near the best whole-number plan. Worse, many
     decisions are not quantities at all but choices (open this facility or
     don’t, assign this job to that machine or not) where “0.7 of a yes”
     means nothing. Requiring variables to take integer values looks like
     a small change to a linear program. It is not: it buys enormous
     modeling power, and this chapter is a tour of what that power can
     express.
 


In this section, we will describe classical integer programming formulations. These
formulations may reflect a real world problem exactly, or may be part of the setup of
a real world problem.

 

15.1    Knapsack Problem 

The knapsack problem can take different forms depending on if the variables are
binary or integer. The binary version means that there is only one item of each item
type that can be taken. This is typically illustrated as a backpack (knapsack) and
some items to put into it (see Figure 15.1), but has applications in many
contexts.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Illustration of the knapsack problem: a backpack with 15 kg capacity and a collection of boxes with different weights and dollar values, asking which boxes to select to maximize value.]

Image: See page for author [CC BY-SA 2.5].
https://en.wikipedia.org/wiki/Knapsack_problem


 
Figure 15.1: Knapsack Problem: which items should we choose to take in the
knapsack that maximizes the value while respecting the 15kg weight limit?   
                                                                  

                                                                  

Binary Knapsack Problem

 
NP-complete

 
Given a non-negative weight vector  a ∈ ℚ+n,
a capacity  b ∈ ℚ+, and
objective coefficients  c ∈ ℚn,

 
	
 



  maxc⊤x
  s.t. a⊤x ≤ b
      x ∈{0,1}n
                                                                                                          
	(15.1)



Example 15.1: Knapsack

 
[Excel] [PuLP] [Gurobipy]

 
You have a knapsack (bag) that can only hold W = 15 kgs. There are 5 items that you
could possibly put into your knapsack. The items (weight, value) are given as: (12 kg,
 $4), (2 kg,
 $2), (1kg, 
$2), (1kg, 
$1), (4kg, 
$10).
Which items should you take to maximize your value in the knapsack? See
Figure 15.1.


 
Variables: 
 

     
     	
     let  xi = 1
     if item  i
     is in the bag
                                                                  

                                                                  
     
 


     	
     let  xi = 0
     if item  i
     is not in the bag
 



Model:

 

     max ⁡      4x1 + 2x2 + 2x3 + 1x4 + 10x5                                     (Total value)
      s.t.      12x1 + 2x2 + 1x3 + 1x4 + 4x5 ≤ 15                                 (Capacity bound)
              xi ∈{0,1}                              for all i = 1,… ⁡,5                    
(Item taken or not)

In the integer case, we typically require the variables to be non-negative integers, hence we use
the notation  x ∈ ℤ+n.
This setting reflects the fact that instead of single individual items, you have item
types of which you can take as many of each type as you like that meets the
constraint.

 
Integer Knapsack Problem

 
NP-complete

 
Given a non-negative weight vector  a ∈ ℚ+n,
a capacity  b ∈ ℚ+, and
objective coefficients  c ∈ ℚn,

 
	
                                                                  

                                                                  
 



  maxc⊤x
  s.t. a⊤x ≤ b
      x ∈ ℤ+n
                                                                                                          
	(15.2)


We can also consider an equality constrained version

 
Equality Constrained Integer Knapsack Problem

 
NP-hard

 
Given a non-negative weight vector  a ∈ ℚ+n,
a capacity  b ∈ ℚ+, and
objective coefficients  c ∈ ℚn,

 

                            max ⁡                            c⊤ ⁡x                                                         (15.3)
                            s.t.                            a⊤ ⁡x = b                                                      (15.4)
                                                          x ∈ ℤ+n                                                      (15.5)


Example 15.2: Min Coins

 
[Excel] [PuLP] [Gurobipy]
                                                                  

                                                                  

 
Using pennies, nickels, dimes, and quarters, how can you
minimize the number of coins you need to make up a sum of 
83¢?

 
Variables: 
 

     
     	
     Let  p
     be the number of pennies used
     
 


     	
     Let  n
     be the number of nickels used
     
 


     	
     Let  d
     be the number of dimes used
     
 


     	
     Let  q
     be the number of quarters used
 



Model:

 

          min ⁡           p + n + d + q                                                           (total number of coins used)
           s.t.           p + 5n + 10d + 25q = 83          sums to 83¢                                        
                        p,d,n,q ∈ ℤ+                                                           (each is a non-negative integer)

                                                                  

                                                                  
15.2    Capital Budgeting 

The capital budgeting problem is a nice generalization of the knapsack problem. This
problem has the same structure as the knapsack problem, except now it has multiple
constraints. We will first describe the problem, give a general model, and then look at
an explicit example.

 
Capital Budgeting

 
A firm has  n
projects it could undertake to maximize revenue, but budget limitations require that
not all can be completed. 
 

     
     	
     Project  j
     expects to produce revenue  cj
     dollars overall.
     
 


     	
     Project  j
     requires investment of  aij
     dollars in time period  i
     for  i = 1,… ⁡,m.
     
 


     	
     The     capital     available     to     spend     in     time     period     
     i
     is  bi.
 



Which projects should the firm invest in to maximize its expected return while
satisfying its weekly budget constraints?

 

                                                                  

                                                                  

 
We will first provide a general formulation for this problem.

 
Capital Budgeting Model

 
Sets: 
 

     
     	
     Let  I = {1,… ⁡,m}
     be the set of time periods.
     
 


     	
     Let  J = {1,… ⁡,n}
     be the set of possible investments.
 



Parameters: 
 

     
     	
      cj
     is         the         expected         revenue         of         investment         
     j
     for  j ∈ J
     
 


     	
      bi
     is        the        available        capital        in        time        period        
     i
     for  i
     in  I
     
 


     	
      aij
     is        the        resources        required        for        investment        
     j
     in time period  i,
     for  i
     in  I,
     for  j
     in  J.
 



Variables: 
 

     
     	
                                                                  

                                                                  
     let  xj = 1
     if investment  j
     is chosen
     
 


     	
     let  xj = 0
     if investment  j
     is not chosen
 



Model:

 

      max ⁡          ∑
  j=1nc
jxj                                (Total Expected Revenue)
      s.t.          ∑
  j=1na
ijxj ≤ bi,   i = 1,…,m            (Resource constraint week i)
                   xj ∈{0,1},j = 1,… ⁡,n                      


                                                                  

                                                                  

 
Consider the example given in the following table. 
 

                                                                  

                                                                  

 

                                                                  

                                                                  
 	
	
	
	

	      Project         	  𝔼[Revenue]  	 Resources required in week 1  	 Resources required in week 2  

	
	
	
	

	         1              	                                     10                                                           	             3                    	             4                    
	
	
	
	

	 2 	 8 	 1 	 2

	
	
	
	

	         3              	                                      6                                                            	             2                    	             1                    

	
	
	
	

	 Resources available  	                                                                             	             5                    	             6                    

	
	
	
	

	                  




                                                                  

                                                                  



Given this data, we can set up our problem explicitly as follows


 
Example 15.3: Capital Budgeting

 
[Excel] [PuLP] [Gurobipy]

 
Sets: 
 

     
     	
     Let  I = {1,2}
     be the set of time periods.
     
 


     	
     Let  J = {1,2,3}
     be the set of possible investments.
 



Parameters: 
 

     
     	
      cj
     is given in column “ 𝔼[Revenue]”.
     
 


     	
      bi
     is given in row “Resources available”.
     
 


     	
      aij
     is given in row  j,
     and column for week  i.
 



Variables: 
 

     
     	
     let  xj = 1
     if investment  j
     is chosen
     
 


     	
                                                                  

                                                                  
     let  xj = 0
     if investment  j
     is not chosen
 



The explicit model is given by
Model:

 

          max ⁡           10x1 + 8x2 + 6x3                         (Total Expected Revenue)
          s.t.           3x1 + 1x2 + 2x3 ≤ 5                     (Resource constraint week 1)
                        4x1 + 2x2 + 1x3 ≤ 6                     (Resource constraint week 2)
                        xj ∈{0,1},j = 1,2,3                    

15.3    Capacitated Lot Sizing Problem (CLSP) 

The Capacitated Lot Sizing Problem (CLSP) is a fundamental optimization problem
in production planning, where the goal is to determine an optimal production
schedule that minimizes total costs while adhering to capacity constraints. The
objective function accounts for production costs, setup costs, and inventory holding
costs over a given planning horizon.

 
Let  T
denote the number of discrete time periods, indexed by 
t ∈{1,2,… ⁡,T}. The
problem parameters are defined as follows: 
 

     
     	
      dt
     is the demand in period  t,
                                                                  

                                                                  
     
 


     	
      pt
     represents the unit production cost,
     
 


     	
      ft
     is the fixed setup cost incurred if production takes place,
     
 


     	
      ht
     denotes the unit inventory holding cost, and
     
 


     	
      ct
     represents    the    maximum    production    capacity    in    period    
     t.
 



The decision variables are: 
 

     
     	
      xt
     denotes        the        quantity        produced        in        period        
     t,
     
 


     	
      st
     is     the     inventory     level     at     the     end     of     period     
     t,
     and
     
 


     	
      yt
     is a binary variable that takes value 1 if production occurs in period 
     t,
     and 0 otherwise.
 



The CLSP can be formulated as the following mixed-integer linear program:
                                                                  

                                                                  

 

   min ⁡   ∑
  t=1T  (p
txt + ftyt + htst)                        (Minimize total cost)
   s.t.   st−1 + xt − dt = st           for all t = 1,2,… ⁡,T                        (Inventory balance)
        xt ≤ ytct                   for all t = 1,2,… ⁡,T                        
(Capacity and setup constraint)
        xt,st ≥ 0                   for all t = 1,2,… ⁡,T                        
(Non-negativity constraints)
        yt ∈{0,1}                  for all t = 1,2,… ⁡,T                        
(Binary production decision)

The objective function (Minimize total cost) minimizes the total cost over the
planning horizon, incorporating production, setup, and inventory holding costs. The
inventory balance constraint (Inventory balance) ensures that demand in each period
is met using either inventory from the previous period or newly produced units. The
constraint (Capacity and setup constraint) enforces production capacity limits and
ensures that a setup cost is incurred when production occurs. Constraints
(Non-negativity constraints) enforce non-negativity on production and inventory
levels, while (Binary production decision) ensures that the setup decision is
binary.

 
For simplicity, we assume an initial inventory level of zero.

 


 

15.4    Facility Location 

The basic model of the facility location problem is to determine where to place your
stores or facilities in order to be close to all of your customers and hence reduce the
costs of transportation to your customers. Each customer is known to have a certain
demand for a product, and each facility has a capacity on how much of that demand
it can satisfy. We also need to consider the cost of building the facility in a given
location.

 
This basic framework can be applied in many types of problems and there are a
number of variants to this problem. Here we present the capacitated facility location
problem. Additional variants and alternative formulations are covered in Book
                                                                  

                                                                  
2.

 


 

15.4.1    Capacitated Facility Location 

Capacitated Facility Location 1

 
NP-complete

 
Given connection costs  cij,
fixed building costs  fi,
demands  dj, and
facility capacities  ui,
the capacitated facility location problem is formulated as follows:

 
Sets: 
 

     
     	
     Let  I = {1,… ⁡,n}
     be the set of facilities.
     
 


     	
     Let  J = {1,… ⁡,m}
     be the set of customers.
 



Parameters: 
 

     
     	
      fi
     — the cost of opening facility  i.
     
 


     	
      cij
     —   the   cost   of   serving   one   unit   of   demand   of   customer   
     j
     from facility  i.
     
 


     	
      ui
     —        the        capacity        (in        units)        of        facility        
     i.
                                                                  

                                                                  
     
 


     	
      dj
     —      the      total      demand      (in      units)      of      customer      
     j.
 



Variables: 
 

     
     	
      yi ∈{0,1}
     — equals 1 if facility  i
     is opened; 0 otherwise.
     
 


     	
      xij ≥ 0
     —        the        number        of        units        of        customer        
     j’s
     demand served by facility  i.
 



Model:

 

   min ⁡    ∑
  i=1n ∑
j=1mc
ijxij + ∑
  i=1nf
iyi                                   (Totalcost)
    s.t.     ∑
  i=1nx
ij = dj                        for all j = 1,… ⁡,m                         (Meet demand)
           ∑
  j=1mx
ij ≤ uiyi                      for all i = 1,… ⁡,n                          (Facility capacity)
          xij ≥ 0                                for all i = 1,… ⁡,n,j = 1,… ⁡,m                
(Nonnegativity)
          yi ∈{0,1}                             for all i = 1,… ⁡,n                          (Open facility)


                                                                  

                                                                  
Example 15.4: Capacitated Facility Location: Retail Distribution
Example

 
Gurobipy

 
Context: A retail company plans to establish distribution centers across a country
to serve its stores efficiently. The company faces decisions on which distribution
centers to open and which stores each center should serve. Costs associated with
opening each center and serving stores from them are known, and each center has a
maximum capacity. Each store also has a known demand.

 
Given Data: (distribution-data.xlsx)

 

     
     	
     Number         of         potential         distribution         centers         (
     n):
     3
     
 


     	
     Number of stores ( m):
     4
 




                                                                  

                                                                  

 

                                                                  

                                                                  


Table 15.1: Combined Data for Distribution Centers and Stores            

 	                                                                                   	  fi  	  ui  	  cij (Cost to Serve a Store)


	                                                                                                                                                                                                                                 	

	 Center                                                                                                        	                                 ($)                                                    	                                (units)                                                  	 Store 1  	 Store 2  	 Store 3  	                          Store 4                                         

	 Center 1                                                                                                                      	                               150,000                                                 	                                 100                                                    	   $50    	   $60    	   $70    	                            $85                                           

	 Center 2                                                                                                                      	                               100,000                                                 	                                 80                                                     	   $75    	   $45    	   $55    	                            $50                                           

	 Center 3                                                                                                                      	                               180,000                                                 	                                 90                                                     	   $65    	   $80    	   $40    	                            $60                                           


	 Store Demand  dj  	                                                                     	                                                                     	   400    	   300    	   200    	                            250                                           


	                                                                                   




                                                                  

                                                                  



Model Formulation: The capacitated facility location model described earlier can
be applied to this scenario with the given data to determine the optimal number and
location of distribution centers to open, and which stores each center should serve.

 




 




 
[image: A network diagram for facility location showing three potential distribution centers with fixed costs and capacities, connected to four customer locations with demand values and shipping costs.]
 




Figure 15.2: A network diagram for facility location: three potential distribution
centers connected to stores.



If you build and solve this instance, you will discover that it is infeasible: the stores
demand  1150
units in total, while the three centers combined can supply at most 
270. This
is on purpose. Not every problem has a nice solution, and discovering infeasibility is
itself useful information a model gives you. As an exercise, decide how you would
repair the instance: reduce demand or add capacity.

 
Case Study: Where Should the Water Bombers Sleep? Airtanker Basing
in Ontario

 
Ontario fights forest fires with a fleet of airtankers (water bombers). A fire caught
within the first few hours is usually a small story; a fire missed grows into a big one.
So the province’s ability to hit new fires quickly depends on where the airtankers are
based each morning. In the early 1990s the Ontario Ministry of Natural Resources
asked operations researchers to help decide the home bases, and the resulting
mathematical programming model informed the province’s actual basing strategy
from the 1993 fire season onward.

 

The Challenge 

Fires do not announce where they will start. What is known is the historical pattern:
                                                                  

                                                                  
some fire management zones see far more fire starts than others, and an airtanker can
only provide effective initial attack on fires within a limited flying range of its base.
With a fixed fleet, where should the aircraft be based so that as much expected fire
activity as possible is within reach?

 


 

The Solution: A Coverage Location Model 

Model type: integer program (facility location / coverage). No machine
learning; the fire-frequency inputs are historical averages.

 
Sets and Parameters: 
 

     
     	
     Let  I
     be      the      set      of      fire      management      zones      and      
     J
     the set of candidate bases.
     
 


     	
     Let  ni
     be      the      expected      number      of      fires      in      zone      
     i
     (from historical records).
     
 


     	
     Let  tij = 1
     if an airtanker based at  j
     can reach zone  i
     within       the       initial-attack       time       standard,       and       
     0
     otherwise.
     
 


     	
     Let  N
     be the number of airtankers in the fleet.
 



Variables: 
 

     
     	
                                                                  

                                                                  
     Let  yj ∈ ℤ≥0
     be        the        number        of        airtankers        based        at        
     j.
     
 


     	
     Let  zi = 1
     if zone  i
     is covered by at least one base within reach.
 



Model:

 

          max ⁡           ∑
   i∈Inizi                                                         (expected fires within reach)
           s.t.           zi ≤∑
   j∈Jtijyj                       for all i ∈ I                                        
(coverage requires a nearby base)
                         ∑
   j∈Jyj = N                                                      (fleet size)
                        yj ∈ ℤ≥0,zi ∈{0,1}.                                                 



 

Assumptions and Simplifications 

     
     	
     The version above counts a zone as covered or not; the published model is
     finer-grained, accounting for how many aircraft can respond and for daily
     fire-weather variation.
                                                                  

                                                                  
     
 


     	
     Expected fire counts stand in for actual (random) fire occurrence: the
     model optimizes the average day, not the worst day.
     
 


     	
     Airtankers can be re-deployed between bases day to day; the published
     work  treats  home-basing  (seasonal)  and  daily  deployment  as  linked
     decisions.
 





 

Implementation and Results 

The Ontario Ministry of Natural Resources used the model to inform its
airtanker home-basing strategy beginning with the 1993 fire season, and
Ontario’s fire management program has continued to work with operations
researchers for decades since, on deployment, dispatch, and detection-patrol
planning.
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15.5    Set Covering 

The set covering problem can be used for a wide array of problems. We will see
several examples in this section.

 
Set Covering

 
NP-complete

 
Given a set  V  with
subsets  V 1,… ⁡,V l, determine
the smallest subset  S ⊆ V 
such that  S ∩ V i≠∅
for all  i = 1,… ⁡,l.

 
The set cover problem can be modeled as 
 
	
 



  min1⊤x
  s.t.  ∑
   v∈V ixv ≥ 1 for all i = 1,…,l
      xv ∈{0,1} for all v ∈ V 
                                                                                        
	(15.6)


where  xv is a 0/1 variable
that takes the value  1
if we include item  v
in set  S and 
0 if we do not include
it in the set  S.

 
One specific type of set cover problem is the vertex cover problem.

 
Example: Vertex Cover

 
NP-complete

 
Given a graph  G = (V,E)
of vertices and edges, we want to find a smallest size subset 
S ⊆ V  such that
for every  e = (v,u) ∈ E,
                                                                  

                                                                  
either  u
or  v is
in  S.

 
We can write this as a mathematical program in the form: 
 
	
 



  min1⊤x
  s.t. xu + xv ≥ 1 for all (u,v) ∈ E
      xv ∈{0,1} for all v ∈ V.
                                                                                        
	(15.7)



Example 15.5: Set cover: Fire station placement

 
https://github.com/open-optimization/open-optimization-or-examples/blob/master/integer-programming/fire-station-covering.ipynb

 
In the fire station problem, we seek to choose locations for fire stations such that any
district either contains a fire station, or neighbors a district that contains a fire
station. Figure 15.3 depicts the set of districts and an example placement of
locations of fire stations. How can we minimize the total number of fire stations that
we need?

 
Sets: 
 

     
     	
     Let  V 
     be the set of districts ( V = {1,… ⁡,16})
     
 


     	
     Let  V i
     be      the      set      of      districts      that      neighbor      district      
     i
     (e.g.  V 1 = {2,4,5}).
 



Variables: 
 

                                                                  

                                                                  
     
     	
     let  xi = 1
     if district  i
     is chosen to have a fire station.
     
 


     	
     let  xi = 0
     otherwise.
 



Model:

 

   min ⁡    ∑
   i∈V xi                                           (#  open fire stations)
    s.t.    xi + ∑
   j∈V ixj ≥ 1      for all i ∈ V                                        (Station proximity requirement)
          xi ∈{0,1}             for all i ∈ V                                          (station either open or closed)

 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Layout of districts showing numbered regions and possible locations for fire stations.]


 
Figure 15.3: Layout of districts and possible locations of fire stations.        
                                                                  

                                                                  

 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Set cover representation of fire station problem showing which districts are covered by each potential fire station location.]


 
Figure 15.4:  Set  cover  representation  of  fire  station  problem.  For  example,
choosing district 16 to have a fire station covers districts 13, 15, and 16.      
                                                                  

                                                                  

 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Graph representation of fire station problem showing nodes connected to chosen fire station nodes by edges.]


 
Figure 15.5:  Graph  representation  of  fire  station  problem.  Every  node  is
connected to a chosen node by an edge.                                 
                                                                  

                                                                  

Figure 15.4 shows how the neighborhood structure translates into a set
cover instance, and Figure 15.5 gives an equivalent graph view of the same
solution.

 
Set Covering - Matrix description

 
NP-complete

 
Given a non-negative matrix  A ∈{0,1}m×n,
a non-negative vector, and an objective vector 
c ∈ ℝn, the
set cover problem is 
 
	
 



  minc⊤x
   s.t.Ax ≥1
      x ∈{0,1}n.
                                                                                        
	(15.8)



Example 15.6: Vertex Cover with matrix

 
An alternate way to solve equation is to define the incidence matrix 
A of the graph. The incidence
matrix is a  |E|×|V | matrix with 
{0,1} entries. Each row corresponds
to an edge  e and each column
corresponds to a node  v. For
an edge  e = (u,v), the corresponding
row has a  1 in columns
corresponding to the nodes  u
and  v,
and a 0 everywhere else. Hence, there are exactly two 1’s per row. Applying the
formulation above in Graph representation of fire station problem. Every node is
connected to a chosen node by an edge. models the problem.
                                                                  

                                                                  

 

15.5.1    Covering (Generalizing Set Cover) 

We could also allow for a more general type of set covering where we have
non-negative integer variables and a right hand side that has values other than 
1.

 
Covering

 
NP-complete

 
Given a non-negative matrix  A ∈ ℤ+m×n,
a non-negative vector  b ∈ ℤm,
and an objective vector  c ∈ ℝn,
the covering problem is 
 
	
 



  minc⊤x
  s.t. Ax ≥ b
      x ∈ ℤ+n.
                                                                                        
	(15.9)


Case Study: Kidney Exchange: Integer Programming that Saves
Lives

 
Thousands of kidney patients have a friend or family member willing to donate a
kidney, but with the wrong blood or tissue type. Kidney exchange programs fix this
with a swap: donor A gives to patient B while donor B gives to patient A. With three
pairs, a three-way cycle works the same way. National programs, including the
United States’ kidney paired donation program (UNOS) and the United Kingdom’s
Living Kidney Sharing Scheme, decide who swaps with whom by solving an
integer program. In the UK, that integer program runs on a fixed schedule
several times a year: the solver’s output is literally the list of surgeries to
schedule.
                                                                  

                                                                  

 


 

The Challenge 

Given a pool of incompatible patient–donor pairs, find a set of swap cycles that gives
as many patients as possible a compatible kidney. Two hard rules shape the problem.
First, a pair can appear in at most one cycle (each donor has one kidney to give).
Second, all surgeries in a cycle must happen simultaneously, so that no donor can
back out after their loved one has received a kidney; operating-room logistics
therefore cap cycles at two or three pairs.

 


 

The Solution: A Cycle-Selection Integer Program 

Model type: pure binary integer program. No machine learning;
compatibility is determined by medical testing.

 
Sets: 
 

     
     	
     Let  P
     be the set of incompatible patient–donor pairs.
     
 


     	
     Let  C
     be the set of feasible swap cycles of length at most 3: subsets of pairs
     where each donor is compatible with the next patient around the cycle.
 



Variables: 
 

     
     	
     Let  xc = 1
     if cycle  c
     is selected for surgery, and  0
     otherwise.
 



Model:
                                                                  

                                                                  

 

   max ⁡    ∑
   c∈C|c|xc                                             (total transplants)
    s.t.      ∑
   c∈C:i∈cxc ≤ 1      for all i ∈ P                                       (each pair in at most one cycle)
           xc ∈{0,1}            for all c ∈ C.                                      

Here  |c| is the number
of pairs in cycle  c,
which equals the number of transplants the cycle produces. Real programs also
include chains started by altruistic donors (someone who donates without a paired
patient) and weight cycles by medical priority rather than just counting transplants;
both are small extensions of the same model.

 


 

Assumptions and Simplifications 

     
     	
     Compatibility is treated as a yes/no input from blood typing and tissue
     crossmatching, computed before the optimization.
     
 


     	
     The  model  shown  maximizes  the  number  of  transplants;  deployed
     programs maximize a weighted sum reflecting waiting time, sensitization,
     and pediatric status.
     
 


     	
     Enumerating     all     cycles     is     feasible     for     cycle     length     
      ≤ 3;
     national-scale pools with long chains need column generation (a Book 2
     topic).
 





 

Implementation and Results 

                                                                  

                                                                  
Cycle- and chain-based integer programs are the clearing engines of the US and UK
national programs, and the published models have been benchmarked directly on real
UNOS and UK datasets. The UK scheme’s matching runs are performed with
algorithms developed by the University of Glasgow. Economist Alvin Roth
shared the 2012 Nobel Prize in part for the market design behind kidney
exchange.
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15.6    Graph Coloring 

Graph coloring 
 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Petersen graph with vertices colored using three colors (red, green, blue) demonstrating a valid 3-coloring where no adjacent vertices share the same color.]

Image: See page for author [Public domain], via Wikimedia Commons.
https://commons.wikimedia.org/wiki/File:Petersen_graph_3-coloring.svg


 
Figure 15.6: A valid 3-coloring of the Petersen graph: no two adjacent vertices
share a color.                                                       
                                                                  

                                                                  

Figure 15.6is the problem of finding a minimum coloring in a graph, and it can be
formulated in many ways. Each vertex is assigned a color and two vertices cannot
share the same color if they are connected by an edge.

 
Since a graph on  n vertices
never needs more than  n colors,
we may fix the palette to be  {1,… ⁡,n}.
For every vertex  i ∈ V  and
every color  j in the palette,
introduce a binary variable  xij
that equals  1 exactly
when vertex  i
receives color  j.
A second family of binaries records which colors actually get used: 
wj = 1 signals
that color  j
appears on at least one vertex. Minimizing the number of colors used then gives a
classical integer programming formulation:

 
 
 min ⁡ ∑
  j=1nw
j                                   
       ∑
  j=1nx
ij = 1∀ ⁡i ∈ V,
     xij + xkj ≤ wj∀ ⁡{i,k}∈ E,1 ≤ j ≤ n,
     xij ∈{0,1}∀ ⁡i ∈ V,1 ≤ j ≤ n
     wj ∈{0,1}1 ≤ j ≤ n.
                                                                                        



 
This basic model is highly symmetric: relabeling the colors in any feasible coloring
produces a different solution with the same objective value, and a branch-and-bound
solver may waste effort exploring all of these copies. We present two strengthened
formulations from [?] that attack this symmetry; their paper goes further, adding
several families of cutting planes.

 
 Color order model: A coloring that uses 
k
colors can be encoded in many interchangeable ways—any 
k labels chosen
                                                                  

                                                                  
from  {1,… ⁡,n}
will do. To keep a single representative from each such family,
we force the labels to be consumed in numerical order: color 
j is available only
once color  j − 1
appears somewhere in the graph. Every coloring that skips a label, or that uses a
label larger than the number of colors it needs, is thereby cut off. Two extra
constraint families accomplish this:

 
 
wj ≤∑
   i∈V xij∀ ⁡1 ≤ j ≤ n,
wj ≥ wj+1∀ ⁡1 ≤ j ≤ n − 1.
                                                                                        

 The first ties  wj to
actual use of color  j;
the second forbids gaps in the label sequence. The number of feasible solutions drops
dramatically.

 
 Independent set order model: Even when labels are used in order, the color classes of a 
k-coloring can still be
shuffled among the labels  1,… ⁡,k,
so symmetric copies remain. A more aggressive fix sorts the color classes by size: the vertices
receiving color  j
must be at least as numerous as those receiving color 
j + 1. This
yields the constraints
                                                                  

                                                                  

 
 
wj ≤∑
   i∈V xij∀ ⁡1 ≤ j ≤ n                  
∑
  i=1nx
ij ≥∑
  i=1nx
ij+1∀ ⁡1 ≤ j ≤ n − 1,
                                                                                        

 which are more restrictive than those of the color order model.

 
As an exercise, try implementing these different models and compare the solve
times.

 

                                                                  

                                                                  

 

15.7    Basic Modeling Tricks - Using Binary Variables 

In this section, we describe ways to model a variety of constraints that commonly
appear in practice. The goal is changing constraints described in words to constraints
defined by math.

 
Binary variables can allow you to model many types of constraints.
We discuss here various logical constraints where we assume that 
xi ∈{0,1} for 
i = 1,… ⁡,n. We
will take the meaning of the variable to be selecting an item.

 

     
 
	
  1. 
	If item  i is selected,
     then item  j
     is also selected. 	
      
                                               xi ≤ xj
	(15.10)


     
         
 
	
      (a) 
	If any of items  1,… ⁡,5 are
         selected, then item  6
         is selected. 	
          
                                   x1 + x2 + ⋯ + x5 ≤ 5 ⋅ x6
	(15.11)


                                                                  

                                                                  
         Alternatively! 
 
	
          
                                    xi ≤ x6 for all i = 1,… ⁡,5
	(15.12)


         


     
	
  2. 
	If item  j is not
     selected, then item  i
     is not selected. This is the contrapositive of the implication above, so the same
     inequality models it. 	
      
                                               xi ≤ xj
	(15.13)


     
         
 
	
      (a) 
	If item  j
         is not selected, then none of the items 
         1,… ⁡,i
         are selected. 	
                                                                  

                                                                  
          
                                    x1 + x2 + ⋯ + xi ≤ i ⋅ xj
	(15.14)


         


     
	
  3. 
	Either item  i is
     selected or item  j
     is selected, but not both. 	
      
                                            xi + xj = 1
	(15.15)


     
	
  4. 
	Item  i is selected
     or item  j
     is selected or both. 	
      
                                            xi + xj ≥ 1
	(15.16)


                                                                  

                                                                  
     
	
  5. 
	If item  i is selected,
     then item  j
     is not selected. 	
      
                                           xj ≤ (1 − xi)
	(15.17)


     
	
  6. 
	At most one of items  i,
      j, and
      k
     is selected. 	
      
                                         xi + xj + xk ≤ 1
	(15.18)


     
	
  7. 
	At most two of items  i,j,
     and  k
     are selected. 	
                                                                  

                                                                  
      
                                         xi + xj + xk ≤ 2
	(15.19)


     
	
  8. 
	Exactly one of items  i,j,
     and  k
     is selected. 	
      
                                         xi + xj + xk = 1
	(15.20)


     


These tricks can be connected to create different function values.


 
Example 15.7: Variable takes one of three values

 
Suppose that the variable  x should
take one of the three values  {4,8,13}.
This can be modeled using three binary variables as
                                                                  

                                                                  

 

                       x = 4z1 + 8z2 + 13z3                                                 
                       z1 + z2 + z3 = 1                                                    
                       zi ∈{0,1} for i = 1,2,3.                                              

As a convenient addition, if we want to add the possibility that it takes the value 
0, then
we can model this as

 

                       x = 4z1 + 8z2 + 13z3                                                 
                       z1 + z2 + z3 ≤ 1                                                    
                       zi ∈{0,1} for i = 1,2,3.                                              

We can also model variable increases at different amounts. 

 
Example 15.8: Discount for buying more

 
Suppose you can choose to buy 1, 2, or 3 units of a product, each with a
decreasing cost. The first unit is $10, the second is $5, and the third unit is
$3.
                                                                  

                                                                  

 

                       x = 10z1 + 5z2 + 3z3                                                 
                       z1 ≥ z2 ≥ z3                                                        
                       zi ∈{0,1} for i = 1,2,3.                                              

Here,  zi represents
if we buy the  ith
unit. The inequality constraints impose that if we buy unit 
j, then we must
buy all units  i
with  i < j.

 


 

15.7.1    Big M constraints - Activating/Deactivating Inequalities 

Big M comes again! It’s extremely useful when trying to activate constraints based on
a binary variable.

 
For instance, if we don’t rent a bus, then we can have at
most 3 passengers join us on our trip. Consider passengers 
A,B,C,D,E and let 
xi ∈{0,1} be 1 if we take
passenger  i
and 0 otherwise. We can model the constraint that we can have at most 3 passengers
as

 
 
                                xA + xB + xC + xD + xE ≤ 3.


                                                                  

                                                                  

 
We want to be able to activate this constraint in the event that we don’t rent a
bus.

 
Let  δ ∈{0,1}
be 1 if we rent a bus, and 0 otherwise.

 
Then we want to say
     
 

     If  δ = 0
     , then
     
 
 
                                xA + xB + xC + xD + xE ≤ 3.

     
 


We can formulate this using a big-M constraint as

 
	
 
                            xA + xB + xC + xD + xE ≤ 3 + Mδ.
	(15.21)


Notice the two cases
                                                                  

                                                                  

 
 
  {  xA + xB + xC + xD + xE ≤ 3        if δ = 0
  xA + xB + xC + xD + xE ≤ 3 + M if δ = 1                                             

 In the second case, we choose  M
to be so large that the second case inequality is vacuous. That said, choosing smaller 
M values
(that are still valid) will help the computer program solve the problem faster. In this case, it
suffices to let  M = 2.

 
We can speak about this technique more generally as

 
Big-M: If then

 
We aim to model the relationship 
 
	
 
                                     If δ = 0,then a⊤ ⁡x ≤ b.
	(15.22)


By letting  M be an upper
bound on the quantity  a⊤ ⁡x − b,
we can model this condition as 
 
	
                                                                  

                                                                  
 



 a⊤x − b ≤ Mδ
        δ ∈{0,1}
                                             
	(15.23)


Below are several applications of this modeling technique:

 

     
     	
     Facility Location with Fixed Costs:
To ensure that a facility  i
     must be open in order to serve customer 
     j,
     we write 
 
	
      
                                             xij ≤ Mδi,



     where  xij
     is the quantity shipped and  δi = 1
     if facility  i
     is open.
     
 


     	
     Power Plant Operation Constraints:
A generator can only produce power when it is turned on. Letting 
     δt = 1
     indicate that the generator is on at time 
                                                                  

                                                                  
     t,
     we write: 
 
	
      
                                    Pmin ⁡ δt ≤ Pt ≤ Pmax ⁡ δt.



     

     	
     Task Scheduling with Precedence Constraints:
To ensure task  B starts
     only after task  A
     ends, if a binary  δ = 1
     indicates the precedence relation is active, we write: 
 
	
      
                                 StartB ≥EndA − M(1 − δ).



     

     	
     Routing and Time Windows:
In vehicle routing problems, to model time consistency across arcs, we use:
     
 
	
                                                                  

                                                                  
      
                                   tj ≥ ti + si − M(1 − δij),



     where  δij = 1
     indicates travel from node  i
     to node  j,
     and  si
     is service time at node  i.
     
 


     	
     Production Planning and Setup Costs:
To ensure production  xt
     is positive only if a setup decision 
     δt = 1
     is made: 
 
	
      
                                             xt ≤ Mδt.



     



                                                                  

                                                                  


 
Example 15.9: Network Flow with Toll Charges Using Big-M Constraints

 
Consider a transportation network where some arcs incur a toll cost if used. Let:

 

     
     	
      G = (V,A)
     be a directed graph with nodes  V 
     and arcs  A.
     
 


     	
      xij ≥ 0
     be the flow on arc  (i,j) ∈ A.
     
 


     	
      δij ∈{0,1}
     indicate whether arc  (i,j)
     is used.
     
 


     	
      cij
     be         the         per-unit         flow         cost         on         arc         
     (i,j).
     
 


     	
      tij
     be the fixed toll incurred if arc  (i,j)
     is used.
     
 


     	
      Mij
     be  a  large  constant  upper  bound  on  possible  flow  through  arc  
     (i,j).
 



The objective is to route flow from a source node 
s to a sink
node  t
at minimum total cost, including tolls when applicable: 
 
	
                                                                  

                                                                  
 
                                 min ⁡ ∑
   (i,j)∈A  (cijxij + tijδij)



Subject to:

 

 ∑
   j:(i,j)∈Axij −∑
   j:(j,i)∈Axji =   {  1  if i = s     −1 if  i = t
  0  otherwise                                                                                       (Flow conservation)                
xij ≤ Mijδij                                                                                     (Big-M: toll applies only if arc is used)
xij ≥ 0,δij ∈{0,1}                                                                               for all (i,j) ∈ A                   

Application: NYC Transportation Network with Tolls 

Figure 15.7 illustrates a simplified transportation network over the five boroughs of
New York City, with selected connections to model bridges and tunnels. Each node
represents a borough, and directed arcs represent feasible travel routes. Some of these
arcs include tolls, which are incurred only in one direction, mimicking real-world
tolling policies.
                                                                  

                                                                  

 

Nodes. 
The nodes in the graph correspond to the following boroughs: 
 

     
     	
     Manhattan
     
 


     	
     Brooklyn
     
 


     	
     Queens
     
 


     	
     Bronx
     
 


     	
     Staten Island
 



Arcs. 
The directed arcs model travel between boroughs, with an optional toll charge.
These arcs represent crossings such as bridges or tunnels, and are defined as
follows:

 




 

 	 From         	     To       	               Toll                     

	 Manhattan     	   Brooklyn    	  Yes (e.g., Brooklyn-Battery Tunnel)   

	 Manhattan     	    Queens      	  Yes (e.g., Queens-Midtown Tunnel)    

	 Brooklyn       	    Queens      	                No                         

	 Manhattan     	    Bronx      	  Yes (e.g., RFK/Triborough Bridge)    

	 Bronx           	    Queens      	                Yes                         

	 Manhattan     	 Staten Island  	 Yes (e.g., Verrazzano-Narrows Bridge)  

	 Staten Island  	   Brooklyn    	                No                         


	             





                                                                  

                                                                  
Table 15.2:  Directed  arcs  between  the  boroughs  and  whether  each  crossing
charges a toll.



Toll Modeling. 
Each arc  (i,j)
in the network has an associated binary toll flag. If a toll applies,
the arc is subject to a fixed toll cost only if it is used. This can
be modeled in a mixed-integer program using a binary variable 
δij ∈{0,1} that indicates whether
the arc is selected. A Big- M
constraint of the form: 
 
	
 
                                           xij ≤ M ⋅ δij



can be used to enforce toll cost and flow constraints, where 
xij is the flow
over arc  (i,j),
and  M
is a suitably large upper bound on the possible flow.

 

Legend. 
In the figure, solid green arrows represent toll-free travel, while dashed red arrows
indicate that a toll is applied in the direction of the arc.

 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: Map of New York City's five boroughs showing a transportation network with red dashed toll roads and a green no-toll route connecting Staten Island, Brooklyn, and Queens.] 


 
Figure 15.7: Simplified NYC Transportation Network with Directional Tolls  
                                                                  

                                                                  

Case Study: 108, 000 Fewer Truck Routes: Walmart’s Load Planning

 
Walmart moves goods from distribution centers to about 4,700 US stores on one of
the largest private trucking fleets in the world. For the 2023 Franz Edelman Award
(which it won), Walmart described an end-to-end optimization framework, from
long-term network design down to daily routing and trailer load planning. In
fiscal year 2023 the system eliminated 108,000 truck routes and 33 million
driving miles, saving $91.5 million and preventing 98.6 million pounds of CO
2
emissions.

 

The Challenge 

Every day, each store needs a set of orders delivered. Orders take up trailer space;
trucks have capacity; stores have delivery windows; and every truck dispatched costs
money and emissions. The daily question at the heart of load planning: pack the
orders into as few trailer-loads as possible while respecting capacities and delivery
requirements.

 


 

The Solution: A Packing/Consolidation Integer Program 

Model type: integer programming for load consolidation and routing,
inside a framework whose strategic layers are also optimization models.
Forecasts feed the models as data.

 
The consolidation core, simplified:

 
Sets and Parameters: 
 

     
     	
     Let  O
     be    the    set    of    orders    for    a    delivery    region,    with    sizes    
     qo
     (trailer cube).
     
 


     	
     Let  T
     be  the  set  of  available  trailer-loads  (trucks),  each  with  capacity  
     Q.
     
 


     	
                                                                  

                                                                  
     Compatibility data:  sot = 1
     if order  o
     can ride on truck  t
     (same route corridor, feasible delivery window).
 



Variables: 
 

     
     	
     Let  xot = 1
     if order  o
     is loaded on truck  t.
     
 


     	
     Let  yt = 1
     if truck  t
     is dispatched.
 



Model:

 

   min ⁡    ∑
   t∈Tyt                                    (trucks dispatched)
    s.t.     ∑
   t∈Tsotxot = 1             for all o ∈ O                            (every order ships)
           ∑
   o∈Oqoxot ≤ Qyt           for all t ∈ T                             
(capacity; ride only dispatched trucks)
          xot ≤ sot,xot,yt ∈{0,1}.                       

The capacity constraint again uses the big-
M linking
pattern with  M = Q.
The deployed system couples this packing decision with routing (which stores share a
route) and with strategic network design; the Edelman paper describes the full
architecture.
                                                                  

                                                                  

 


 

Assumptions and Simplifications 

     
     	
     Order sizes and delivery windows are data; in practice they come from
     demand forecasts.
     
 


     	
     The  simplified  model  minimizes  truck  count;  Walmart’s  objective  also
     prices miles, so consolidating onto fewer, fuller, shorter routes is what
     produced the 33-million-mile reduction.
     
 


     	
     Routing (the order in which a truck visits stores) is a separate, harder
     layer, in Book 2 territory; this box shows the consolidation layer.
 





 

Implementation and Results 

Deployed across Walmart’s US supply chain: 108,000 routes and 33 million
miles eliminated in FY2023, $91.5 million saved, 98.6 million pounds of CO
2
avoided. 2023 INFORMS Franz Edelman Award winner.
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15.7.2    Either Or Constraints 

The Big-M technique from the previous subsection activated a single constraint. A
closely related situation is when we have two constraints and we need at least one of
them to hold: an inclusive or. For example, a delivery might need to arrive either
before a morning deadline or after an afternoon opening, or a budget must be
satisfied in at least one of two currencies. The trick is to use one binary variable to
decide which constraint is enforced, and a pair of Big-M constraints to relax
whichever one is not selected.

 
Either Or

 
	
 
                           Eithera⊤ ⁡x ≤ b or c⊤ ⁡x ≤ dholds
	(15.24)


can be modeled as 
 
	
 



 a⊤x − b ≤ M
1δ
 c⊤x − d ≤ M
2(1 − δ)
          δ ∈{0,1},
                                                                                        
	(15.25)


                                                                  

                                                                  
where  M1 is an
upper bound on  a⊤ ⁡x − b
and  M2 is an upper
bound on  c⊤ ⁡x − d.

 

Interpretation. 

 

     
     	
     If  δ = 0,
     then the first constraint becomes  a⊤ ⁡x ≤ b,
     and the second becomes  c⊤ ⁡x ≤ d + M2,
     which is trivially satisfied if  M2
     is large enough.
     
 


     	
     If  δ = 1,
     then           the           second           constraint           becomes           
     c⊤ ⁡x ≤ d,
     while the first is relaxed as  a⊤ ⁡x ≤ b + M1.
 



Either way, at least one of the two original constraints is enforced; the binary variable
 δ
simply selects which one.

 
We now apply this recipe to a small example.


 
Example 15.10: Buses or Cars

 
To shuttle students to the football game, we need either at least 
2 buses or
at least  10
cars. 
 

     
     	
     Let  x
     be the number of buses we have and
     
 


     	
     let  y
     be the number of cars that we have.
 



                                                                  

                                                                  
We want to enforce that  x ≥ 2
or  y ≥ 10. Writing these in the
form used above, we need   − x ≤−2
or   − y ≤−10. Since 
x,y ≥ 0, we may take
 M1 = 2 as an upper
bound on   − x − (−2) = 2 − x and 
M2 = 10 as an upper
bound on  10 − y.
The recipe gives 
 
	
 



  2 − x ≤ 2δ
 10 − y ≤ 10(1 − δ)
        δ ∈{0,1},
                                                                                        
	(15.26)


which simplifies to  x ≥ 2(1 − δ)
and  y ≥ 10δ. If 
δ = 0 we must have
at least  2 buses;
if  δ = 1 we must
have at least  10
cars.

 

Choosing Big-M Values. 
The constants  M1
and  M2
should be chosen as valid upper bounds on the expressions 
a⊤ ⁡x − b and 
c⊤ ⁡x − d,
respectively, over the feasible region. Overly large values may weaken the
                                                                  

                                                                  
LP relaxation and cause numerical instability, so careful bounding is
recommended whenever possible. In the example above, the bounds 
M1 = 2 and 
M2 = 10 are as
tight as possible.

 

Use Cases. 
Either-or constraints naturally arise in problems with conditional decisions, such as:

 

     
     	
     If a machine is used, then either a certain energy constraint or a safety
     constraint must be met.
     
 


     	
     In facility planning, either a site must be built with one configuration or
     another.
     
 


     	
     In piecewise models where a variable must fall into one of two feasible
     regions.
 



We will see a substantial application of this idea, with more than two constraints in
the disjunction, when we study 2D packing problems in Section 15.7.4.

 

15.7.3    If then implications - opposite direction 

Suppose that we want to model the fact that if we have at most 10 students
attending this course, then we must switch to a smaller classroom.

 
Let  xi ∈{0,1} be 1 if
student  i is in the
course or not. Let  δ ∈{0,1}
be 1 if we need to switch to a smaller classroom.

 
Thus, we want to model
     
 

     If
                                                                  

                                                                  
     
 
 
                                           ∑
  i∈Ixi ≤ 10

      then
     
 
 
                                                δ = 1.

     
 


Using the recipe below with  b = 10,
 𝜖 = 1 (the data are integer),
and lower bound  m = −10
on   ∑ ⁡
  i∈Ixi − 10,
we can model this as 
 
	
 
                     ∑
  i∈Ixi ≥ 10 + 1(1 − δ) + (−10)δ = 11(1 − δ).
	(15.27)


                                                                  

                                                                  
If  δ = 0, the constraint
forces at least  11
students; equivalently (by the contrapositive), whenever 
10 or fewer students attend,
the model must set  δ = 1.

 
If inequality, then indicator

 
We let  m be a lower
bound on the quantity  a⊤ ⁡x − b
and we let  𝜖
be a tiny number that is an error bound in verifying if an inequality is violated. If the data 
a,b are integer and
 x is an integer,
then we can take  𝜖 = 1.

 
Now 
 
	
 
                                       If a⊤ ⁡x ≤ bthenδ = 1
	(15.28)


can be modeled as 
 
	
 
                                   a⊤ ⁡x − b ≥ 𝜖(1 − δ) + mδ.
	(15.29)




Proof. We now justify the statement above.
                                                                  

                                                                  

 
A simple way to understand this constraint is to consider the contrapositive of
the if then statement that we want to model. The contrapositive says that

 
	
 
                                  
If δ = 0, then a⊤x − b > 0.	(15.30)


To show the contrapositive, we set  δ = 0.
Then the inequality becomes

 
 
                              a⊤ ⁡x − b ≥ 𝜖(1 − 0) + m0 = 𝜖 > 0.

 Thus, the contrapositive holds.

 
If instead we wanted a direct proof:

 
Case 1: Suppose  a⊤ ⁡x ≤ b.
Then  0 ≥ a⊤ ⁡x − b,
which implies that
                                                                  

                                                                  

 
 
                                      δ(a⊤ ⁡x − b) ≥ a⊤ ⁡x − b

 Therefore

 
 
                                  δ(a⊤ ⁡x − b) ≥ 𝜖(1 − δ) + mδ

 After rearranging

 
 
                                  δ(a⊤ ⁡x − b − m) ≥ 𝜖(1 − δ)

 Since  a⊤ ⁡x − b − m ≥ 0 and 
𝜖 > 0, the only feasible
choice is  δ = 1.

 
Case 2: Suppose  a⊤ ⁡x > b.
By the choice of  𝜖,
this implies  a⊤ ⁡x − b ≥ 𝜖, so the
inequality holds with  δ = 0.
Since also  a⊤ ⁡x − b ≥ m, it holds
with  δ = 1 as well. Thus
both choices of  δ
                                                                  

                                                                  
are feasible, as they should be.                                                              □

 


Many other combinations of if then statements are summarized in the following table:

 

                                                                  

                                                                  

 

                                                                  

                                                                  



 
 	
	

	                                                                 Implication                                                                                          	                             Constraint                                        

	
	

	 If  δ = 0, then  a⊤ ⁡x ≤ b  	  a⊤ ⁡x ≤ b + Mδ  

	 If  a⊤ ⁡x ≤ b, then  δ = 1  	  a⊤ ⁡x ≥ mδ + 𝜖(1 − δ)  

	
	

	                                                                                                                                              







Table 15.3:          Short          list:          If/then          models          with
a        constraint        and        a        binary        variable.        Here        
M
and  m
are upper and lower bounds on  a⊤ ⁡x − b
and  𝜖
is a small number such that if  a⊤ ⁡x > b,
then  a⊤ ⁡x ≥ b + 𝜖.

                                                                  

                                                                  



These two implications can be used to derive the following longer list of
implications.

 

                                                                  

                                                                  

 

                                                                  

                                                                  



 
 	
	

	                                                                 Implication                                                                                          	                             Constraint                                        

	
	

	 If  δ = 0, then  a⊤ ⁡x ≤ b  	  a⊤ ⁡x ≤ b + Mδ  

	 If  δ = 0, then  a⊤ ⁡x ≥ b  	  a⊤ ⁡x ≥ b + mδ  

	 If  δ = 1, then  a⊤ ⁡x ≤ b  	  a⊤ ⁡x ≤ b + M(1 − δ)  

	 If  δ = 1, then  a⊤ ⁡x ≥ b  	  a⊤ ⁡x ≥ b + m(1 − δ)  

	 If  a⊤ ⁡x ≤ b, then  δ = 1  	  a⊤ ⁡x ≥ b + mδ + 𝜖(1 − δ)  

	 If  a⊤ ⁡x ≥ b, then  δ = 1  	  a⊤ ⁡x ≤ b + Mδ − 𝜖(1 − δ)  

	 If  a⊤ ⁡x ≤ b, then  δ = 0  	  a⊤ ⁡x ≥ b + m(1 − δ) + 𝜖δ  

	 If  a⊤ ⁡x ≥ b, then  δ = 0  	  a⊤ ⁡x ≤ b + M(1 − δ) − 𝜖δ  

	
	

	                                                                                                                                              







Table 15.4:           Long           list:           If/then           models           with
a        constraint        and        a        binary        variable.        Here        
M
and  m
are upper and lower bounds on  a⊤ ⁡x − b
and  𝜖
is a small number such that if  a⊤ ⁡x > b,
then  a⊤ ⁡x ≥ b + 𝜖.

                                                                  

                                                                  



Lastly, if you insist on having exact correspondence, that is, “
δ = 0 if and only if 
a⊤ ⁡x ≤ b” you can simply include
both constraints for “if  δ = 0,
then  a⊤ ⁡x ≤ b”
and “if  a⊤ ⁡x ≤ b,
then  δ = 0”.
Although many problems may be phrased in a way that suggests you need “if and
only if”, it is often not necessary to use both constraints due to the objectives in the
problem that naturally prevent one of these from happening.

 
For example, if we want to add a binary variable 
δ that
means

 
 
  {  δ = 0 implies a⊤ ⁡x ≤ b
  δ = 1 Otherwise                                                                                  

 If  δ = 1 does
not affect the rest of the optimization problem, then adding the constraint regarding 
δ = 1 is not
necessary. Hence, typically, in this scenario, we only need to add the constraint 
a⊤ ⁡x ≤ b + Mδ.

 

15.7.4    Multi Term Disjunction with application to 2D packing 

A disjunction is a generalization of an “or” statement. Suppose that we have 
n
constraints
                                                                  

                                                                  

 
 
                            a1⊤ ⁡x ≤ b
1,a2⊤ ⁡x ≤ b
2,… ⁡,an⊤ ⁡x ≤ b
n

 and we want to enforce at least  k
of them. This can be accomplished linearly by introducing a new binary indicator variable 
δi for each of the
disjunctive constraints  i ∈{1,… ⁡,n}:

 

                       a1⊤ ⁡x                            ≤ b
1 + M(1 − δ1)                                              
                       a2⊤ ⁡x                            ≤ b
2 + M(1 − δ2)                                              
                                                      ⋮ ⁡                                                            
                       an⊤ ⁡x                            ≤ b
n + M(1 − δn)                                              
                       ∑
  i=1nδ
i                        ≥ k                                                          

If  δi = 1, then
the  i

 

th disjunctiveconstraintisactivelyenforced.Thelastconstraint
  (∑ ⁡
  i=1nδi ≥ k) ensures that
at least  k
of the constraints are active.

 


 

Strip Packing Problem 

                                                                  

                                                                  
Suppose we have a collection of rectangles 
I and a 2-dimensional strip
with width  W and infinite
height. Each rectangle  i ∈ I
has width  wi
and height  hi
and we want to pack the rectangles into the strip so that (15.31a)
overall height is minimized, (15.31b) overall width is less than 
W, and
(15.31c) none of the rectangles overlap. See Figure 15.8 for an example: Figure 15.8a
shows the rectangles to be packed, and Figure 15.8b shows a packing whose overall
height  H
we wish to minimize. 
 
 

                                                                  

                                                                  
                                                                  

                                                                  


 
[image: Strip packing problem input showing four rectangles with their dimensions labeled, alongside an empty strip where they need to be packed.] 

 
(a) Pack the rectangles into the strip           


                                                                  

 
[image: A strip packing diagram showing several gray rectangles of varying sizes packed within a vertical strip of width W, with a dotted horizontal line at height H indicating the current maximum height.] 

 
(b)                 Minimize
overall        height        
H.


 

Figure 15.8: An Example of the Strip Packing Problem


                                                                  

                                                                  

Let  (xi,yi)
denote the position of the lower-left-hand corner of each rectangle 
i ∈ I. The
overlapping constraint (15.31c) is the trickiest part. Consider a pair of rectangles 
i and 
j: rectangle 
j is located entirely to
the left of rectangle  i
if  xi has a value larger
than  xj + wj. That is, if 
xj + wj ≤ xi. On the other hand,
if  yj ≥ yi + hi, then rectangle 
j is located entirely
above rectangle  i.
If either of these constraints is satisfied then rectangles 
i and 
j do not overlap. We
could also place  i above
or to the right of  j.
This gives four constraints that we need to satisfy at least one of. The model can be
thought of as follows:

 


               Minimize                               max ⁡  i∈I   {yi   + hi   }                                                                                                                                                      (15.31a)
                s.t.                                    max ⁡ i∈I{xi + wi}               ≤ W                                                                                                                                                        (15.31b)
                                                      xi   + wi     ≤ xj    
xj + wj ≤ xi
yi + hi  ≤ yj
yj + hj  ≤ yi
                                                                                                          } At   least   one   of   these
 for every distinct pair of
 rectangles i,j ∈ I                                                                                                             (15.31c)
                                                     xi,yi                           ≥ 0                                                             ∀ ⁡i ∈ I                                                                                                                                                                   (15.31d)

                                                                  

                                                                  


Constraint (15.31c) is a set of four disjunctive constraints. This can
be expressed linearly by introducing a new binary indicator variable 
δijk for
each of the disjunctive constraints in (15.31c):

 

     Minimize                 H                                                                          
      s.t.              yi + hi          ≤ H                                ∀ ⁡i ∈ I                                                     (15.31a)
                      xi + wi          ≤ W                                ∀ ⁡i ∈ I                                                     (15.31b)
                      xi + wi          ≤ xj + M(1 − δij1)                    ∀ ⁡i,j ∈ I : i > j                                        
                      xj + wj         ≤ xi + M(1 − δij2)                    ∀ ⁡i,j ∈ I : i > j                                        
                      yi + hi          ≤ yj + M(1 − δij3)                    ∀ ⁡i,j ∈ I : i > j                                              (15.31c)
                      yj + hj          ≤ yi + M(1 − δij4)                    ∀ ⁡i,j ∈ I : i > j                                        
                      ∑
  k=14δ
ijk      ≥ 1                                 ∀ ⁡i,j ∈ I : i > j                                        
                      xi,yi            ≥ 0                                 ∀ ⁡i ∈ I                                               
                      δij             ∈{0,1}4                            ∀ ⁡i,j ∈ I : i > j                                        

If  δijk = 1, then
the  k

 

th disjunctiveconstraintisactivelyenforced.Thelastconstraint
  (∑ ⁡
  k=14δijk ≥ 1)
ensures that at least one of the constraints is active. An optimal solution to the
example is given in Figure 15.9; it was found via GurobiPy. 
 
 

                                                                  

                                                                  
                                                                  

                                                                  
[image: A feasible strip packing solution showing rectangles packed into the strip with coordinate positions listed for each rectangle.] 


 
Figure 15.9: An optimal solution to the strip packing example.             
                                                                  

                                                                  

This problem is considered strongly NP-Hard.

 

15.7.5    SOS1 Constraints 

The modeling tricks so far in this section were built by hand out of binary variables
and Big-M constraints. Certain logical structures come up so often, however, that
modern solvers accept them directly as special ordered sets (SOS). Declaring an
SOS constraint tells the solver about the structure explicitly, which both
simplifies the model you write and lets the solver use specialized branching rules.


 
Definition 15.11: Special Ordered Sets of Type 1 (SOS1)

 
A Special Ordered Set of type 1 (SOS1) constraint on a vector indicates that at most
one element of the vector can be non-zero.

 
SOS1 constraints arise whenever a set of options is mutually exclusive:
choosing one supplier out of several, operating a machine in one of
several modes, or assigning a shipment to one of several routes. If each 
xi has an upper
bound  Ui,
we could model this ourselves by introducing a binary variable 
zi for each 
xi and writing 
xi ≤ Uizi together
with   ∑ ⁡
  izi ≤ 1.
Declaring an SOS1 constraint achieves the same effect with a single line of code and
no extra variables.

 
The following small example is deliberately simple: the point is not the optimization
problem itself, but seeing both modeling styles side by side in code.


 
Example 15.12: SOS1 Constraints

 
Gurobipy

 
Solve the following optimization problem: 
 
	
                                                                  

                                                                  
 
maximize3x1 + 4x2 + x3 + 5x4                          
 s.t.       0 ≤ xi ≤ 5
            at most one of the xi can be nonzero
                                                                                                        



Since only one variable may be nonzero, the best choice is
to push the variable with the largest objective coefficient, 
x4, to its upper bound:
the optimal solution is  x4 = 5
with value  25.

 


 

15.7.6    SOS2 Constraints 


Definition 15.13: Special Ordered Sets of Type 2 (SOS2)

 
A Special Ordered Set of Type 2 (SOS2) constraint on a vector indicates that at most
two elements of the vector can be non-zero AND the non-zero elements must appear
consecutively.

 
At first glance this looks like a strange condition to single out, but it is exactly what
is needed to model piecewise linear functions: a point on a piecewise linear curve lies
on one segment, and can therefore be written as a weighted average of the two
consecutive breakpoints at the ends of that segment. We develop that application
in the next subsection; here we first get comfortable with the constraint
itself.

 
The example below modifies the SOS1 example in only one way (two consecutive
nonzeros are now allowed), so the two examples are easy to compare. As before, the
accompanying code shows both a binary-variable formulation and the one-line SOS2
declaration.


 
Example 15.14: SOS2

 
Gurobipy

 
Solve the following optimization problem: 
 
	
                                                                  

                                                                  
 
maximize3x1 + 4x2 + x3 + 5x4                              
 s.t.       0 ≤ xi ≤ 5
            at most two of the xi can be nonzero
            and the nonzero xi must be consecutive
                                                                                                        



The pairs of consecutive variables are  (x1,x2),
 (x2,x3), and 
(x3,x4).
Comparing the objective coefficients, the best pair is 
(x1,x2) at 
x1 = x2 = 5, giving value 
(3 + 4) ⋅ 5 = 35. Note that the SOS1
solution  x4 = 5 alone
would give only  25.

 


 

15.7.7    Piecewise linear functions with SOS2 constraint 


Example 15.15: Piecewise Linear Function

 
Gurobipy

 
Consider the piecewise linear function  c(x)
given by

 
 
c(x) =   {  25x       if 0 ≤ x ≤ 5   
  20x + 25 if 5 ≤ x ≤ 10  
  15x + 75 if 10 ≤ x ≤ 15                                                                       

 
 

                                                                  

                                                                  



 




 
[image: Plot of a piecewise linear function composed of several line segments with breakpoints marked on the horizontal axis.]
 




Figure 15.10: Piecewise linear function.



We will use integer programming to describe this function. We will fix 
x = a and then the integer
program will set the value  y
to  c(a).

 

        min ⁡        0                                                                 
        s.t.        x = 5z2 + 10z3 + 15z4                                               
                 y = 125z2 + 225z3 + 300z4                                            
                 z1 + z2 + z3 + z4 = 1                                                
                 SOS2 : {z1,z2,z3,z4}                                                
                 0 ≤ zi ≤ 1                           for all i ∈{1,2,3,4}                            
                 x = a                                                             
                                                                            


                                                                  

                                                                  
Example 15.16: Piecewise Linear Function Application

 
Gurobipy

 
Consider the following optimization problem where the objective function includes the
term  c(x),
where  c(x) is
the piecewise linear function described in Piecewise linear functions with SOS2
constraint:

 

              max ⁡              z = 12x11 + 12x21 + 14x12 + 14x22 − c(x)                          (15.32)
              s.t.              x11 + x12 ≤ x + 5                                              (15.33)
                              x21 + x22 ≤ 10                                                (15.34)
                              0.5x11 − 0.5x21 ≥ 0                                            (15.35)
                              0.4x12 − 0.6x22 ≥ 0                                            (15.36)
                              xij ≥ 0                                                       (15.37)
                              0 ≤ x ≤ 15                                                   (15.38)

Given the piecewise linear function, we can model the whole problem explicitly as a
mixed-integer linear program.

 
	
                                                                  

                                                                  
 
 
    max   12X1,1 + 12X2,1 + 14X1,2 + 14X2,2 − y 
     s.t.                            x − 5z2 − 10z3 − 15z4     = 0   
                              y − 125z2 − 225z3 − 300z4     = 0   
                                          z1 + z2 + z3 + z4     = 1   
                                            X1,1 + X1,2 − x   ≤ 5   
                                                 X2,1 + X2,2     ≤ 10 
                                         0.5X1,1 − 0.5X2,1     ≥ 0   
                                         0.4X1,2 − 0.6X2,2     ≥ 0   
                                    SOS2 : {z1,z2,z3,z4} 
                          Xi,j     ≥ 0     ∀i ∈{1,2},j ∈{1,2} 
                         0 ≤ zi     ≤ 1             ∀i ∈{1,2,3,4} 
                         0 ≤ x   ≤ 15 
                                                               y   free       	(15.39)




 

SOS2 with binary variables 

If the solver does not support SOS2 constraints directly, we can enforce the same
condition with binary variables. The recipe for a piecewise linear function 
f with
breakpoints  a1 < a2 < ⋯ < ak
is: 
 

     
     	
     Write    down    pairs    of    breakpoints    and    functions    values    
     (ai,f(ai)).
     
 


     	
     Define a binary variable  zi
     indicating if  x
     is in the interval  [ai,ai+1].
     
 


     	
     Define multipliers  λi
     such that  x
     is a combination of the  ai’s
     and therefore the output  y = f(x)
     is a combination of the  f(ai)’s.
     
 


     	
                                                                  

                                                                  
     Restrict that at most 2  λi’s
     are non-zero and that those 2 are consecutive.
     
 





 

         min ⁡         ∑
  i=1kλ
if(ai)                                                     
         s.t.          ∑
  i=1kλ
i = 1                                                     
                    x = ∑
  i=1kλ
iai                                                    
                     ∑
  i=1k−1z
i = 1                                                    
                    λ1 ≤ z1                                                           
                    λi ≤ zi−1 + zi                    for all i = 2,… ⁡,k − 1,                                
                    λk ≤ zk−1                                                         
                    λi ≥ 0,zi ∈{0,1}.                                                  

Here the binary variable  zi
selects segment  i:
the constraint   ∑ ⁡
  i=1k−1zi = 1 picks
exactly one interval  [ai,ai+1],
and the constraints  λj ≤ zj−1 + zj
then force  λj = 0 for
every index  j
outside  {i,i + 1}.
Only  λi
and  λi+1
can be nonzero, which is exactly the SOS2 condition.
                                                                  

                                                                  

 


 

15.7.8    Maximizing a minimum 

When the constraints could be general, we will write 
x ∈ X
to define general constraints. For instance, we could have 
X = {x ∈ ℝn : Ax ≤ b} or 
X = {x ∈ ℝn : Ax ≤ b,x ∈ ℤn} or
many other possibilities.

 
Consider the problem

 


 

                      max ⁡                          min ⁡ {x1,… ⁡ ,xn}                                          
                      such that                      x ∈ X                                                 

Having the minimum on the inside is inconvenient. To remove this, we just define a new variable 
y and enforce that 
y ≤ xi and then we maximize 
y. Since we are maximizing
 y, it will take the
value of the smallest  xi.
Thus, we can recast the problem as

                                                                  

                                                                  

 

                   max ⁡                       y                                                   
                   such that                   y ≤ xi for i = 1,… ⁡,n                                    
                                             x ∈ X                                               



 

15.7.9    Relaxing (nonlinear) equality constraints 

There are a number of scenarios where the constraints can be relaxed without
sacrificing optimal solutions to your problem. In a similar vein to maximizing a
minimum, if because of the objective we know that certain constraints will be
tight at optimal solutions, we can relax the equality to an inequality. For
example,

 

                 max ⁡                      x1 + x2 + ⋯ + xn                                         
                 such that                 xi = yi2 + z
i2 for i = 1,… ⁡,n                                

Since the objective pushes each  xi
upward, we can relax the equality to
                                                                  

                                                                  

 

                 max ⁡                      x1 + x2 + ⋯ + xn                                         
                 such that                 xi ≤ yi2 + z
i2 for i = 1,… ⁡,n                                

At any optimal solution of the relaxed problem, each 
xi is as large as its
constraint allows, so  xi = yi2 + zi2
holds and the optimal solutions are unchanged. This trick is valid
whenever the objective pressure forces the relaxed inequality to be
tight at optimality. Note that the direction matters: relaxing to 
xi ≥ yi2 + zi2 instead would
let the  xi
grow without bound.

 


 

15.7.10    Modeling the Exact Absolute Value 

In many formulations we need to enforce the constraint 
|x| = t where 
t ≥ 0. Note that the inequality
version  |x|≤ t is equivalent to the
pair of linear constraints   − t ≤ x ≤ t
and requires no integer variables. However, the equality 
|x| = t defines a non-convex
set (the union of  x = t
and  x = −t),
and so it cannot be modeled with linear constraints alone.

 
To handle this, decompose  x
into its positive and negative parts: write 
x = x+ − x− with 
x+,x−≥ 0. Then 
|x| = x+ + x− provided
that  x+ and 
x− are not
simultaneously positive. We enforce this complementarity condition using a binary variable 
z ∈{0,1} and a sufficiently
large constant  M (an
upper bound on  |x|
in the context of the problem):
                                                                  

                                                                  

 

                       x                            = x+ − x−,                                                
                       t                             = x+ + x−,                                                
                       x+                           ≤ Mz,                                                    (15.40)
                       x−                          ≤ M(1 − z),                                                (15.41)
                       x+,x−                       ≥ 0,z ∈{0,1}.                                              

When  z = 1,
constraint (15.41) forces  x− = 0,
so  x = x+ ≥ 0. When 
z = 0, constraint (15.40)
forces  x+ = 0, so 
x = −x−≤ 0. In either
case,  t = |x|
as required.

 


 

Exact  ℓ1-norm


The technique above extends naturally to model the exact 
ℓ1-norm constraint
 ∥x∥1 = ∑ ⁡
  i=1n|xi| = c, where 
x ∈ ℝn is a vector of decision
variables and  c > 0
is a given constant. Such constraints appear, for example, in portfolio optimization
where a budget constraint requires that long and short positions sum to a fixed
investment level.

 
We introduce variables  xi+,xi−≥ 0
and binary variables  zi ∈{0,1}
for each component  i = 1,… ⁡,n:
                                                                  

                                                                  

 

          xi                          = xi+ − x
i−,           i = 1,… ⁡,n,                                        
          xi+                         ≤ cz
i,                 i = 1,… ⁡,n,                                        
          xi−                       ≤ c(1 − z
i),             i = 1,… ⁡,n,                                        
          ∑
  i=1n(x
i+ + x
i−)           = c,                                                         
          xi+,x
i−                    ≥ 0,z
i ∈{0,1}.                                                

The bound  c is used here
because no individual  |xi|
can exceed  c when
the total  ℓ1-norm
equals  c.

 


 

Modeling the Exact Maximum 

Suppose we need to model  t = max ⁡ {x1,… ⁡ ,xn}
exactly. The inequality version  t ≥ max ⁡ {x1,… ⁡ ,xn}
can be modeled simply as  t ≥ xi
for all  i, and if the
objective is minimizing  t,
the optimizer will push  t
down to the true maximum. However, when the equality 
t = max ⁡ {x1,… ⁡ ,xn}
is required as a general constraint, we need to ensure that 
t also
satisfies  t ≤ xi
for some  i.

 
Introduce binary indicator variables  z1,… ⁡,zn
where  zi = 1
indicates that  xi
achieves the maximum. With a sufficiently large constant 
M:
                                                                  

                                                                  

 

           xi                   ≤ t,                       i = 1,… ⁡,n,                                            
           t                    ≤ xi + M(1 − zi),           i = 1,… ⁡,n,                                            
           ∑
  i=1nz
i            = 1,                                                                 
           zi                   ∈{0,1},                   i = 1,… ⁡,n.                                            

The first set of constraints ensures  t ≥ xi
for all  i. For the
index  i∗ where 
zi∗ = 1, the second constraint
becomes  t ≤ xi∗, forcing 
t = xi∗. Together with the first
constraints, this gives  t = max ⁡ ixi.

 

                                                                  

                                                                  

 

15.8    Job Shop Scheduling 

Try it out visually!

 
Job-Shop Schedule (Gantt): this chapter’s scheduling problem, solved and
animated.

 
The Job Shop Scheduling Problem (JSSP) is a classical combinatorial optimization
problem that is NP-hard. A set of jobs must be processed on a set of machines, where
each job follows a prescribed sequence of operations across the machines. Each
operation has a fixed processing time, each machine can handle only one job at a
time, and once a machine begins processing an operation it must finish without
interruption. The objective is to minimize the makespan, the time at which the last
job completes.

 
Consider a small workshop with three machines (
m1, 
m2, 
m3) and
four jobs. Each job must visit each machine exactly once, in a job-specific order, with
the following processing times (in hours):

 

     
     	
     Job  j1:
      m1(3) → m2(2) → m3(4).
     
 


     	
     Job  j2:
      m2(2) → m1(4) → m3(1).
     
 


     	
     Job  j3:
      m3(3) → m1(1) → m2(3).
     
 


     	
     Job  j4:
      m1(2) → m3(3) → m2(2).
 



Processing jobs one after another (sequentially) yields a makespan of 
9 + 7 + 7 + 7 = 30
hours. By allowing jobs to run concurrently on different machines, the makespan can
be significantly reduced.
                                                                  

                                                                  

 


 

15.8.1    JSSP Components 

Two pieces of data specify an instance. First, we collect the 
n jobs in a set
 J = {1,… ⁡,n} and the 
m machines in a set
 I = {1,… ⁡,m}. Second, each
job carries its own route through the shop together with the time it needs at each stop: we write 
orj for the machine on
which job  j runs its 
r-th operation, so that
the route of job  j
is the sequence  Oj = (o1j,… ⁡,omj),
and we write  pij ≥ 0 for
the time job  j
occupies machine  i.

 
A schedule assigns a start time to every operation. Three rules separate
the feasible schedules from the infeasible ones: the operations of a job
may not start out of order—each waits for its predecessor on the route 
Oj
to finish; a machine hosts at most one job at any moment; and
processing cannot be paused, so an operation that starts at time 
t on machine 
i blocks that
machine until time  t + pij.
Among all feasible schedules we want one whose makespan—the time when the final
operation ends—is as small as possible.


 
Example 15.17: Job Shop Scheduling Problem Input Data

 
Basic Parameters. Consider  n = 4
jobs and  m = 3
machines, using the workshop data introduced above.

 
Processing Times. The matrix of processing times (one row per job, one column
per machine) is:

 
	
                                                                  

                                                                  
 
P =   [ 3  2  4   4   2   1
 1  3  3   2   2   3                                                                                         ]



The entry in row  j,
column  i gives the
processing time  pij
of job  j on
machine  i.

 
Machine Sequences. The order in which each job visits the machines
is:

 
	
 
O =   [ 1  2  3   2   1   3
 3  1  2   1   3   2                                                                                         ]



Each row gives the machine sequence for a job. For instance, job 1 is processed first
on machine 1, then machine 2, then machine 3, while job 3 starts on machine 3,
then visits machine 1, and finishes on machine 2.

 
Big  M Calculation.
A large constant  M
is used in the big- M
formulation to enforce disjunctive constraints. A valid choice is the sum of all
processing times: 
 
	
                                                                  

                                                                  
 
M = ∑
  i=1m ∑
  j=1np
ij = (3+2+4)+(4+2+1)+(1+3+3)+(2+2+3) = 30.



 

                                                                  

                                                                  
                                                                  

                                                                  



 
[image: Gantt chart showing a job shop scheduling solution with three machines processing five jobs over time. Colored horizontal bars represent job operations on each machine, demonstrating how jobs are sequenced to minimize makespan.]
 




Figure 15.11: Job shop scheduling solution shown as a Gantt chart.

                                                                  

                                                                  

Applications of JSSP 
The JSSP has numerous practical applications, including: 
 

     
     	
     Manufacturing:  Scheduling  tasks  in  a  production  line  to  optimize
     throughput.
     
 


     	
     Computer Science: Allocating tasks to processors in parallel computing
     environments.
     
 


     	
     Healthcare: Scheduling surgeries and other treatments in hospitals.
     
 


     	
     Transportation: Optimizing maintenance tasks for vehicles or aircraft in
     a maintenance facility.
 





 

15.8.2    Mathematical Model 

We now build a mixed-integer program from the ingredients
above. This disjunctive formulation is classical and is due to
Manne1.

 
 


  1A. S. Manne, “On the Job-Shop Scheduling Problem,” Operations Research 8(2):219–223,
1960.
 
 
                                                               
 
Sets:

 

     
     	
      J = {1,… ⁡,n},
     the jobs.
     
 


     	
      I = {1,… ⁡,m},
     the machines.
 



                                                                  

                                                                  
Parameters: 
 

     
     	
      orj,
     the machine hosting the  r-th
     operation of job  j;
     row  j
     of the matrix  O
     from the example lists these machines in order.
     
 


     	
      pij,
     the processing time of job  j
     on machine  i.
     
 


     	
      M,
     a big- M
     constant;           the           total           processing           time           
      ∑ ⁡
  i∈I ∑ ⁡
j∈Jpij
     is always a valid choice, as computed for the example above.
 



Variables: The main decisions are continuous start times

 
 
                          sij =  start time of job j on machine i,

 together with a variable  Cmax ⁡ 
for the makespan. Start times alone cannot express “one of
these two jobs must wait for the other,” so for each machine 
i and each
pair of jobs  j < k
we add a binary variable that records which job goes first:
                                                                  

                                                                  

 
 
zijk =   {  1,when machine i processes job j before job k,  0, when job  k takes its turn on machine  i first,                                          i ∈ I,j,k ∈ J,j < k.



 
Constraints: Precedence within a job. Each job must follow its route: operation 
r of job 
j cannot begin
until operation  r − 1
has finished, that is,

 
 
                      sorjj ≥ sor−1jj + por−1jj∀ ⁡j ∈ J,r ∈{2,… ⁡,m}.



 
One job at a time per machine. Fix a machine 
i and two jobs 
j < k. Feasibility demands
that either job  j clears
the machine before job  k
arrives,  sij + pij ≤ sik, or
the reverse,  sik + pik ≤ sij.
This is precisely the either-or situation of Section 15.7.2, and applying that recipe with 
zijk in the role of the
selector variable  δ
yields the big- M
pair
                                                                  

                                                                  

 
 
sij + pij ≤ sik + M(1 − zijk)∀ ⁡i ∈ I,j,k ∈ J,j < k,
sik + pik ≤ sij + Mzijk∀ ⁡i ∈ I,j,k ∈ J,j < k.
                                                                                        

 When  zijk = 1 the first inequality
forces job  j ahead of
job  k while the second
is switched off; when  zijk = 0
the roles swap.

 
Makespan. The makespan must sit above the completion time of every job’s last
operation:

 
 
                                 Cmax ⁡  ≥ somjj + pomjj∀ ⁡j ∈ J.



 
Model: 
 
	
                                                                  

                                                                  
 
 
   min       Cmax  
     s.t.          sorjj     ≥ sor−1jj + por−1jj     ∀j ∈ J,r ∈{2,…,m}   follow the route of job j 
           sij + pij     ≤ sik + M(1 − zijk)   ∀i ∈ I,j,k ∈ J,j < k         j first when zijk = 1 
             sik + pik     ≤ sij + Mzijk           ∀i ∈ I,j,k ∈ J,j < k         k first when zijk = 0 
                 Cmax     ≥ somjj + pomjj                           ∀j ∈ J   makespan covers every job  
                     sij     ≥ 0                                   ∀i ∈ I,j ∈ J  
                zijk     ∈{0,1}         ∀i ∈ I,j,k ∈ J,j < k 
              Cmax     ≥ 0                       	(15.42a)




Solving this model on the four-job, three-machine instance above gives an optimal makespan of 
12 hours—a substantial
improvement over the  30
hours needed to run the jobs one at a time. 

 
Example 15.18: Duplo Scheduling

 
[Excel] [PuLP] [Gurobipy]

 
The Duplo in-class exercise is solved with Gurobi in the link.

 
The optimal value is 11.

 




 




 
[image: Gantt chart showing a Job Shop Scheduling Problem solution with three machines and four jobs represented by colored bars over a time horizon of 0 to 12 units.]
 




Figure 15.12: Gantt chart of the Duplo job shop scheduling solution with three
machines and four color-coded jobs.




 
   [image: Photograph of colorful Duplo building blocks arranged on a table, representing a physical demonstration of a job shop scheduling problem with blocks of different colors and sizes.]
 




                                                                  

                                                                  
Figure 15.13:  Photograph  of  Duplo  building  blocks  arranged  as  a  physical
demonstration of the job shop schedule.





 

15.8.3    Job Shop Scheduling Variations 

Makespan minimization of assigning jobs to machines.

 
In this variation, each machine can handle a number of different types of jobs. Some
machines can do certain jobs faster than others.

 
We want to minimize the completion time of all of the jobs.

 
In this variation, each job visits its listed machines in sequence: most jobs
require processing on two machines, in the order given, while a few need only
one.

 
Machines: 
 

     
     	
     Machine 1: Can perform jobs 1, 2, 3, 4, and 5
     
 


     	
     Machine 2: Can perform jobs 6, 7, 8, 9, and 10
     
 


     	
     Machine 3: Can perform jobs 11, 12, 13, 14, and 15
     
 


     	
     Machine 4: Can perform jobs 1, 6, 11, 2, and 7
     
 


     	
     Machine 5: Can perform jobs 3, 8, 13, 4, and 9
 



Jobs: 
 

     
     	
     Job 1: Machine 1 (processing time = 2 hours), Machine 4 (processing time
     = 1 hour)
                                                                  

                                                                  
     
 


     	
     Job 2: Machine 1 (processing time = 3 hours), Machine 4 (processing time
     = 2 hours)
     
 


     	
     Job 3: Machine 1 (processing time = 2 hours), Machine 5 (processing time
     = 1 hour)
     
 


     	
     Job 4: Machine 1 (processing time = 4 hours), Machine 5 (processing time
     = 2 hours)
     
 


     	
     Job 5: Machine 1 (processing time = 1 hour)
     
 


     	
     Job 6: Machine 2 (processing time = 3 hours), Machine 4 (processing time
     = 2 hours)
     
 


     	
     Job 7: Machine 2 (processing time = 2 hours), Machine 4 (processing time
     = 1 hour)
     
 


     	
     Job 8: Machine 2 (processing time = 4 hours), Machine 5 (processing time
     = 2 hours)
     
 


     	
     Job 9: Machine 2 (processing time = 1 hour), Machine 5 (processing time
     = 1 hour)
     
 


     	
     Job 10: Machine 2 (processing time = 2 hours)
     
 


     	
     Job 11: Machine 3 (processing time = 3 hours), Machine 4 (processing
     time = 2 hours)
                                                                  

                                                                  
     
 


     	
     Job 12: Machine 3 (processing time = 2 hours), Machine 4 (processing
     time = 1 hour)
     
 


     	
     Job 13: Machine 3 (processing time = 4 hours), Machine 5 (processing
     time = 2 hours)
     
 


     	
     Job 14: Machine 3 (processing time = 1 hour), Machine 5 (processing time
     = 1 hour)
     
 


     	
     Job 15: Machine 3 (processing time = 2 hours)
 



Objective: Minimize the makespan (i.e. the total time it takes to complete all the
jobs)

 
Constraints: 
 

     
     	
     Each job can only be performed on the specified machines in the order
     listed
     
 


     	
     A machine can only work on one job at a time
     
 


     	
     There are no precedence constraints between jobs.
 



We leave this as an exercise for the reader to model and solve.

 


 

15.9    Exercises 

Warm-ups

                                                                  

                                                                  

 
Exercise 15.19: Knapsack Problem

 
 ⋆  A
hiker is packing a backpack with a weight capacity of 15 kg. The available items
are:

 




 
 	    Item     	 Weight (kg)  	 Value  

	
	
	

	     Tent       	      5          	   8     
	 Sleeping Bag 	 3 	 6

	    Stove       	      4          	   5     

	    Food       	      7          	   10     

	   Camera     	      2          	   4     

	             





Table 15.5: Weights and values of the items available to the hiker.




     
 
	
  1. 
	Formulate a binary integer program to maximize the total value of items
     packed without exceeding the weight capacity.
     
	
  2. 
	Suppose the hiker also requires that if the stove is packed, then the food
     must also be packed (you cannot cook without food). Add this logical
     constraint to your formulation.


[Example 15.1, §15.7]


 
Exercise 15.20: Courier Van Knapsack

 
 ⋆  A
courier van can carry at most 15 kg on its last run of the day. Five packages are
waiting, with weights and payouts:

 




 
 	   Package    	  1   	 2  	 3  	 4  	 5  

	
	
	
	
	
	

	 Weight (kg)  	 11  	 3  	 2  	 5  	 4  

	  Payout ($)  	  5   	 3  	 3  	 7  	 4  

	              




                                                                  

                                                                  

Table 15.6: Package weights and payouts for the courier van.




     
 
	
  1. 
	Formulate a binary knapsack problem for choosing which packages to load.
     
	
  2. 
	Solve it, by hand or with a solver. Which packages ride along, and what
     is the total payout?


[Example 15.1]


 
Exercise 15.21: Covering a Small Town

 
 ⋆  A town has six
districts arranged in a  2 × 3
grid: 
 




 
 	
	
	

	 1  	 2  	 3  

	
	
	

	 4  	 5  	 6  

	
	
	

	    





Two districts are neighbors when their cells share a side. A fire station placed in a
district covers that district and all of its neighbors.
     
 
	
  1. 
	Write out the neighbor sets  V i
     for each district  i.
     
	
  2. 
	Formulate the set covering integer program that minimizes the number of
     fire stations so that every district is covered.
     
	
  3. 
	Solve the instance. How many stations are needed, and where can they
     go?


[Example 15.5, 15.5]


 
Exercise 15.22: Big-M Activation Drill

 
 ⋆ 
                                                                  

                                                                  
A tour company runs three excursions with sign-up counts 
x1,x2,x3,
where each excursion can take at most 30 tourists (
0 ≤ xi ≤ 30). Let 
δ ∈{0,1} equal 
1 if the
company hires a second guide. Company policy: if no second guide is hired, then the
three excursions can take at most 40 tourists in total.
     
 
	
  1. 
	Write this if-then requirement as a single linear constraint using a big-
     M
     parameter.
     
	
  2. 
	What        is        the        smallest        valid        value        of        
     M?
     Justify        it        using        the        bounds        on        the        
     xi.


[§15.7.1, §15.7]

 
Core problems


 
Exercise 15.23: Locating Distribution Terminals

 
  ⋆ ⋆ 
Suppose that a company based in St. John’s is considering adding distribution
terminals in (1) Halifax, (2) Moncton, (3) Montréal, (4) Ottawa, and (5)
Toronto.


 
The cost of building the five terminals in millions of dollars would be 10 in Halifax,
12 in Moncton, 20 in Montréal, 18 in Ottawa, and 25 in Toronto.
     
 
	
  1. 
	No more than two terminals may be built.
     
	
  2. 
	If no terminal is built in Halifax, then one must be built in Moncton.
     
	
  3. 
	At least one terminal must be built in central Canada (i.e. at locations
     (3), (4), or (5)).


Define the variables:  yi =   {  1 if a terminal is built in city i(i = 1,… ⁡,5)  0  otherwise                                                 

 
Using these variables, write a (binary) integer program that models the problem of
determining which terminals to build subject to the constraints above that minimizes
cost.
                                                                  

                                                                  

 
[§15.2, §15.7]


 
Exercise 15.24: Warehouse Location

 
  ⋆ ⋆  A
retail company must decide which of four potential warehouse sites to open. Each
warehouse has a fixed opening cost and can serve a subset of five customer regions.
The data are as follows:

 




 
 	 Warehouse  	 Fixed Cost ($1000s)  	 Regions Served  

	
	
	

	      A         	         150               	 1, 2, 3                 

	      B         	         200               	 2, 3, 4, 5             

	      C         	         120               	 1, 4                    

	      D         	         180               	 3, 4, 5                 

	             





Table 15.7:  Fixed  opening  costs  and  regions  served  for  each  candidate
warehouse.



Every customer region must be served by at least one open warehouse.

 

     
 
	
  1. 
	Define binary decision variables and formulate an integer program that
     minimizes the total fixed cost while ensuring every region is served.
     
	
  2. 
	What type of classic IP problem does this resemble?


[15.5, Example 15.5]


 
Exercise 15.25: Capital Budgeting with Dependencies

 
  ⋆ ⋆  A
firm is screening five projects over a two-year horizon. The net present values and the
cash outlays (all in $1000s) are:

 



                                                                  

                                                                  

 
 	 Project         	  1   	  2   	  3   	  4   	  5   

	
	
	
	
	
	

	 NPV             	 20  	 40  	 20  	 15  	 30  

	 Year 1 outlay  	  5   	  4   	  3   	  7   	  8   

	 Year 2 outlay  	  1   	  7   	  9   	  4   	  6   

	               





Table 15.8: Net present values and cash outlays for the five candidate projects
(in $1000s).



The budget is 20 in each year. In addition: project 3 is an expansion of project 1, so
it can only be undertaken if project 1 is; and projects 2 and 5 would serve the same
market, so at most one of them may be chosen.
     
 
	
  1. 
	Formulate a binary integer program that maximizes total NPV subject to
     both budgets and both logical conditions.
     
	
  2. 
	Solve the instance. Which projects are funded, and what is the optimal
     NPV?


[§15.2, §15.7]


 
Exercise 15.26: Facility Location: Two Distribution Centers

 
  ⋆ ⋆  A
company can open distribution centers at two sites to serve three stores. Opening
costs, capacities, per-unit serving costs, and demands are:

 




 

 	                                                                             	  fi ($)  	  ui (units)  	 Store 1  	 Store 2  	 Store 3  

	 Center 1                                                                                                             	                                   80                                                       	                                     40                                                         	   $2     	   $3     	   $1     

	 Center 2                                                                                                             	                                   60                                                       	                                     25                                                         	   $4     	   $1     	   $2     

	 Demand  dj  	                                                                        	                                                                           	   10     	   12     	   15     


	                                                                             






Table 15.9: Opening costs, capacities, per-unit serving costs, and store demands
for the two candidate centers.



                                                                  

                                                                  

     
 
	
  1. 
	Check that this instance, unlike the retail distribution example in the text,
     has enough capacity to be feasible.
     
	
  2. 
	Formulate the capacitated facility location model for this data.
     
	
  3. 
	Solve the instance. Which centers open, how is demand assigned, and what
     is the total cost? In particular, is it worth opening the cheaper center?


[§15.4]


 
Exercise 15.27: Coloring a Five-Node Graph

 
  ⋆ ⋆  Consider the
graph on vertices  {A,B,C,D,E}
with edges 
 
	
 
                     {A,B},{B,C},{C,D},{D,E},{E,A},{A,C},



a five-cycle together with the chord  {A,C}.
     
 
	
  1. 
	Write      the      classical      integer      programming      formulation
     for         coloring         this         graph         with         variables         
     xij
     and  wj.
     
	
  2. 
	Solve the instance to find the chromatic number, and exhibit an optimal
     coloring.
     
	
  3. 
	Explain how the triangle  A,B,C
     gives a quick lower bound that matches your answer.


                                                                  

                                                                  
[§15.6]


 
Exercise 15.28: Either-Or Constraints

 
  ⋆ ⋆  A company produces
two products,  x1
and  x2.
Production of product 1 requires a special machine that can either run in mode A or
mode B, but not both simultaneously. The constraints are: 
 

     
     	
     Mode A:  2x1 + x2 ≤ 10
     
 


     	
     Mode B:  x1 + 3x2 ≤ 12
 



Exactly one of these two constraints must hold (the machine
operates in exactly one mode). The objective is to maximize 
5x1 + 4x2 with 
x1,x2 ≥ 0.

 
Introduce a binary variable and a big- M
parameter to formulate this either-or constraint as a mixed-integer program.

 
[§15.7.2]


 
Exercise 15.29: Fixed-Charge Production

 
  ⋆ ⋆ 
A factory can produce a product in any quantity 
x ≥ 0,
but starting up production incurs a fixed cost of 
$500. The variable production
cost is  $8 per unit, and
each unit sells for  $15.
The factory has capacity to produce at most 200 units.

 

     
 
	
  1. 
	Define a binary variable  y
     that  indicates  whether  the  factory  produces  any  units  at  all.  Write  a
     mixed-integer  program  that  maximizes  profit  (revenue  minus  variable
     cost minus fixed cost).
     
	
  2. 
	Explain      the      role      of      the      constraint      that      links      
     x
     and  y.


                                                                  

                                                                  
[§15.7.1]

 
Concepts and connections


 
Exercise 15.30: Why Rounding the Relaxation Fails

 
  ⋆ ⋆ 
Return to the knapsack instance of Example 15.1 and replace 
xi ∈{0,1} by 
0 ≤ xi ≤ 1 (the
LP relaxation).
     
 
	
  1. 
	Solve the LP relaxation. (For a single knapsack constraint the relaxation
     can be solved greedily: sort items by value per kilogram and fill the bag
     in that order, taking a fraction of the last item.) You should find value 
     52∕3 ≈ 17.33
     with  x1 = 7∕12
     and all other variables equal to  1.
     
	
  2. 
	Round    the    fractional    variable    up.    Is    the    result    feasible?
     Round     it     down.     What     value     do     you     get,     and     how
     does     it     compare     to     the     true     integer     optimum     of     
     15?
     
	
  3. 
	Rounding   down   happened   to   give   an   optimal   integer   solution
     here.    Explain    why    rounding    cannot    be    trusted    in    general.
     In   particular,   describe   what   rounding   does   to   a   model   with
     equality  constraints  such  as  Example 15.2,  and  to  binary  choice
     variables   such   as   those   in   Exercise 15.23,   where   a   value   like   
     yi = 0.5
     has no meaning.


[Example 15.1, Example 15.2, §15]


 
Exercise 15.31: When is Big-M Too Big?

 
  ⋆ ⋆  In Exercise 15.28,
the value  M = 106
is perfectly valid: the resulting mixed-integer program has the same optimal solution as
with  M = 20.
     
 
	
  1. 
	Explain what such a huge  M
     does to the LP relaxation: how much does a tiny fractional value of 
                                                                  

                                                                  
     δ,
     say  δ = 10−5,
     relax each mode constraint? Why does this weaken the bounds a solver
     gets from the relaxation?
     
	
  2. 
	Derive        the        tightest        valid        constants        for        that
     exercise.     When     mode     B     is     active,     the     constraint     
     x1 + 3x2 ≤ 12
     bounds  2x1 + x2;
     when mode A is active,  2x1 + x2 ≤ 10
     bounds  x1 + 3x2.
     Show that  M1 = 14
     and  M2 = 18
     suffice.
     
	
  3. 
	Name   one   numerical   (floating-point)   hazard   of   very   large   
     M
     values mentioned in the text.


[Choosing Big-M Values paragraph in §15.7.2, Exercise 15.28]


 
Exercise 15.32: Reading the Kidney Exchange Model

 
  ⋆ ⋆ 
Consider the cycle-selection integer program in the kidney exchange case
study.
     
 
	
  1. 
	Explain      in      plain      language      what      the      constraint      
      ∑ ⁡
  c∈C:i∈cxc ≤ 1
     enforces, and what could go wrong medically if it were dropped.
     
	
  2. 
	The objective uses coefficients  |c|.
     Why does   ∑ ⁡
  c|c|xc
     equal the number of transplants performed?
     
	
  3. 
	The set  C
     only   contains   cycles   of   length   at   most   3.   Give   the   operational
     reason  for  this  cap,  and  describe  what  happens  to  the  size  of  
     C
     if the cap is raised.
     
	
  4. 
	An altruistic donor donates a kidney without a paired patient, starting a
     chain rather than a cycle. Describe how you would extend the sets and
     variables of the model to include chains of bounded length.


                                                                  

                                                                  
[Kidney exchange case study in §15.5.1]

 
Challenge problems


 
Exercise 15.33: Piecewise-Linear Production Cost

 
  ⋆ ⋆⋆  A plant can
produce up to 30 tons of product, sold at $6 per ton. Production cost is piecewise linear in the
quantity  x:
the first 10 tons cost $5 per ton, the next 10 tons cost $3 per ton (a bulk discount on
inputs), and the final 10 tons cost $8 per ton (overtime).
     
 
	
  1. 
	Write the total cost  C(x)
     at the breakpoints  x = 0,10,20,30
     and explain why  C
     is not convex, so the standard LP tricks for convex piecewise-linear costs
     do not apply.
     
	
  2. 
	Formulate     profit     maximization     using     breakpoint     weights     
     λ1,… ⁡,λ4
     with an SOS2 condition, and also write the equivalent binary-variable
     formulation from the text.
     
	
  3. 
	Solve the model. You should find that producing 20 tons is optimal with
     profit $40. Why does the plant stop exactly at the end of the discounted
     segment?


[§15.7.7, Example 15.15, Example 15.14]


 
Exercise 15.34: Two Jobs, Three Machines

 
  ⋆ ⋆⋆  Two jobs must each
pass through machines  M1 → M2 → M3
in that order. Processing times are:

 




 
 	      	  M1  	  M2  	  M3  

	
	
	
	

	 Job 1  	                                  3                                                     	                                  2                                                     	                                  4                                                     

	 Job 2  	                                  2                                                     	                                  4                                                     	                                  3                                                     

	       





                                                                  

                                                                  

Table 15.10: Processing times for the two jobs on the three machines.



Each machine can process only one job at a time, and jobs cannot be interrupted.
     
 
	
  1. 
	Introduce start-time variables  sjk
     for job  j
     on machine  k
     and write the precedence constraints within each job.
     
	
  2. 
	For each machine  k,
     introduce a binary variable  δk
     and         write         the         disjunctive         pair         of         big-
     M
     constraints  stating  that  either  job  1  precedes  job  2  on  machine  
     k
     or       vice       versa.       Propose       a       valid       value       of       
     M
     from the data.
     
	
  3. 
	Minimize the makespan and solve the model. You should find an optimal
     makespan of 12; report which job goes first on each machine and the full
     schedule.


[§15.8, §15.7.4, §15.7.1]

 


 

Selected Solutions 

Solution

 
(Exercise 15.20) With  xi = 1
if package  i
is loaded, the model is 
 
	
                                                                  

                                                                  
 
max ⁡ 5x1+3x2+3x3+7x4+4x5s.t.11x1+3x2+2x3+5x4+4x5 ≤ 15,xi ∈{0,1}.



The optimal load is packages  2,3,4,5
with weight  3 + 2 + 5 + 4 = 14 ≤ 15
and payout  3 + 3 + 7 + 4 = $17.
The heavy package 1 never pays: taking it leaves only 4kg of room, and the best it can then
achieve is  5 + 3 = $8.

 
Solution

 
(Exercise 15.21) The neighbor sets (including the district itself, as in the fire station example)
are  V 1 = {1,2,4}, 
V 2 = {1,2,3,5}, 
V 3 = {2,3,6}, 
V 4 = {1,4,5}, 
V 5 = {2,4,5,6}, 
V 6 = {3,5,6}.
One station cannot cover all six districts since no set 
V i
has more than four elements. Two stations suffice: districts 
2 and 
5 cover 
V 2 ∪ V 5 = {1,… ⁡,6}, and so do
districts  3
and  4, and
districts  1 and 
6. The optimal
value is  2,
and these three placements are the only optimal ones.

 
Solution

 
(Exercise 15.26) Total capacity is  40 + 25 = 65 ≥ 37 = 10 + 12 + 15,
so the instance is feasible; in fact center 1 alone has capacity 
40 ≥ 37, while center 2
alone ( 25 < 37) does not
suffice. Solving the model, the optimum opens center 1 only and serves all three stores from it: cost 
80 + 2(10) + 3(12) + 1(15) = 80 + 71 = $151. Opening both centers
costs  140 in fixed charges
plus  47 in best-case
serving costs, a total of  $187,
so the cheaper center is not worth its $60 opening cost.
                                                                  

                                                                  

 
Solution

 
(Exercise 15.27) The chromatic number is 
3. Lower bound:
vertices  A,
 B, 
C are
pairwise adjacent (a triangle), so they need three distinct colors. Upper bound: the coloring
 A → 1, 
B → 2, 
C → 3, 
D → 1, 
E → 2 is
proper, as can be checked edge by edge. Solving the integer program confirms 
∑ ⁡
  jwj = 3.

 
Solution

 
(Exercise 15.28) Introduce  δ ∈{0,1},
where  δ = 0 selects
mode A and  δ = 1 selects
mode B. Valid big- M
values can be read from the problem: relaxing each constraint by 
M = 20 (any
upper bound on the left-hand sides over reasonable production levels works). The
formulation is 
 
	
 
max ⁡ 5x1 + 4x2                          
s.t.  2x1 + x2 ≤ 10 + Mδ
      x1 + 3x2 ≤ 12 + M(1 − δ)
       x1,x2 ≥ 0,δ ∈{0,1}.
                                                                                        



If  δ = 0,
mode A’s constraint is enforced and mode B’s is relaxed; if 
δ = 1, the
roles are reversed.
                                                                  

                                                                  

 
Solution

 
(Exercise 15.29) Let  x ≥ 0 be the
production quantity and  y ∈{0,1}
indicate whether production is started: 
 
	
 
max ⁡ 15x − 8x − 500y = 7x − 500y
s.t.  x ≤ 200y
      x ≥ 0,y ∈{0,1}.
                                                                                        



The linking constraint  x ≤ 200y
plays two roles: if  y = 0
it forces  x = 0
(no production without paying the startup cost), and if 
y = 1 it enforces the capacity
limit of  200 units. Since
producing at capacity earns  7(200) − 500 = 900 > 0,
the optimal solution is  y = 1,
 x = 200.

 
Try it out visually!

 
Branch-and-Bound Tree Explorer: how solvers actually solve the integer
programs in this chapter; watch branching, bounding, and fathoming on small
examples.

 
Concept Quiz: twenty quick self-check questions spanning the whole book.

 


 

15.10    Literature and Resources 

Resources

 

     
     	
                                                                  

                                                                  
     The AIMMS modeling book has many great examples. It can be found
     here: AIMMS Modeling Book.
     
 


     	
     MIT Open Courseware
     
 


     	
     For many real world examples, see this book Case Studies in Operations
     Research  Applications  of  Optimal  Decision  Making,  edited  by  Murty,
     Katta G. Or find it here.
     
 


     	
     GUROBI modeling examples by GUROBI
     
 


     	
     GUROBI modeling examples by Open Optimization that are linked in this
     book
 



Knapsack Problem 
 

     
     	
     Video! - Michel Bierlaire (EPFL) teaching knapsack problem
 



Set Cover 
 

     
     	
     Video! - Michel Bierlaire (EPFL) explaining set covering problem
     
 


     	
     See AIMMS - Media Selection for an example of set covering applied to
     media selection.
 



Facility Location 
 

     
     	
     Wikipedia - Facility Location Problem
     
 


     	
     See GUROBI Modeling Examples - Facility Location.
 



                                                                  

                                                                  
Other examples 
 

     
     	
     Sudoku
     
 


     	
     AIMMS - Employee Training
     
 


     	
     AIMMS - Media Selection
     
 


     	
     AIMMS - Diet Problem
     
 


     	
     AIMMS - Farm Planning Problem
     
 


     	
     AIMMS - Pooling Problem
     
 


     	
     INFORMS - Impact
     
 


     	
     INFORMS - Success Story - Bus Routing
 



Notes from AIMMS modeling book. 
 

     
     	
     AIMMS - Practical guidelines for solving difficult MILPs
     
 


     	
     AIMMS - Linear Programming Tricks
     
 


     	
     AIMMS - Formulating Optimization Models
                                                                  

                                                                  
     
 


     	
     AIMMS - Practical guidelines for solving difficult linear programs
 



Modeling Tricks 
 

     
     	
     JuMP tips and tricks
     
 


     	
     Mosek Modeling Cookbook
 



Further Topics 
 

     
     	
     Precedence Constraints
 



                                                                  

                                                                  



 




Appendix A
Linear Equations   

This chapter is adapted from Applied Finite Mathematics
by Rupinder Sekhon and Roberta Bloom, available at
https://math.libretexts.org/Bookshelves/Applied_Mathematics/Applied_Finite_Mathematics_(Sekhon_and_Bloom),
licensed under CC BY 4.0. Content has been modified and remixed for this
book.

 
Learning Outcomes

 

     
     	
     Graph linear equations.
     
 


     	
     Find the slope of a line.
     
 


     	
     Determine equations of lines.
     
 


     	
     Solve linear systems.
     
 


     	
     Apply linear equations to real-world problems.
 



Chapter Overview 

In this chapter1,
we focus on linear equations, their graphical representations, finding slopes,
determining line equations from given information, and solving systems of
linear equations. We also examine applications of these concepts in real-world
scenarios, such as cost modeling, demand-supply equilibrium, and break-even
analysis.
                                                                  

                                                                  

 
 


  1This section was modified and remixed from Applied Finite Mathematics (Sekhon and
Bloom)/Section 1.1: Graphing a linear equation which was shared under a CC BY 4.0 license at
https://math.libretexts.org/Bookshelves/Applied_Mathematics/Applied_Finite_Mathematics_(Sekhon_and_Bloom)/01\%3A_Linear_Equations/1.01\%3A_Graphing_a_Linear_Equation

 
 
                                                                   
 


 

A.1    Graphing a Linear Equation 

Learning Outcomes

 

     
     	
     Graph a line from its equation.
     
 


     	
     Graph a line given its equation in parametric form.
     
 


     	
     Graph and find equations of vertical and horizontal lines.
 



Equations whose graphs are straight lines are called linear equations. Examples
include: 
 
	
 
                2x − 3y = 6,3x = 4y − 7,y = 2x − 5,2y = 3,x − 2 = 0.



A line is determined by two points. To graph a linear equation, we often choose
values for one variable and solve for the other.


 
Example A.1: Graphing a Line

 
Graph the line:  y = 3x + 2.

 
Solution: Choose convenient  x-values:

 
	
                                                                  

                                                                  
 
                          x = −1⇒y = 3(−1) + 2 = −1⇒(−1,−1)



	
 
                                x = 0⇒y = 3(0) + 2 = 2⇒(0,2)



	
 
                                x = 1⇒y = 3(1) + 2 = 5⇒(1,5)



Plot these points and draw the line. 
 




 
[image: Two-dimensional plot of the line y = 3x + 2 on x-y axes with a gridded background. Three labelled points (-1,-1), (0,2), and (1,5) lie on a blue line of slope 3 with y-intercept 2.]

                                                                  

                                                                  


 
Figure A.1: Two-dimensional plot of the line y = 3x + 2 on x-y axes with a
gridded background.                                                 



Example A.2: Graphing Another Line

 
Graph the line:  2x + y = 4.

 
Solution: Choose points: 
 
	
 
                           x = −1⇒2(−1) + y = 4⇒y = 6⇒(−1,6)



	
 
                                        x = 0⇒y = 4⇒(0,4)



	
                                                                  

                                                                  
 
                                y = 2⇒2x + 2 = 4⇒x = 1⇒(1,2)



Plotting these points gives: 
 




 
[image: Two-dimensional plot of the line 2x + y = 4 on gridded x-y axes. A blue line passes through three labelled points (-1,6), (0,4), and (1,2), illustrating slope -2 and y-intercept 4.]



 
Figure A.2: Two-dimensional plot of the line 2x + y = 4 on gridded x-y axes. 




 

Intercepts 

The  x-intercept
occurs where  y = 0,
and the  y-intercept
occurs where  x = 0.


 
Example A.3: Finding Intercepts

 
Find the intercepts of the line  2x − 3y = 6
and graph it.

 
Solution: For the  x-intercept,
set  y = 0:

 
	
                                                                  

                                                                  
 
                                  2x − 3(0) = 6⇒x = 3⇒(3,0).



For the  y-intercept,
set  x = 0:

 
	
 
                                2(0) − 3y = 6⇒y = −2⇒(0,−2).



Plot these intercepts and draw the line. 
 




 
[image: PIC]



 
Figure A.3: A line through the intercepts (0,-2) and (3,0).                 




 

Parametric Form 

Lines can also be given in parametric form, e.g. 
x = 3 + 2t,y = 1 + t.


 
Example A.4: Parametric Equations

 
Graph the line  x = 3 + 2t,y = 1 + t.
                                                                  

                                                                  

 
Solution: Let  t = 0,1,2:

 
	
 
                      t = 0⇒(x,y) = (3,1),t = 1⇒(5,2),t = 2⇒(7,3).



Plot these points and draw the line. 
 




 
[image: PIC]



 
Figure A.4: A line through the points (3,1), (5,2), and (7,3).               




 

Horizontal and Vertical Lines 

	
 
x = a is a vertical line passing through (a,0),y = b is a horizontal line passing through (0,b).



                                                                  

                                                                  

Example A.5: Horizontal and Vertical Lines

 
Graph  x = −2
and  y = 3.

 
Solution: The line  x = −2
is vertical through  (−2,0).
The line  y = 3 is
horizontal through  (0,3).

 




 
[image: Two-dimensional plot of the horizontal line y = 3 on gridded x-y axes. The blue line is drawn parallel to the x-axis through the labelled y-intercept (0,3).]



 
Figure A.5: Two-dimensional plot of the horizontal line y = 3 on gridded x-y
axes.                                                              
[image: Two-dimensional plot of the vertical line x = -2 on gridded x-y axes. The blue line is drawn parallel to the y-axis through the labelled x-intercept (-2,0).]


Figure A.6: Two-dimensional plot of the vertical line x = -2 on gridded x-y axes.




 

A.2    Slope of a Line 

Learning Outcomes

 

     
     	
     Find the slope of a line given two points.
     
 


     	
     Graph a line if a point and slope are given.
 



The slope  m of a line
passing through  (x1,y1)
and  (x2,y2)
is: 
 
	
                                                                  

                                                                  
 
                                           m = y2 − y1 
x2 − x1.




Example A.6: Finding Slope

 
Find the slope of the line through  (−2,3)
and  (4,−1).

 
Solution: 
 
	
 
                             m =   − 1 − 3 
4 − (−2) =  − 4 
  6   = −2
3.






 
[image: Two-dimensional plot illustrating the slope of the line through (-2,3) and (4,-1) on x-y axes. A blue line connects the two labelled points; green arrows mark a vertical drop of -4 and a horizontal run of 6, giving slope -2/3.]



 
Figure A.7: Two-dimensional plot illustrating the slope of the line through (-2,3)
and (4,-1) on x-y axes.                                               


Vertical lines have undefined slope; horizontal lines have slope 0.

                                                                  

                                                                  

 
Example A.7: Vertical and Horizontal Slopes

 
a) For points  (2,3)
and  (2,−1):

 
	
 
                     m =  − 1 − 3 
  2 − 2   =  − 4 
  0   (undefined), vertical line.



b) For points  (−1,−4)
and  (3,−4):

 
	
 
                       m =  − 4 − (−4) 
  3 − (−1)   = 0 
4 = 0 (horizontal line).




Example A.8: Graphing a Line from a Point and Slope

 
Graph the line passing through  (1,2)
with slope  −3
4.

 
Solution: Starting from  (1,2),
a slope of  −3
4 means down 3,
right 4 to get another point  (5,−1).
Plot and draw the line. 
 

                                                                  

                                                                  



 
[image: Two-dimensional plot of the line through (1,2) with slope -3/4 on gridded x-y axes. A blue line passes through the labelled points (1,2) and (5,-1); green arrows indicate a vertical change of -3 and horizontal change of 4.]



 
Figure A.8: Two-dimensional plot of the line through (1,2) with slope -3/4 on
gridded x-y axes.                                                   


If a line is written as  y = mx + b,
the coefficient  m is
the slope and  b is
the  y-intercept.

 


 

A.3    Determining the Equation of a Line 

Learning Outcomes

 

     
     	
     Find an equation of a line given a point and slope.
     
 


     	
     Find an equation of a line given two points.
 





 

Forms of a Line 

	
                                                                  

                                                                  
 
Slope-Intercept: y = mx+b,Point-Slope: y−y1 = m(x−x1),Standard: Ax+By = C.




Example A.9: Equation Given Slope and Intercept

 
Find the equation of a line with slope  m = 5
and  y-intercept
 b = 3.

 
Solution:  y = 5x + 3.


 
Example A.10: Equation Given a Point and Slope

 
Find the equation of the line passing through 
(2,7) with
slope  3.

 
Solution: 
 
	
 
                     y = 3x + b,7 = 3(2) + b,b = 1⇒y = 3x + 1.




Example A.11: Equation Given Two Points

 
Find the equation of the line passing through 
(−1,2) and 
(1,8).

 
Solution: 
 
	
                                                                  

                                                                  
 
                         m =    8 − 2 
1 − (−1) = 6 
2 = 3,y = 3x + b.



Use one point: 
 
	
 
                             2 = 3(−1) + b⇒b = 5,so y = 3x + 5.




Example A.12: Using Intercepts

 
Find  the  equation  of  the  line  with  
x-intercept 3
and  y-intercept
4.

 
Solution: Intercepts give points  (3,0)
and  (0,4):

 
	
                                                                  

                                                                  
 
                               m = 4 − 0 
0 − 3 = −4
3,y = −4
3x + 4.





 

A.4    Applications of Linear Equations 

Learning Outcomes

 

     
     	
     Use linear functions to model real-world applications.
 



Linear equations commonly model cost, revenue, and population changes.


 
Example A.13: Cost Function

 
A taxi charges $0.50 per mile plus a $5 flat fee.

 
Solution: Let  x =
miles,  y =
cost: 
 
	
 
                                          y = 0.50x + 5.



At  x = 20: 
y = 0.50(20) + 5 = 15.

                                                                  

                                                                  

 
Example A.14: Cost from Two Points

 
It costs $750 to make 25 items and $1000 to make 50 items. Assume linearity.

 
Solution: Points  (25,750)
and  (50,1000):

 
	
 
                             m = 1000 − 750 
  50 − 25   = 10,y = 10x + b.



Using  (25,750):

 
	
 
                         750 = 10(25) + b⇒b = 500,y = 10x + 500.



Cost of 100 items:  y = 10(100) + 500 = 1500.


 
Example A.15: Temperature Conversion

 
Freezing point of water:  (C,F) = (0,32);
boiling point:  (100,212).

 
Solution: 
 
	
                                                                  

                                                                  
 
                    m = 212 − 32 
 100 − 0  = 180 
100 = 1.8,F = 1.8C + 32.



For  C = 30: 
F = 1.8(30) + 32 = 86.

 


 

A.5    More Applications: Systems of Linear Equations 

Learning Outcomes

 

     
     	
     Solve linear systems in two variables.
     
 


     	
     Find equilibrium points (supply = demand).
     
 


     	
     Find break-even points (cost = revenue).
 





 

Solving Systems of Equations 

The intersection of two lines can be found by setting their equations equal or by
using the elimination method.


 
Example A.16: Solving a System

 
Solve: 
 
	
                                                                  

                                                                  
 
                                     2x + y = 7,3x − y = 3.



Solution: Add them: 
 
	
 
                          2x + y = 7,3x − y = 3⇒5x = 10⇒x = 2.



Substitute  x = 2
into  2x + y = 7⇒4 + y = 7⇒y = 3.

 
Solution:  (2,3).

 


 

Supply, Demand, and Equilibrium 

The equilibrium price occurs where supply equals demand.


 
Example A.17: Equilibrium Point

 
Supply:  y = 3.5x − 14,
Demand:  y = −2.5x + 34.

 
Solution: Set equal: 
 
	
                                                                  

                                                                  
 
                          3.5x − 14 = −2.5x + 34⇒6x = 48⇒x = 8.



At  x = 8: 
y = 3.5(8) − 14 = 14 or 
y = −2.5(8) + 34 = 14.

 
Equilibrium: Price = $8, Quantity = 14 items.

 




 
[image: Two-dimensional plot of an equilibrium point. The blue upward supply line y = 3.5x - 14 and the red downward demand line y = -2.5x + 34 intersect at the labelled green point (8,14), with dashed lines dropping to Quantity = 8 and Price = 14.]



 
Figure A.9: Two-dimensional plot of an equilibrium point.                 




 

Break-Even Point 

For cost  C and revenue
 R, the break-even
point is where  C = R.


 
Example A.18: Break-Even Analysis

 
 R = 5x, 
C = 3x + 12.

 
Solution: 
 
	
                                                                  

                                                                  
 
                            5x = 3x + 12⇒2x = 12⇒x = 6.



At  x = 6, 
R = C = 30.

 
Break-even at  (6,30).

 




 
[image: Two-dimensional plot of a break-even point. The blue revenue line R = 5x and the red cost line C = 3x + 12 intersect at the labelled green point (6,30), with dashed lines marking Quantity = 6 and Cost/Revenue = 30.]



 
Figure A.10: Two-dimensional plot of a break-even point.                  




 

Chapter Review 

This chapter introduced the fundamental concepts of linear equations, their graphs,
slopes, forms of equations, and their real-world applications. You can now model
scenarios involving costs, pricing, and market equilibrium using linear models and
solve these models for key insights.
                                                                  

                                                                  

 



 




Appendix B
Systems of Equations   

B.1    Systems of Equations, Geometry 

Learning Outcomes

 

     
 
	
  A. 
	Relate the types of solution sets of a system of two (three) variables to the
     intersections of lines in a plane (the intersection of planes in three space)


As you may remember, linear equations like 
2x + 3y = 6 can be
graphed as straight lines in the coordinate plane. We say that this equation is in two variables,
in this case  x
and  y.
Suppose you have two such equations, each of which can be graphed as a straight line,
and consider the resulting graph of two lines. What would it mean if there exists a point
of intersection between the two lines? This point, which lies on both  graphs, gives 
x and 
y values
for which both equations are true. In other words, this point gives the ordered pair (
x,y) that satisfy both equations.
If the point    (x,y) is a point of
intersection, we say that    (x,y)
is a solution to the two equations. In linear algebra, we often are concerned with
finding the solution(s) to a system of equations, if such solutions exist. First, we
consider graphical representations of solutions and later we will consider the algebraic
methods for finding solutions.

 
When looking for the intersection of two lines in a graph, several situations may
arise. The following picture demonstrates the possible situations when considering
two equations (two lines in the graph) involving two variables.

 
[image: Three side-by-side 2D plots showing how two lines can intersect: 'One Solution' (crossing at a single point), 'No Solutions' (parallel lines), and 'Infinitely Many Solutions' (a single line representing two coincident equations).]



 
Figure B.1: Three side-by-side 2D plots showing how two lines can intersect:
’One Solution’ (crossing at a...

In the first diagram, there is a unique point of intersection, which means that there is
only one (unique) solution to the two equations. In the second, there are no points of
intersection and no solution. When no solution exists, this means that the two lines are
parallel and they never intersect. The third situation which can occur, as demonstrated
                                                                  

                                                                  
in diagram three, is that the two lines are really the same line. For example, 
x + y = 1 and 
2x + 2y = 2
are equations which when graphed yield the same line. In this case there
are infinitely many points which are solutions of these two equations, as
every ordered pair which is on the graph of the line satisfies both equations.
When considering linear systems of equations, there are always three types of
solutions possible; exactly one (unique) solution, infinitely many solutions, or no
solution.

Example B.1: A Graphical Solution

 
Use a graph to find the solution to the following system of equations   
 
	
 
    x + y = 3 
   y − x = 5 



Solution

 
Through graphing the above equations and identifying the point of intersection, we can find
the solution(s). Remember that we must have either one solution, infinitely many, or no
solutions at all. The following graph shows the two equations, as well as the intersection.
Remember, the point of intersection represents the solution of the two equations, or
the    (x,y)
which satisfy both equations. In this case, there is one point of intersection at 
  (−1,4) which means we have
one unique solution,  x = −1,y = 4.

 




 
[image: Two-dimensional plot of the system x+y=3 and y-x=5: a green line and a blue line crossing at the labelled point (x,y) = (-1,4), with helper lines dropped to the x- and y-axes to show the unique solution.]



 
Figure B.2: Two-dimensional plot of the system x+y=3 and y-x=5: a green line
and a blue line crossing at the...                                       
                                                                  

                                                                  


In the above example, we investigated the intersection point of two equations in two
variables,  x
and  y.
Now we will consider the graphical solutions of three equations in two variables.

 
Consider a system of three equations in two variables. Again, these equations can be
graphed as straight lines in the plane, so that the resulting graph contains
three straight lines. Recall the three possible types of solutions; no solution,
one solution, and infinitely many solutions. There are now more complex
ways of achieving these situations, due to the presence of the third line. For
example, you can imagine the case of three intersecting lines having no common
point of intersection. Perhaps you can also imagine three intersecting lines
which do intersect at a single point. These two situations are illustrated
below.

 




 
[image: Two side-by-side two-dimensional plots showing three lines in the plane: on the left, three lines that pairwise intersect but share no common point ('No Solution'); on the right, three lines all passing through a single marked point ('One Solution').]



 
Figure B.3: Two side-by-side two-dimensional plots showing three lines in the
plane: on the left, three lines...                                        


Consider the first picture above. While all three lines intersect with one another,
there is no common point of intersection where all three lines meet at one point.
Hence, there is no solution to the three equations. Remember, a solution is a point 
  (x,y) which
satisfies all three equations. In the case of the second picture, the lines intersect at a
common point. This means that there is one solution to the three equations
whose graphs are the given lines. You should take a moment now to draw the
graph of a system which results in three parallel lines. Next, try the graph of
three identical lines. Which type of solution is represented in each of these
graphs?

 
We have now considered the graphical solutions of systems of two equations in two
variables, as well as three equations in two variables. However, there is no reason to
limit our investigation to equations in two variables. We will now consider equations
in three variables.

 
You may recall that equations in three variables, such as 
2x + 4y − 5z = 8, form
a plane. Above, we were looking for intersections of lines in order to identify any
possible solutions. When graphically solving systems of equations in three variables,
we look for intersections of planes. These points of intersection give the 
                                                                  

                                                                  
  (x,y,z) that
satisfy all the equations in the system. What types of solutions are possible when
working with three variables? Consider the following picture involving two planes,
which are given by two equations in three variables.

 
[image: PICT]




Figure B.4: Two planes intersecting in a line.

Notice how these two planes intersect in a line. This means that the points 
  (x,y,z) on
this line satisfy both equations in the system. Since the line contains infinitely many
points, this system has infinitely many solutions.
It could also happen that the two planes fail to intersect. However, is it possible to
have two planes intersect at a single point? Take a moment to attempt drawing this
situation, and convince yourself that it is not possible! This means that when we have
only two equations in three variables, there is no way to have a unique solution!
Hence, the types of solutions possible for two equations in three variables are no
solution or infinitely many solutions.

 
Now imagine adding a third plane. In other words, consider three equations in three
variables. What types of solutions are now possible? Consider the following
diagram.

 
[image: PICT]

                                                                  

                                                                  



Figure B.5: Three planes with no common point of intersection.

In this diagram, there is no point which lies in all three planes. There is no
intersection between all planes so there is no solution. The picture illustrates the
situation in which the line of intersection of the new plane with one of the
original planes forms a line parallel to the line of intersection of the first
two planes. However, in three dimensions, it is possible for two lines to fail
to intersect even though they are not parallel. Such lines are called skew
lines.
Recall that when working with two equations in three variables, it was not possible to
have a unique solution. Is it possible when considering three equations in three
variables? In fact, it is possible, and we demonstrate this situation in the following
picture.

 
[image: PICT]




Figure B.6: Three planes intersecting in a single point.

In this case, the three planes have a single point of intersection. Can you think of
other types of solutions possible? Another is that the three planes could
intersect in a line, resulting in infinitely many solutions, as in the following
diagram.
[image: PICT]
                                                                  

                                                                  




Figure B.7: A third plane through the line of intersection of two planes.

We have now seen how three equations in three variables can have no solution, a
unique solution, or intersect in a line resulting in infinitely many solutions. It is also
possible that the three equations graph the same plane, which also leads to infinitely
many solutions.
You can see that when working with equations in three variables, there are many
more ways to achieve the different types of solutions than when working
with two variables. It may prove enlightening to spend time imagining (and
drawing) many possible scenarios, and you should take some time to try a
few.

 
You should also take some time to imagine (and draw) graphs
of systems in more than three variables. Equations like 
x + y − 2z + 4w = 8 with
more than three variables are often called hyper-planes. You may soon realize
that it is tricky to draw the graphs of hyper-planes! Through the tools of
linear algebra, we can algebraically examine these types of systems which are
difficult to graph. In the following section, we will consider these algebraic
tools.

 

B.2    Systems Of Equations, Algebraic Procedures 

Learning Outcomes

 

     
 
	
  A. 
	Use  elementary  operations  to  find  the  solution  to  a  linear  system  of
     equations.
     
	
  B. 
	Find the row-echelon form and reduced row-echelon form of a matrix.
     
	
  C. 
	Determine whether a system of linear equations has no solution, a unique
     solution or an infinite number of solutions from its row-echelon form.
     
	
  D. 
	Solve a system of equations using Gaussian Elimination and Gauss-Jordan
     Elimination.
     
	
  E. 
	Model a physical system with linear equations and then solve.


                                                                  

                                                                  
We have taken an in depth look at graphical representations of systems of equations,
as well as how to find possible solutions graphically. Our attention now turns to
working with systems algebraically.


 
Definition B.2: System of Linear Equations

 
A system of linear equations is a list of equations, 
 
	
 
     a11x1 + a12x2 + ⋯ + a1nxn = b1    
      a21x1 + a22x2 + ⋯ + a2nxn = b2    
                               ⋮ ⁡                        a
m1x1 + am2x2 + ⋯ + amnxn = bm  



where  aij and 
bj are real numbers. The
above is a system of  m
equations in the  n
variables,  x1,x2⋯,xn.
Written more simply in terms of summation notation, the above can be written in
the form 
 
	
 
                             ∑
  j=1na
ijxj = bi, i = 1,2,3,⋯,m



Finally, we can write this in matrix notation as
                                                                  

                                                                  

 
 
                                               Ax = b

 where

 
 
A =   [  a11    a12    … ⁡   a1n  
   a21    a22    … ⁡   a2n  
    ⋮ ⁡     a
m1    am2    … ⁡  amn                                                                           ] ,x =   [  x1  
   x2  
    ⋮ ⁡    x
n                                                                                                  ] , and b =   [  b1  
   b2  
    ⋮ ⁡    b
m                                                                                                  ] .



 
The relative size of  m
and  n
is not important here. Notice that we have allowed 
aij and 
bj to be
any real number. We can also call these numbers scalars . We will use this term
throughout the text, so keep in mind that the term scalar just means that we are
working with real numbers.

 
Now, suppose we have a system where 
bi = 0 for all 
i. In other words every
equation equals  0.
This is a special type of system.


 
Definition B.3: Homogeneous System of Equations

 
A system of equations is called homogeneous if each equation in the system is equal
to  0. A
homogeneous system has the form 
 
	
                                                                  

                                                                  
 
     a11x1 + a12x2 + ⋯ + a1nxn = 0   
     a21x1 + a22x2 + ⋯ + a2nxn = 0       ⋮ ⁡
   am1x1 + am2x2 + ⋯ + amnxn = 0 



where  aij are
scalars and  xi
are variables.

 
Recall from the previous section that our goal when working with systems
of linear equations was to find the point of intersection of the equations
when graphed. In other words, we looked for the solutions to the system. We
now wish to find these solutions algebraically. We want to find values for 
x1,⋯,xn
which solve all of the equations. If such a set of values exists, we call 
  (x1,⋯,xn) the
solution set.

 
Recall the above discussions about the types of solutions possible. We will see that
systems of linear equations will have one unique solution, infinitely many solutions,
or no solution. Consider the following definition.


 
Definition B.4: Consistent and Inconsistent Systems

 
A system of linear equations is called consistent if there exists at least one solution.
It is called inconsistent if there is no solution.

 
If you think of each equation as a condition which must be satisfied by the variables,
consistent would mean there is some choice of variables which can satisfy all the
conditions. Inconsistent would mean there is no choice of the variables which can
satisfy all of the conditions.

 
The following sections provide methods for determining if a system is consistent or
inconsistent, and finding solutions if they exist.

 

B.2.1    Elementary Operations 

We begin this section with an example. Recall from Example B.1 that the solution to the given
system was    (x,y) =  (−1,4).

                                                                  

                                                                  

 
Example B.5: Verifying an Ordered Pair is a Solution

 
Algebraically verify that    (x,y) =  (−1,4)
is a solution to the following system of equations. 
 
	
 
    x + y = 3 
   y − x = 5 



Solution

 
By graphing these two equations and identifying the point of intersection, we previously
found that    (x,y) =  (−1,4)
is the unique solution.

 
We can verify algebraically by substituting these values into the
original equations, and ensuring that the equations hold. First, we
substitute the values into the first equation and check that it equals 
3.

 
	
 
                                  x + y = (−1) + (4) = 3



This equals  3 as
needed, so we see that    (−1,4)
is a solution to the first equation. Substituting the values into the second equation
yields 
 
	
                                                                  

                                                                  
 
                             y − x = (4) − (−1) = 4 + 1 = 5



which is true. For    (x,y) =  (−1,4)
each equation is true and therefore, this is a solution to the system.

 
Now, the interesting question is this: If you were not given these numbers to verify,
how could you algebraically determine the solution? Linear algebra gives us the tools
needed to answer this question. The following basic operations are important tools
that we will utilize.


 
Definition B.6: Elementary Operations

 
Elementary operations are those operations consisting of the following.

 

     
 
	
  1. 
	Interchange the order in which the equations are listed.
     
	
  2. 
	Multiply any equation by a nonzero number.
     
	
  3. 
	Replace any equation with itself added to a multiple of another equation.
     


It is important to note that none of these operations will change the set of solutions
of the system of equations. In fact, elementary operations are the key tool we use in
linear algebra to find solutions to systems of equations.

 
Consider the following example.


 
Example B.7: Effects of an Elementary Operation

 
Show that the system 
 
	
                                                                  

                                                                  
 
    x   +  y   =  7 
   2x  −  y   =  8 



has the same solution as the system 
 
	
 
    x  +     y      =    7   
              − 3y   =   − 6 



Solution

 
Notice that the second system has been obtained by taking the second equation of the
first system and adding -2 times the first equation, as follows: 
 
	
 
                          2x − y + (−2)(x + y) = 8 + (−2)(7)



By simplifying, we obtain 
 
	
                                                                  

                                                                  
 
                                          −3y = −6



which is the second equation in the second system. Now, from here we can solve for 
y and see
that  y = 2.
Next, we substitute this value into the first equation as follows   
 
	
 
                                     x + y = x + 2 = 7



Hence  x = 5
and so    (x,y) =  (5,2)
is a solution to the second system. We want to check if 
  (5,2)
is also a solution to the first system. We check this by substituting 
  (x,y) =  (5,2) into
the system and ensuring the equations are true. 
 
	
                                                                  

                                                                  
 
     x + y =  (5) +  (2) = 7   
   2x − y = 2  (5) − (2) = 8 



Hence,    (5,2)
is also a solution to the first system.

 
This example illustrates how an elementary operation applied to a system of two
equations in two variables does not affect the solution set. However, a linear system
may involve many equations and many variables and there is no reason to limit our
study to small systems. For any size of system in any number of variables, the
solution set is still the collection of solutions to the equations. In every case, the
above operations of Definition B.6 do not change the set of solutions to the system of
linear equations.

 
In the following theorem, we use the notation 
Ei to represent an
equation, while  bi
denotes a constant.


 
Theorem B.8: Elementary Operations and Solutions

 
Suppose you have a system of two linear equations 
 
	
 
 
   E1 = b1  
    E2 = b2  	(B.1)


Then the following systems have the same solution set as B.1:
     
 
	
  1. 
		
                                                                  

                                                                  
      
 
   E2 = b2  
    E1 = b1  
	(B.2)


     
	
  2. 
		
      
 
    E1 = b1    
    kE2 = kb2     
	(B.3)


     for any scalar  k,
     provided  k≠0.
     
 

	
  3. 
		
      
 
           E1 = b1            
    E2 + kE1 = b2 + kb1  
	(B.4)


     for any scalar  k
     (including  k = 0).
     
 



Before we proceed with the proof of Theorem B.8, let us consider this theorem in
context of Example B.7. Then, 
 
	
                                                                  

                                                                  
 
    E1 = x + y,   b1 = 7 
   E2 = 2x − y,  b2 = 8 



Recall the elementary operations that we used to modify the system in the solution to the example.
First, we added    (−2)
times the first equation to the second equation. In terms of Theorem B.8, this action
is given by 
 
	
 
                                   E2 +  (−2)E1 = b2 +  (−2)b1



or 
 
	
 
                               2x − y +  (−2)  (x + y) = 8 +  (−2)7



This gave us the second system in Example B.7, given by 
 
	
                                                                  

                                                                  
 
               E1 = b1                 
    E2 +  (−2)E1 = b2 +  (−2)b1  



From this point, we were able to find the solution to the system. Theorem
B.8 tells us that the solution we found is in fact a solution to the original
system.

 
Stated simply, the above theorem shows that the elementary operations do not
change the solution set of a system of equations.

 
We will now look at an example of a system of three equations and three
variables. Similarly to the previous examples, the goal is to find values for 
x,y,z such
that each of the given equations are satisfied when these values are substituted
in.


 
Example B.9:  Solving a System of Equations with Elementary
Operations

 
Find the solutions to the system,

 
	
 
 
   x   +  3y  +   6z    =  25 
   2x  +  7y  +  14z   =  58 
               2y  +   5z    =  19 	(B.5)


Solution

 
We can relate this system to Theorem B.8 above. In this case, we have 
 
	
                                                                  

                                                                  
 
     E1 = x + 3y + 6z,    b1 = 25 
   E2 = 2x + 7y + 14z,  b2 = 58 
        E3 = 2y + 5z,      b3 = 19 



Theorem B.8 claims that if we do elementary operations on this system, we will not
change the solution set. Therefore, we can solve this system using the elementary
operations given in Definition B.6. First, replace the second equation by 
  (−2) times
the first equation added to the second. This yields the system 
 
	
 
 
  x + 3y + 6z = 25 
        y + 2z = 8      
      2y + 5z = 19    	(B.6)


Now, replace the third equation with    (−2)
times the second added to the third. This yields the system 
 
	
 
 
  x + 3y + 6z = 25 
        y + 2z = 8      
           z = 3         	(B.7)


At this point, we can easily find the solution. Simply take 
z = 3
and substitute this back into the previous equation to solve for 
y, and similarly
                                                                  

                                                                  
to solve for  x.

 
	
 
   x + 3y + 6  (3) = x + 3y + 18 = 25 
            y + 2  (3) = y + 6 = 8          
                     z = 3                   



The second equation is now 
 
	
 
                                           y + 6 = 8



You can see from this equation that  y = 2.
Therefore, we can substitute this value into the first equation as follows:

 
	
 
                                     x + 3  (2) + 18 = 25



                                                                  

                                                                  
By simplifying this equation, we find that 
x = 1. Hence, the solution
to this system is    (x,y,z) =  (1,2,3).
This process is called back substitution.

 
Alternatively, in B.7 you could have continued as follows. Add 
  (−2)
times the third equation to the second and then add 
  (−6) times
the second to the first. This yields 
 
	
 
   x + 3y = 7 
       y = 2     
       z = 3     



Now add    (−3)
times the second to the first. This yields 
 
	
 
   x = 1     y = 2
    z = 3  



a system which has the same solution set as the original system. This avoided
back substitution and led to the same solution set. It is your decision
which you prefer to use, as both methods lead to the correct solution, 
  (x,y,z) =  (1,2,3).
                                                                  

                                                                  

 


 

B.2.2    Gaussian Elimination 

The work we did in the previous section will always find the solution to the system.
In this section, we will explore a less cumbersome way to find the solutions. First, we
will represent a linear system with an augmented matrix. A matrix is simply a
rectangular array of numbers. The size or dimension of a matrix is defined as 
m × n where
 m is the number
of rows and  n
is the number of columns. In order to construct an augmented matrix from a
linear system, we create a coefficient matrix from the coefficients of the
variables in the system, as well as a constant matrix from the constants. The
coefficients from one equation of the system create one row of the augmented
matrix.

 
For example, consider the linear system in Example B.9 
 
	
 
    x   +  3y  +   6z    =  25 
   2x  +  7y  +  14z   =  58 
               2y  +   5z    =  19 



This system can be written as an augmented matrix, as follows   
 
	
 
 [    1   3    6   25     2    7    14    58
    0   2    5   19                                                                                  ]



                                                                  

                                                                  
Notice that it has exactly the same information as the original system. Here
it is understood that the first column contains the coefficients from 
x in each equation,
in order,    [    1     2
    0                                                                                                  ].
Similarly, we create a column from the coefficients on 
y in each equation, 
  [    3     7
    2                                                               ]and a column from
the coefficients on  z
in each equation,    [     6     14
     5                                                                                                 ].
For a system of more than three variables, we would continue in this way
constructing a column for each variable. Similarly, for a system of less than three
variables, we simply construct a column for each variable.

 
Finally, we construct a column from the constants of the equations, 
  [    25     58
    19                                                              ].

 
The rows of the augmented matrix correspond to the equations in
the system. For example, the top row in the augmented matrix, 
  [    1   3   6   |  25                                                   ]
corresponds to the equation 
 
	
 
                                        x + 3y + 6z = 25.



Consider the following definition.


 
Definition B.10: Augmented Matrix of a Linear System

 
For a linear system of the form 
 
	
                                                                  

                                                                  
 
     a11x1 + ⋯ + a1nxn = b1    
                       ⋮ ⁡                   a
m1x1 + ⋯ + amnxn = bm  



where the  xi are
variables and the  aij
and  bi
are constants, the augmented matrix of this system is given by 
 
	
 
 [    a11    ⋯   a1n    b1  
        ⋮ ⁡         ⋮ ⁡    ⋮ ⁡     a
m1    ⋯  amn    bm                                                                              ]



Now, consider elementary operations in the context of the augmented matrix. The
elementary operations in Definition B.6 can be used on the rows just as we used them
on equations previously. Changes to a system of equations in as a result of an
elementary operation are equivalent to changes in the augmented matrix resulting
from the corresponding row operation. Note that Theorem B.8 implies that any
elementary row operations used on an augmented matrix will not change the solution
to the corresponding system of equations. We now formally define elementary row
operations. These are the key tool we will use to find solutions to systems of
equations.


 
Definition B.11: Elementary Row Operations

 
The elementary row operations (also known as row operations) consist of the
following

 

     
 
	
  1. 
	Switch two rows.
     
	
  2. 
	Multiply a row by a nonzero number.
                                                                  

                                                                  
     
	
  3. 
	Replace a row by any multiple of another row added to it.


Recall how we solved Example B.9. We can do the exact same steps as above, except
now in the context of an augmented matrix and using row operations. The
augmented matrix of this system is 
 
	
 
 [    1   3    6   25     2    7    14    58
    0   2    5   19                                                                                  ]



Thus the first step in solving the system given by B.5 would be to take 
  (−2)
times the first row of the augmented matrix and add it to the second row,

 
	
 
 [    1   3   6   25     0    1    2    8
    0   2   5   19                                                                                   ]



Note how this corresponds to B.6. Next take 
  (−2) times
the second row and add to the third, 
 
	
                                                                  

                                                                  
 
 [    1   3   6   25     0    1    2    8
    0   0   1    3                                                                                   ]



This augmented matrix corresponds to the system 
 
	
 
    x  +  3y  +  6z   =  25 
              y   +  2z   =   8  
                          z    =   3  



which is the same as B.7. By back substitution you obtain the solution 
x = 1,y = 2, and 
z = 3.

 
Through a systematic procedure of row operations, we can simplify an augmented
matrix and carry it to row-echelon form or reduced row-echelon form, which
we define next. These forms are used to find the solutions of the system of equations
corresponding to the augmented matrix.

 
In the following definitions, the term leading entry refers to the first nonzero entry
of a row when scanning the row from left to right.


 
Definition B.12: Row-Echelon Form

 
An augmented matrix is in row-echelon form if

 

     
 
	
  1. 
	All nonzero rows are above any rows of zeros.
     
	
  2. 
	Each leading entry of a row is in a column to the right of the leading
     entries of any row above it.
                                                                  

                                                                  
     
	
  3. 
	Each      leading      entry      of      a      row      is      equal      to      
     1.
     


We also consider another reduced form of the augmented matrix which has one
further condition.


 
Definition B.13:  Reduced Row-Echelon Form

 
An augmented matrix is in reduced row-echelon form if

 

     
 
	
  1. 
	All nonzero rows are above any rows of zeros.
     
	
  2. 
	Each leading entry of a row is in a column to the right of the leading
     entries of any rows above it.
     
	
  3. 
	Each      leading      entry      of      a      row      is      equal      to      
     1.
     
	
  4. 
	All entries in a column above and below a leading entry are zero.
     


Notice that the first three conditions on a reduced row-echelon form  matrix are the
same as those for row-echelon form.

 
Hence, every reduced row-echelon form matrix is also in row-echelon form. The
converse is not necessarily true; we cannot assume that every matrix in row-echelon
form is also in reduced row-echelon form. However, it often happens that the
row-echelon form is sufficient to provide information about the solution of a
system.

 
The following examples describe matrices in these various forms. As an exercise, take
the time to carefully verify that they are in the specified form.


 
Example B.14: Not in Row-Echelon Form

 
The following augmented matrices are not in row-echelon form (and therefore also
not in reduced row-echelon form).

 
	
                                                                  

                                                                  
 
 [    0   0   0   0     1    2    3    3
    0   1   0   2     0    0    0    1
    0   0   0   0                                                                                     ],  [   1   2      3     2    4    − 6
    4   0      7                                                                                      ],  [   0   2   3   3     1    5    0    2
    7   5   0   1     0    0    1    0                                                                                    ]




Example B.15: Matrices in Row-Echelon Form

 
The following augmented matrices are in row-echelon form, but not in reduced
row-echelon form. 
 
	
 
 [    1   0   6   5   8   2     0    0    1    2    7    3
    0   0   0   0   1   1     0    0    0    0    0    0                                                                           ],  [   1   3   5   4     0    1    0    7
    0   0   1   0     0    0    0    1
    0   0   0   0                                                                                     ],  [   1   0   6   0     0    1    4    0
    0   0   1   0     0    0    0    0                                                                                    ]



Notice that we could apply further row operations to these matrices to carry them to
reduced row-echelon form. Take the time to try that on your own. Consider the
following matrices, which are in reduced row-echelon form.


 
Example B.16: Matrices in Reduced Row-Echelon Form

 
The following augmented matrices are in reduced row-echelon form. 
 
	
                                                                  

                                                                  
 
 [    1   0   0   5   0   0     0    0    1    2    0    0
    0   0   0   0   1   1     0    0    0    0    0    0                                                                           ],  [   1   0   0   0     0    1    0    0
    0   0   1   0     0    0    0    1
    0   0   0   0                                                                                     ],  [   1   0   0   4     0    1    0    3
    0   0   1   2                                                                                     ]



One way in which the row-echelon form of a matrix is useful is in identifying the
pivot positions and pivot columns of the matrix.


 
Definition B.17: Pivot Position and Pivot Column

 
A pivot position in a matrix is the location of a leading entry in the row-echelon
formof a matrix. A pivot column is a column that contains a pivot position.

 
For example consider the following.


 
Example B.18: Pivot Position

 
Let 
 
	
 
A =  [    1   2   3    4     3    2    1    6
    4   4   4   10                                                                                   ]



Where are the pivot positions and pivot columns of the augmented matrix 
A?

 
Solution

 
The row-echelon form of this matrix is 
 
	
                                                                  

                                                                  
 
 [   1   2   3   4 
    0   1   2   3 
2  
    0   0   0   0                                                                                    ]



This is all we need in this example, but note that this matrix is not in reduced
row-echelon form.

 
In order to identify the pivot positions in the original matrix, we look for the
leading entries in the row-echelon form of the matrix. Here, the entry in
the first row and first column, as well as the entry in the second row and
second column are the leading entries. Hence, these locations are the pivot
positions. We identify the pivot positions in the original matrix, as in the
following: 
 
	
 
 [   1  2   3    4     3    2     1    6
    4   4   4   10                                                                                   ]



Thus the pivot columns in the matrix are the first two columns.

 
The following is an algorithm for carrying a matrix to row-echelon form and
reduced row-echelon form. You may wish to use this algorithm to carry the
above matrix to row-echelon form or reduced row-echelon form yourself for
practice.

 
Algorithm:  Reduced Row-Echelon Form Algorithm

 
This algorithm provides a method for using row operations to take a matrix
to its reduced row-echelon form. We begin with the matrix in its original
form.

 

     
 
	
  1. 
	Starting from the left, find the first nonzero column. This is the first
     pivot column, and the position at the top of this column is the first pivot
     position. Switch rows if necessary to place a nonzero number in the first
     pivot position.
                                                                  

                                                                  
     
	
  2. 
	Use row operations to make the entries below the first pivot position (in
     the first pivot column) equal to zero.
     
	
  3. 
	Ignoring the row containing the first pivot position, repeat steps 1 and 2
     with the remaining rows. Repeat the process until there are no more rows
     to modify.
     
	
  4. 
	Divide      each      nonzero      row      by      the      value      of      the
     leading     entry,     so     that     the     leading     entry     becomes     
     1.
     The matrix will then be in row-echelon form.
     


The following step will carry the matrix from row-echelon form to reduced
row-echelon form.

 

     
 
	
  5. 
	Moving from right to left, use row operations to create zeros in the entries
     of the pivot columns which are above the pivot positions. The result will
     be a matrix in reduced row-echelon form.


Most often we will apply this algorithm to an augmented matrix in order to find the
solution to a system of linear equations. However, we can use this algorithm to
compute the reduced row-echelon form of any matrix which could be useful in other
applications.

 
Consider the following example of Algorithm B.2.2.


 
Example B.19: Finding Row-Echelon Form and 
 Reduced Row-Echelon Form of a Matrix

 
Let 
 
	
 
A =  [    0    − 5    − 4     1    4    3
    5     10      7                                                                                  ]



                                                                  

                                                                  
Find the row-echelon form of  A.
Then complete the process until  A
is in reduced row-echelon form.

 
Solution

 
In working through this example, we will use the steps outlined in Algorithm
B.2.2.
     
 
	
  1. 
	The first pivot column is the first column of the matrix, as this is the first
     nonzero column from the left. Hence the first pivot position is the one
     in the first row and first column. Switch the first two rows to obtain
     a nonzero entry in the first pivot position, outlined in a box below.
     	
      
 [   1      4      3     0    − 5    − 4
    5     10      7                                                                                  ]



     
	
  2. 
	Step two involves creating zeros in the entries below the first pivot position. The
     first entry of the second row is already a zero. All we need to do is subtract 
     5
     times the first row from the third row. The resulting matrix is 	
      
 [   1      4      3     0    − 5    − 4
    0     10      8                                                                                  ]



                                                                  

                                                                  
     
	
  3. 
	Now ignore the top row. Apply steps 
     1 and 
     2
     to the smaller matrix 	
      
 [    − 5    − 4     10    8                                                                                     ]



     In this matrix, the first column is a pivot column, and 
      − 5 is in
     the first pivot position. Therefore, we need to create a zero below it. To do this, add
      2
     times the first row (of this matrix) to the second. The resulting matrix is
     
 
	
      
 [    − 5    − 4     0    0                                                                                     ]



     Our original matrix now looks like 
 
	
                                                                  

                                                                  
      
 [   1      4      3     0    − 5    − 4
    0      0      0                                                                                  ]



     We can see that there are no more rows to modify.
     
 

	
  4. 
	Now, we need to create leading  1s
     in each row. The first row already has a leading 
     1
     so no work is needed here. Divide the second row by 
      − 5 to create
     a leading  1.
     The resulting matrix is 	
      
 [   1   4   3 
    0   1   4 
5  
    0   0   0                                                                                         ]



     This matrix is now in row-echelon form.
     
 

	
  5. 
	Now create zeros in the entries above pivot positions in each column,
     in order to carry this matrix all the way to reduced row-echelon
     form. Notice that there is no pivot position in the third column so
     we do not need to create any zeros in this column! The column
     in which we need to create zeros is the second. To do so, subtract 
     4
     times the second row from the first row. The resulting matrix is 	
                                                                  

                                                                  
      
 [   1   0    −1 
5  
    0   1      4 
5  
    0   0       0                                                                                     ]



     


This matrix is now in reduced row-echelon form.

 
The above algorithm gives you a simple way to obtain the row-echelon form and
reduced row-echelon form of a matrix. The main idea is to do row operations in such
a way as to end up with a matrix in row-echelon form or reduced row-echelon form.
This process is important because the resulting matrix will allow you to describe the
solutions to the corresponding linear system of equations in a meaningful
way.

 
In the next example, we look at how to solve a system of equations using the
corresponding augmented matrix.


 
Example B.20: Finding the Solution to a System

 
Give the complete solution to the following system of equations   
 
	
 
    2x  +   4y   −  3z   =   − 1 
   5x  +  10y  −  7z   =   − 2 
   3x  +   6y   +  5z   =    9   



Solution

 
The augmented matrix for this system is 
 
	
                                                                  

                                                                  
 
 [   2    4    − 3    − 1     5    10    − 7    − 2
    3    6      5      9                                                                            ]



In order to find the solution to this system, we wish to carry the augmented matrix to
reduced row-echelon form. We will do so using Algorithm B.2.2. Notice that the first
column is nonzero, so this is our first pivot column. The first entry in the first row, 
2,
is the first leading entry and it is in the first pivot position. We
will use row operations to create zeros in the entries below the 
2. First, replace the
second row with   − 5 times
the first row plus  2
times the second row. This yields 
 
	
 
 [   2   4    − 3    − 1     0    0    1    1
    3   6      5      9                                                                             ]



Now, replace the third row with   − 3
times the first row plus to  2
times the third row. This yields 
 
	
                                                                  

                                                                  
 
 [   2   4    − 3    − 1     0    0    1    1
    0   0      1     21                                                                             ]



Now the entries in the first column below the pivot position are zeros. We now look
for the second pivot column, which in this case is column three. Here, the 
1
in the second row and third column is in the pivot position. We
need to do just one row operation to create a zero below the 
1.

 
Taking   − 1
times the second row and adding it to the third row yields 
 
	
 
 [   2   4    − 3    − 1     0    0    1    1
    0   0      0     20                                                                             ]



We could proceed with the algorithm to carry this matrix to row-echelon form  or
reduced row-echelon form. However, remember that we are looking for the solutions to
the system of equations. Take another look at the third row of the matrix. Notice that
it corresponds to the equation 
 
	
 
                                     0x + 0y + 0z = 20



                                                                  

                                                                  
There is no solution to this equation because for all 
x,y,z, the left side
will equal  0
and  0≠20.
This shows there is no solution to the given system of equations. In other words, this
system is inconsistent.

 
The following is another example of how to find the solution to a system of equations
by carrying the corresponding augmented matrix to reduced row-echelon
form.


 
Example B.21: An Infinite Set of Solutions

 
Give the complete solution to the system of equations   
 
	
 
 
    3x    −  y  −  5z    =    9   
                   y  −  10z   =    0   
    − 2x  +  y             =   − 6 	(B.8)


Solution

 
The augmented matrix of this system is 
 
	
 
 [       3    − 1     − 5      9     0    1    − 10    0
     − 2      1        0    − 6                                                                     ]



In order to find the solution to this system, we will carry the augmented matrix to
reduced row-echelon form, using Algorithm B.2.2. The first column is the first pivot
column. We want to use row operations to create zeros beneath the first entry in
this column, which is in the first pivot position. Replace the third row with 
                                                                  

                                                                  
2 times the first
row added to  3
times the third row. This gives 
 
	
 
 [   3    − 1     − 5   9     0    1    − 10    0
    0      1    − 10   0                                                                            ]



Now, we have created zeros beneath the 
3
in the first column, so we move on to the second pivot column
(which is the second column) and repeat the procedure. Take 
 − 1 times
the second row and add to the third row. 
 
	
 
 [   3    − 1     − 5   9     0    1    − 10    0
    0      0        0   0                                                                            ]



The entry below the pivot position in the second column is now a zero. Notice that we
have no more pivot columns because we have only two leading entries.

 
At this stage, we also want the leading entries to be equal to one. To do so, divide the first
row by  3.

 
	
                                                                  

                                                                  
 
 [   1    −1 
3      −5 
3    3 
    0       1    − 10   0     0    0    0    0                                                                          ]



This matrix is now in row-echelon form.

 
Let’s continue with row operations until the matrix is in reduced
row-echelon form. This involves creating zeros above the pivot positions
in each pivot column. This requires only one step, which is to add 
1
3 times
the second row to the first row. 
 
	
 
 [   1   0     − 5   3     0    1    − 10    0
    0   0        0   0                                                                                ]



This is in reduced row-echelon form, which you should verify using Definition B.13.
The equations corresponding to this reduced row-echelon form are 
 
	
 
   x  −      5z    =  3           y    −    10z    =    0




                                                                  

                                                                  
or 
 
	
 
   x   =  3  +   5z      y    =          10z




Observe that  z is not restrained
by any equation. In fact,  z
can equal any number. For example, we can let 
z = t, where we can choose
 t to be any number.
In this context  t
is called a parameter . Therefore, the solution set of this system is 
 
	
 
   x = 3 + 5t     y = 10t
      z = t    



where  t is
arbitrary. The system has an infinite set of solutions which are given by these equations. For
any value of  t
we select,  x,y,
and  z
will be given by the above equations. For example, if we choose 
t = 4 then
the corresponding solution would be 
 
	
                                                                  

                                                                  
 
   x = 3 + 5(4) = 23 
     y = 10(4) = 40   
            z = 4          



In Example B.21 the solution involved one parameter. It may happen that the
solution to a system involves more than one parameter, as shown in the following
example.


 
Example B.22: A Two Parameter Set of Solutions

 
Find the solution to the system 
 
	
 
    x  +  2y  −  z  +  w   =  3 
   x  +   y   −  z  +  w   =  1 
   x  +  3y  −  z  +  w   =  5 



Solution

 
The augmented matrix is 
 
	
                                                                  

                                                                  
 
 [   1   2    − 1   1   3     1    1    − 1    1    1
    1   3    − 1   1   5                                                                             ]



We wish to carry this matrix to row-echelon form. Here, we will outline the row
operations used. However, make sure that you understand the steps in terms of
Algorithm B.2.2.

 
Take   − 1
times the first row and add to the second. Then take 
 − 1 times
the first row and add to the third. This yields 
 
	
 
 [   1      2    − 1   1      3     0    − 1    0    0    − 2
    0      1      0   0      2                                                                     ]



Now add the second row to the third row and divide the second row by 
 − 1.

 
	
 

 [   1   2    − 1   1   3     0    1    0    0    2
    0   0      0   0   0                                                                             ]	(B.9)


This matrix is in row-echelon form and we can see that 
x and 
y correspond to pivot
                                                                  

                                                                  
columns, while  z
and  w
do not. Therefore, we will assign parameters to the variables 
z and 
w. Assign the
parameter  s
to  z and the
parameter  t to 
w. Then the first row yields the
equation  x + 2y − s + t = 3, while the second
row yields the equation  y = 2.
Since  y = 2, the first
equation becomes  x + 4 − s + t = 3
showing that the solution is given by 
 
	
 
   x = −1 + s − t     y = 2
          z = s           w = t



It is customary to write this solution in the form 
 
	
 
  [    x     y
    z      w                                                                                  ]=  [    − 1 + s − t     2
          s           t                                                                       ]
	(B.10)


This example shows a system of equations with an infinite solution set which depends
on two parameters. It can be less confusing in the case of an infinite solution set to
first place the augmented matrix in reduced row-echelon form rather than
just row-echelon form before seeking to write down the description of the
solution.
                                                                  

                                                                  

 
In the above steps, this means we don’t stop with the row-echelon form in
equation B.9. Instead we first place it in reduced row-echelon form as follows.

 
	
 
 [    1   0    − 1   1    − 1     0    1    0    0    2
    0   0      0   0      0                                                                         ]



Then the solution is  y = 2 from
the second row and  x = −1 + z − w from
the first. Thus letting  z = s
and  w = t,
the solution is given by B.10.

 
You can see here that there are two paths to the correct answer, which both yield the
same answer. Hence, either approach may be used. The process which we first used in
the above solution is called Gaussian Elimination This process involves carrying
the matrix to row-echelon form, converting back to equations, and using
back substitution to find the solution. When you do row operations until
you obtain reduced row-echelon form, the process is called Gauss-Jordan
Elimination.

 
We have now found solutions for systems of equations with no solution and infinitely
many solutions, with one parameter as well as two parameters. Recall the three types
of solution sets which we discussed in the previous section; no solution, one
solution, and infinitely many solutions. Each of these types of solutions could be
identified from the graph of the system. It turns out that we can also identify
the type of solution from the reduced row-echelon form of the augmented
matrix.

 

     
     	
     No Solution:  In the case where the system of equations has no solution, the
     row-echelon form  of the augmented matrix will have a row of the form
     
 
	
                                                                  

                                                                  
      
 [    0   0   0   |  1                                                                                 ]



     This row indicates that the system is inconsistent and has no solution.
     
 


     	
     One Solution:  In the case where the system of equations has one solution,
     every column of the coefficient matrix is a pivot column. The following is an
     example of an augmented matrix in reduced row-echelon form for a system of
     equations with one solution. 
 
	
      
 [    1   0   0   5     0    1    0    0
    0   0   1   2                                                                                     ]



     

     	
     Infinitely Many Solutions:  In the case where the system of equations has
     infinitely many solutions, the solution contains parameters. There will be
     columns of the coefficient matrix which are not pivot columns. The following
     are examples of augmented matrices in reduced row-echelon form for systems of
     equations with infinitely many solutions. 
 
	
                                                                  

                                                                  
      
 [    1   0   0      5     0    1    2    − 3
    0   0   0      0                                                                                 ]



     or 
 
	
      
 [    1   0   0      5     0    1    0    − 3                                                                                ]



     




 

B.2.3    Uniqueness of the Reduced Row-Echelon Form  

As we have seen in earlier sections, we know that every matrix can be brought
into reduced row-echelon form by a sequence of elementary row operations.
Here we will prove that the resulting matrix is unique; in other words, the
resulting matrix in reduced row-echelon form does not depend upon the
particular sequence of elementary row operations or the order in which they were
performed.

 
Let  A be
the augmented matrix of a homogeneous system of linear equations in the variables 
x1,x2,⋯,xn
which is also in reduced row-echelon form. The matrix 
A
divides the set of variables in two different types. We say that 
xi is a basic variable
whenever  A has a leading
                                                                  

                                                                  
 1 in column number 
i, in other words, when
column  i is a pivot column.
Otherwise we say that  xi
is a free variable.

 
Recall Example B.22.


 
Example B.23: Basic and Free Variables

 
Find the basic and free variables in the system 
 
	
 
    x + 2y − z + w = 3 
    x + y − z + w = 1  
   x + 3y − z + w = 5 



Solution

 
Recall from the solution of Example B.22 that the row-echelon form of the augmented
matrix of this system is given by 
 
	
 
 [   1   2    − 1   1   3     0    1    0    0    2
    0   0      0   0   0                                                                             ]



You can see that columns  1
and  2
are pivot columns. These columns correspond to variables 
x and 
y, making these the basic
                                                                  

                                                                  
variables. Columns  3 and
 4 are not pivot columns,
which means that  z
and  w
are free variables.

 
We can write the solution to this system as 
 
	
 
   x = −1 + s − t     y = 2
          z = s           w = t



Here the free variables are written as parameters, and the basic variables are given by
linear functions of these parameters.

 
In general, all solutions can be written in terms of the free variables. In such a description,
the free variables can take any values (they become parameters), while the basic
variables become simple linear functions of these parameters. Indeed, a basic variable 
xi is a linear function of
only those free variables  xj
with  j > i.
This leads to the following observation.

 



Proposition B.1.  Basic         and         Free         Variables         If         
xi
is     a     basic     variable     of     a     homogeneous     system     of     linear
equations,      then      any      solution      of      the      system      with      
xj = 0
for all those free variables  xj
with  j > i
must also have  xi = 0.

 



                                                                  

                                                                  

 
Using this proposition, we prove a lemma which will be used in the proof of the main
result of this section below.

 



Lemma B.1.  Solutions and the  Reduced Row-Echelon Form  of a Matrix Let 
A
and                                                                                            
B
be  two  distinct  augmented  matrices  for  two  homogeneous  systems  of  
m
equations                                         in                                         
n
variables,                         such                         that                         
A
and                                                                                            
B
are each in reduced row-echelon form. Then, the two systems do not have exactly
the same solutions.

 



Now, we say that the matrix  B
is equivalent to the matrix  A
provided that  B can
be obtained from  A
by performing a sequence of elementary row operations beginning with 
A. The
importance of this concept lies in the following result.


 
Theorem B.24: Equivalent Matrices

 
The two linear systems of equations corresponding to two equivalent augmented
matrices have exactly the same solutions.

 
The proof of this theorem is left as an exercise.

 
Now, we can use Lemma B.1 and Theorem B.24 to prove the main result of this
section.


 
Theorem B.25: Uniqueness of the  Reduced Row-Echelon Form

 
Every matrix  A
is equivalent to a unique matrix in reduced row-echelon form.

 
According to this theorem we can say that each matrix 
A has a
unique reduced row-echelon form.
                                                                  

                                                                  

 

B.2.4    Rank and Homogeneous Systems 

There is a special type of system which requires additional study. This type of system
is called a homogeneous system of equations, which we defined above in Definition
B.3. Our focus in this section is to consider what types of solutions are possible for a
homogeneous system of equations.

 
Consider the following definition.


 
Definition B.26: Trivial Solution

 
Consider the homogeneous system of equations given by 
 
	
 
     a11x1 + a12x2 + ⋯ + a1nxn = 0   
     a21x1 + a22x2 + ⋯ + a2nxn = 0       ⋮ ⁡
   am1x1 + am2x2 + ⋯ + amnxn = 0 



Then,  x1 = 0,x2 = 0,⋯,xn = 0 is
always a solution to this system. We call this the trivial solution .

 
If the system has a solution in which not all of the 
x1,⋯,xn
are equal to zero, then we call this solution nontrivial . The trivial
solution does not tell us much about the system, as it says that 
0 = 0!
Therefore, when working with homogeneous systems of equations, we want to know
when the system has a nontrivial solution.

 
Suppose we have a homogeneous system of 
m equations, using
 n variables, and
suppose that  n > m.
In other words, there are more variables than equations. Then, it turns
out that this system always has a nontrivial solution. Not only will the
system have a nontrivial solution, but it also will have infinitely many
solutions. It is also possible, but not required, to have a nontrivial solution if 
n = m and 
n < m.

 
Consider the following example.
                                                                  

                                                                  


 
Example B.27: Solutions to a Homogeneous System of Equations

 
Find the nontrivial solutions to the following homogeneous system of equations

 
	
 
    2x  +   y   −  z    =  0 
    x   +  2y  −  2z   =  0 



Solution

 
Notice that this system has  m = 2
equations and  n = 3
variables, so  n > m.
Therefore by our previous discussion, we expect this system to have infinitely many
solutions.

 
The process we use to find the solutions for a homogeneous system of equations is the
same process we used in the previous section. First, we construct the augmented
matrix, given by 
 
	
 
 [   2   1    − 1   0     1    2    − 2    0                                                                                ]



Then, we carry this matrix to its reduced row-echelon form, given below.

 
	
                                                                  

                                                                  
 
 [   1   0      0   0     0    1    − 1    0                                                                                ]



The corresponding system of equations is 
 
	
 
      x = 0        y − z = 0
                  



Since  z is
not restrained by any equation, we know that this variable will become our parameter.
Let  z = t
where  t is
any number. Therefore, our solution has the form 
 
	
 
      x = 0        y = z = t
      z = t    



Hence this system has infinitely many solutions, with one parameter 
t.
                                                                  

                                                                  

 
Suppose we were to write the solution to the previous example in another form.
Specifically, 
 
	
 
      x = 0        y = 0 + t
   z = 0 + t 



can be written as 
 
	
 
 [    x     y
   z                                                                                   ] =  [    0     0
    0                                                                                                  ]+t  [   0     1
    1                                                                                                  ]



Notice that we have constructed a column from the constants in the solution (all equal
to  0),
as well as a column corresponding to the coefficients on 
t in
each equation. While we will discuss this form of solution more in further
chapters, for now consider the column of coefficients of the parameter 
t. In this case, this
is the column    [    0     1
    1                                                                                                  ].

 
There is a special name for this column, which is basic solution. The
basic solutions of a system are columns constructed from the coefficients
on parameters in the solution. We often denote basic solutions by 
X1,X2 etc.,
depending on how many solutions occur. Therefore, Example B.27 has the basic solution
 X1 =  [    0     1
    1                                                                                                  ].

 
We explore this further in the following example.
                                                                  

                                                                  


 
Example B.28: Basic Solutions of a Homogeneous System

 
Consider the following homogeneous system of equations. 
 
	
 
    x   +   4y   +  3z   =  0 
   3x  +  12y  +  9z   =  0 



Find the basic solutions to this system.

 
Solution

 
The augmented matrix of this system and the resulting reduced row-echelon form are

 
	
 
 [   1    4   3   0     3    12    9    0                                                                                  ] →⋯ →  [ 1   4   3   0     0    0    0    0                                                                                    ]



When written in equations, this system is given by 
 
	
                                                                  

                                                                  
 
                                       x + 4y + 3z = 0



Notice that only  x
corresponds to a pivot column. In this case, we will have two parameters, one for 
y and one
for  z. Let 
y = s and 
z = t for any
numbers  s
and  t.
Then, our solution becomes 
 
	
 
   x = −4s − 3t     y = s
        z = t      



which can be written as 
 
	
 
 [   x     y
   z                                                                                   ] =  [    0     0
    0                                                                                                  ]+s  [    − 4     1
       0                                                                                               ]+t  [    − 3     0
       1                                                                                               ]



                                                                  

                                                                  
You can see here that we have two columns of coefficients corresponding to parameters, specifically
one for  s and
one for  t.
Therefore, this system has two basic solutions! These are 
 
	
 
X1 =  [     − 4     1
       0                                                                                               ],X2 =  [     − 3     0
       1                                                                                               ]



We now present a new definition.


 
Definition B.29: Linear Combination

 
Let  X1,⋯,Xn,V  be column
matrices. Then  V 
is said to be a linear combination  of the columns 
X1,⋯,Xn if there exist
scalars,  a1,⋯,an
such that 
 
	
 
                                     V = a1X1 + ⋯ + anXn



A remarkable result of this section is that a linear combination of the basic solutions
is again a solution to the system. Even more remarkable is that every solution can be
written as a linear combination of these solutions. Therefore, if we take a
linear combination of the two solutions to Example B.28, this would also be
a solution. For example, we could take the following linear combination
                                                                  

                                                                  

 
	
 
3  [     − 4     1
       0                                                                                               ]+2  [     − 3     0
       1                                                                                               ] =  [     − 18     3
         2                                                                                             ]



You should take a moment to verify that 
 
	
 
 [    x     y
   z                                                                                   ] =  [     − 18     3
         2                                                                                             ]



is in fact a solution to the system in Example B.28.

 
Another way in which we can find out more information about the solutions of a
homogeneous system is to consider the rank of the associated coefficient matrix. We
now define what is meant by the rank of a matrix.


 
Definition B.30: Rank of a Matrix

 
Let  A
be a matrix and consider any row-echelon form of 
A. Then, the
number  r of
leading entries of  A
does not depend on the row-echelon form you choose, and is called the rank of 
A. We denote
it by  rank  (()A).

 
Similarly, we could count the number of pivot positions (or pivot columns) to determine the
rank of  A.
                                                                  

                                                                  


 
Example B.31: Finding the Rank of a Matrix

 
Consider the matrix 
 
	
 
 [    1   2   3     1    5    9
    2   4   6                                                                                         ]



What is its rank?

 
Solution

 
First, we need to find the reduced row-echelon form of 
A.
Through the usual algorithm, we find that this is 
 
	
 
 [   1  0    − 1     0    1     2
    0   0      0                                                                                     ]



Here we have two leading entries, or two pivot positions, shown above in boxes.The rank
of  A is 
r = 2.

 
Notice that we would have achieved the same answer if we had found the row-echelon
form of  A
instead of the reduced row-echelon form.
                                                                  

                                                                  

 
Suppose we have a homogeneous system of 
m equations in 
n variables, and
suppose that  n > m.
From our above discussion, we know that this system will have infinitely many
solutions. If we consider the rank of the coefficient matrix of this system, we can find
out even more about the solution. Note that we are looking at just the coefficient
matrix, not the entire augmented matrix.


 
Theorem B.32: Rank and Solutions to a Homogeneous System

 
Let  A be
the  m × n
coefficient matrix corresponding to a homogeneous system of equations, and suppose 
A has
rank  r.
Then, the solution to the corresponding system has 
n − r
parameters.

 
Consider our above Example B.28 in the context of this theorem. The system in this example
has  m = 2 equations
in  n = 3 variables.
First, because  n > m,
we know that the system has a nontrivial solution, and therefore infinitely
many solutions. This tells us that the solution will contain at least
one parameter. The rank of the coefficient matrix can tell us even more
about the solution! The rank of the coefficient matrix of the system is 
1, as it has
one leading entry in row-echelon form. Theorem B.32 tells us that the solution will
have  n − r = 3 − 1 = 2
parameters. You can check that this is true in the solution to Example B.28.

 
Notice that if  n = m
or  n < m, it
is possible to have either a unique solution (which will be the trivial solution) or
infinitely many solutions.

 
We are not limited to homogeneous systems of equations here. The rank of a matrix
can be used to learn about the solutions of any system of linear equations.
In the previous section, we discussed that a system of equations can have
no solution, a unique solution, or infinitely many solutions. Suppose the
system is consistent, whether it is homogeneous or not. The following theorem
tells us how we can use the rank to learn about the type of solution we
have.


 
Theorem B.33: Rank and Solutions to a Consistent System of Equations

 
Let  A be
                                                                  

                                                                  
the  m × (n + 1)
augmented matrix corresponding to a consistent system of equations in 
n variables,
and suppose  A
has rank  r.
Then
     
 
	
  1. 
	the        system        has        a        unique        solution        if        
     r = n
     
	
  2. 
	the       system       has       infinitely       many       solutions       if       
     r < n


We will not present a formal proof of this, but consider the following discussions.

 

     
 
	
  1. 
	No Solution  The above theorem assumes that the system is consistent,
     that is, that it has a solution. It turns out that it is possible for the
     augmented  matrix  of  a  system  with  no  solution  to  have  any  rank  
     r
     as long as  r > 1.
     Therefore, we must know that the system is consistent in order to use
     this theorem!
     
	
  2. 
	Unique Solution Suppose  r = n.
     Then, there is a pivot position in every column of the coefficient matrix of 
     A.
     Hence, there is a unique solution.
     
	
  3. 
	Infinitely          Many          Solutions                    Suppose           
     r < n.
     Then   there   are   infinitely   many   solutions.   There   are   less   pivot
     positions  (and  hence  less  leading  entries)  than  columns,  meaning
     that  not  every  column  is  a  pivot  column.  The  columns  which  are  
     not
     pivot columns correspond to parameters. In fact, in this case we have 
     n − r
     parameters.





 




Appendix C
Matrices   

C.1    Matrix Arithmetic 

Learning Outcomes

 

     
 
	
  A. 
	Perform the matrix operations of matrix addition, scalar multiplication,
     transposition and matrix multiplication. Identify when these operations
     are not defined. Represent these operations in terms of the entries of a
     matrix.
     
	
  B. 
	Prove  algebraic  properties  for  matrix  addition,  scalar  multiplication,
     transposition,  and  matrix  multiplication.  Apply  these  properties  to
     manipulate an algebraic expression involving matrices.
     
	
  C. 
	Compute the inverse of a matrix using row operations, and prove identities
     involving matrix inverses.
     
	
  E. 
	Solve a linear system using matrix algebra.
     
	
  F. 
	Use multiplication by an elementary matrix to apply row operations.
     
	
  G. 
	Write a matrix as a product of elementary matrices.
     


You have now solved systems of equations by writing them in terms of an augmented
matrix and then doing row operations on this augmented matrix. It turns out that
matrices are important not only for systems of equations but also in many
applications.

 
Recall that a matrix is a rectangular array of numbers. Several of them are referred
to as matrices. For example, here is a matrix. 
 
	
                                                                  

                                                                  
 

 [    1      2   3   4     5    2    8    7
    6    − 9   1   2                                                                                 ]	(C.1)


Recall that the size or dimension of a matrix is defined as 
m × n where
 m is the number
of rows and  n
is the number of columns. The above matrix is a 
3 × 4
matrix because there are three rows and four columns. You can remember the
columns are like columns in a Greek temple. They stand upright while the rows lay
flat like rows made by a tractor in a plowed field.

 
When specifying the size of a matrix, you always list the number of rows before the
number of columns.You might remember that you always list the rows before the
columns by using the phrase Rowman Catholic.

 
Consider the following definition.


 
Definition C.1: Square Matrix

 
A matrix  A which has
size  n × n is called a square
matrix . In other words,  A
is a square matrix if it has the same number of rows and columns.

 
There is some notation specific to matrices which we now introduce. We denote the columns
of a matrix  A
by  Aj as
follows 
 
	
 
A =  [    A1    A2    ⋯  An                                                                                 ]



Therefore,  Aj
is the  jth
column of  A,
                                                                  

                                                                  
when counted from left to right.

 
The individual elements of the matrix are called entries or components of 
A.
Elements of the matrix are identified according to their position. The 
 (i,j)-entry of a matrix
is the entry in the  ith
row and  jth
column. For example, in the matrix C.1 above, 
8 is in position 
  (2,3) (and is called
the    (2,3)-entry)
because it is in the second row and the third column.

 
In order to remember which matrix we are speaking of, we will denote the entry in the 
ith row and the
 jth column of
matrix  A by 
aij. Then, we can write 
A in terms of its entries,
as  A =  [aij]. Using this notation
on the matrix in C.1,  a23 = 8,a32 = −9,a12 = 2,
etc.

 
There are various operations which are done on matrices of appropriate sizes.
Matrices can be added to and subtracted from other matrices, multiplied by a
scalar, and multiplied by other matrices. We will never divide a matrix by
another matrix, but we will see later how matrix inverses play a similar
role.

 
In doing arithmetic with matrices, we often define the action by what happens in
terms of the entries (or components) of the matrices. Before looking at these
operations in depth, consider a few general definitions.


 
Definition C.2: The Zero Matrix

 
The  m × n zero
matrix is the  m × n
matrix having every entry equal to zero. It is denoted by 
0.

 
One possible zero matrix is shown in the following example.


 
Example C.3: The Zero Matrix

 
The  2 × 3 zero
matrix is  0 =  [   0  0  0     0    0    0                                                                                        ].

 
Note there is a  2 × 3
zero matrix, a  3 × 4
zero matrix, etc. In fact there is a zero matrix for every size!

                                                                  

                                                                  

 
Definition C.4: Equality of Matrices

 
Let  A and 
B be two 
m × n matrices.
Then  A = B means
that for  A =  [aij]
and  B =  [bij] , 
aij = bij for all
 1 ≤ i ≤ m and 
1 ≤ j ≤ n.

 
In other words, two matrices are equal exactly when they are the same size and the
corresponding entries are identical. Thus 
 
	
 
 [    0   0     0    0
    0   0                                                                                              ]≠  [   0   0     0    0                                                                                             ]



because they are different sizes. Also, 
 
	
 
 [    0   1     3    2                                                                                             ]≠  [   1   0     2    3                                                                                             ]



because, although they are the same size, their corresponding entries are not
identical.

 
In the following section, we explore addition of matrices.
                                                                  

                                                                  

 

C.1.1    Addition of Matrices 

When adding matrices, all matrices in the sum need have the same size. For example,

 
	
 
 [    1   2     3    4
    5   2                                                                                              ]



and 
 
	
 
 [     − 1   4   8     2    8    5                                                                                     ]



cannot be added, as one has size  3 × 2
while the other has size  2 × 3.

 
However, the addition 
 
	
                                                                  

                                                                  
 
 [     4      6   3     5    0    4
    11    − 2   3                                                                                    ]+ [    0      5    0     4    − 4    14
    1      2    6                                                                                    ]



is possible.

 
The formal definition is as follows.


 
Definition C.5: Addition of Matrices

 
Let  A =  [aij] and 
B =  [bij] be two 
m × n matrices.
Then  A + B = C
where  C is
the  m × n
matrix  C =  [cij]
defined by 
 
	
 
                                           cij = aij + bij



This definition tells us that when adding matrices, we simply add corresponding
entries of the matrices. This is demonstrated in the next example.


 
Example C.6: Addition of Matrices of Same Size

 
Add the following matrices, if possible. 
 
	
                                                                  

                                                                  
 
A =  [   1  2  3     1    0    4                                                                                        ],B =  [       5   2   3     − 6    2    1                                                                                     ]



Solution

 
Notice that both  A
and  B are
of size  2 × 3.
Since  A
and  B
are of the same size, the addition is possible. Using Definition C.5, the addition is
done as follows. 
 
	
 
A+B =  [    1   2   3     1    0    4                                                                                        ]+ [       5   2   3     − 6    2    1                                                                                     ] =  [      1 + 5   2 + 2   3 + 3     1 + −6    0 + 2    4 + 1                                                                      ] =  [       6   4   6     − 5    2    5                                                                                     ]



Addition of matrices obeys very much the same properties as normal
addition with numbers. Note that when we write for example 
A + B then
we assume that both matrices are of equal size so that the operation is indeed
possible.

 



Proposition C.1.  Properties       of       Matrix       Addition       Let       
A,B
and                                                                                            
C
be matrices. Then, the following properties hold.

 

                                                                  

                                                                  
     
     	
     Commutative Law of Addition 
 
	
      
                                       A + B = B + A
	(C.2)


     

     	
     Associative Law of Addition 
 
	
      
                                  (A + B)+ C = A +  (B + C)
	(C.3)


     

     	
     Existence of an Additive Identity 
 
	
      
 
  There exists a zero matrix 0 such that     A + 0 = A	(C.4)


                                                                  

                                                                  
     

     	
     Existence of an Additive Inverse 
 
	
      
 
  There exists a matrix  − A such that 
                  A +  (−A) = 0                 	(C.5)


     






 
We call the zero matrix in C.4 the additive identity. Similarly, we call the matrix 
 − A in C.5 the additive
inverse.   − A is defined
to equal    (−1)A = [−aij]. In other
words, every entry of  A
is multiplied by   − 1.
In the next section we will study scalar multiplication in more depth to understand what is
meant by    (−1)A.

 

C.1.2    Scalar Multiplication of Matrices 

Recall that we use the word scalar when referring to numbers. Therefore, scalar
multiplication of a matrix is the multiplication of a matrix by a number. To illustrate
this concept, consider the following example in which a matrix is multiplied by the scalar
 3.

 
	
                                                                  

                                                                  
 
3  [    1      2   3   4     5    2    8    7
    6    − 9   1   2                                                                                 ] =  [     3        6    9   12     15    6    24    21
    18    − 27    3    6                                                                           ]



The new matrix is obtained by multiplying every entry of the original matrix by the
given scalar.

 
The formal definition of scalar multiplication is as follows.


 
Definition C.7: Scalar Multiplication of Matrices

 
If  A =  [aij] and 
k is a scalar,
then  kA =  [kaij] .

 
Consider the following example.


 
Example C.8: Effect of Multiplication by a Scalar

 
Find the result of multiplying the following matrix 
A by 
7.

 
	
 
A =  [    2      0     1    − 4                                                                                         ]



Solution

 
By Definition C.7, we multiply each element of 
A by 
7.
Therefore, 
 
	
                                                                  

                                                                  
 
7A = 7  [    2      0     1    − 4                                                                                         ] =  [    7(2)     7(0)     7(1)    7(−4)
                                                                                                        ] =  [    14        0     7    − 28                                                                                      ]



Similarly to addition of matrices, there are several properties of scalar multiplication
which hold.

 



Proposition C.2.  Properties of Scalar Multiplication Let 
A,B be matrices,
and  k,p
be scalars. Then, the following properties hold. 
 

     
     	
     Distributive Law over Matrix Addition 
 
	
      
                                    k  (A + B) = kA + kB



     

     	
     Distributive Law over Scalar Addition 
 
	
                                                                  

                                                                  
      
                                      (k + p)A = kA + pA



     

     	
     Associative Law for Scalar Multiplication 
 
	
      
                                        k  (pA) =  (kp)A



     

     	
     Rule for Multiplication by  1
     
 
	
      
                                               1A = A



                                                                  

                                                                  
     






 
The proof of this proposition is similar to the proof of Proposition C.1 and is left an
exercise to the reader.

 

C.1.3    Multiplication of Matrices 

The next important matrix operation we will explore is multiplication of matrices.
The operation of matrix multiplication is one of the most important and useful of the
matrix operations. Throughout this section, we will also demonstrate how matrix
multiplication relates to linear systems of equations.

 
First, we provide a formal definition of row and column vectors.


 
Definition C.9: Row and Column Vectors

 
Matrices of size  n × 1 or
 1 × n are called vectors.
If  x is such a matrix,
then we write  xi to
denote the entry of  x in
the  ith row of a column
matrix, or the  ith
column of a row matrix.

 
The  n × 1
matrix 
 
	
 
x =  [    x1  
     ⋮ ⁡      x
n                                                                                                    ]



is called a column vector. The  1 × n
matrix 
 
	
                                                                  

                                                                  
 
x =  [   x1    ⋯  xn                                                                                         ]



is called a row vector.

 
We may simply use the term vector throughout this text to refer to either a column
or row vector. If we do so, the context will make it clear which we are referring
to.

 
In this chapter, we will again use the notion of linear combination of vectors as in
Definition D.7. In this context, a linear combination is a sum consisting of vectors
multiplied by scalars. For example, 
 
	
 
 [     50     122                                                                                              ] = 7  [    1     4                                                                                                 ]+8  [    2     5                                                                                                 ]+9  [    3     6                                                                                                 ]



is a linear combination of three vectors.

 
It turns out that we can express any system of linear equations as a linear
combination of vectors. In fact, the vectors that we will use are just the columns of
the corresponding augmented matrix!


 
Definition C.10: The Vector Form of a System of Linear Equations

 
Suppose we have a system of equations given by 
 
	
                                                                  

                                                                  
 
     a11x1 + ⋯ + a1nxn = b1    
                       ⋮ ⁡                   a
m1x1 + ⋯ + amnxn = bm  



We can express this system in vector form which is as follows: 
 
	
 
x1  [    a11  
    a21  
      ⋮ ⁡       a
m1                                                                                                                      ]+x2  [    a12  
    a22  
      ⋮ ⁡       a
m2                                                                                                                      ]+⋯+xn  [    a1n  
    a2n  
     ⋮ ⁡       a
mn                                                                                                  ] =  [    b1  
    b2  
     ⋮ ⁡      b
m                                                                                                   ]



Notice that each vector used here is one column from the corresponding augmented
matrix. There is one vector for each variable in the system, along with the constant
vector.

 
The first important form of matrix multiplication is multiplying a matrix by a vector.
Consider the product given by 
 
	
 
 [    1   2   3     4    5    6                                                                                        ]  [    7     8
    9                                                                                                  ]



We will soon see that this equals 
 
	
                                                                  

                                                                  
 
7  [   1     4                                                                                                 ]+8  [   2     5                                                                                                 ]+9  [   3     6                                                                                                 ] =  [    50      122                                                                                              ]



In general terms,

 
 

  [    a11    a12    a13  
    a21    a22    a23                                                                                                      ]  [    x1  
    x2  
    x3                                                                                                                         ]     =    x1  [    a11  
    a21                                                                                                                       ] + x2  [    a12  
    a22                                                                                                                       ] + x3  [    a13  
    a23                                                                                                                       ]  
                                                                                                                                                                                                                                                                         =     [   a11x1 + a12x2 + a13x3  
    a21x1 + a22x2 + a23x3                                                                                         ]                                                                                                                                                                                                                                                                                          


Thus you take  x1 times the first
column, add to  x2 times the
second column, and finally  x3
times the third column. The above sum is a linear combination of the columns of the
matrix. When you multiply a matrix on the left by a vector on the right, the numbers
making up the vector are just the scalars to be used in the linear combination of the
columns as illustrated above.

 
Here is the formal definition of how to multiply an 
m × n matrix
by an  n × 1
column vector.

                                                                  

                                                                  

 
Definition C.11: Multiplication of Vector by Matrix

 
Let  A =  [aij] be an 
m × n matrix
and let  x
be an  n × 1
matrix given by 
 
	
 
A =  [A1⋯An] ,x =  [    x1  
      ⋮ ⁡     x
n                                                                                                    ]



Then the product  Ax
is the  m × 1
column vector which equals the following linear combination of the columns of 
A:

 
	
 
                        x1A1 + x2A2 + ⋯ + xnAn = ∑
  j=1nx
jAj



If we write the columns of  A
in terms of their entries, they are of the form 
 
	
                                                                  

                                                                  
 
Aj =  [    a1j  
    a2j  
     ⋮ ⁡       a
mj                                                                                                  ]



Then, we can write the product  Ax
as 
 
	
 
Ax = x1  [    a11  
    a21  
      ⋮ ⁡       a
m1                                                                                                                      ]+x2  [    a12  
    a22  
      ⋮ ⁡       a
m2                                                                                                                      ]+⋯+xn  [    a1n  
    a2n  
     ⋮ ⁡       a
mn                                                                                                  ]



Note that multiplication of an  m × n
matrix and an  n × 1
vector produces an  m × 1
vector.

 
Here is an example.


 
Example C.12: A Vector Multiplied by a Matrix

 
Compute the product  Ax
for 
 
	
                                                                  

                                                                  
 
A =  [    1   2   1      3     0    2    1    − 2
    2   1   4      1                                                                                 ],x =  [    1     2
    0     1                                                                                                 ]



Solution

 
We will use Definition C.11 to compute the product. Therefore, we compute the product 
Ax as
follows.

 
 

     1  [    1     0
    2                                                                                                  ] + 2  [    2     2
    1                                                                                                  ] + 0  [    1     1
    4                                                                                                  ] + 1  [       3     − 2
       1                                                                                               ]     
       =  [    1     0
    2                                                                                                  ] +  [    4     4
    2                                                                                                  ] +  [    0     0
    0                                                                                                  ] +  [       3     − 2
       1                                                                                               ]        
                                                                                                                                                                          =  [    8     2
    5                                                                                                  ]                                                                                                                                                                         



 
Using the above operation, we can also write a system of linear equations in matrix
form. In this form, we express the system as a matrix multiplied by a vector.
Consider the following definition.


 
Definition C.13: The Matrix Form of a System of Linear Equations

 
Suppose we have a system of equations given by 
 
	
                                                                  

                                                                  
 
     a11x1 + ⋯ + a1nxn = b1    
      a21x1 + ⋯ + a2nxn = b2    
                       ⋮ ⁡                   a
m1x1 + ⋯ + amnxn = bm  



Then we can express this system in matrix form as follows. 
 
	
 
 [    a11    a12    ⋯   a1n  
    a21    a22    ⋯   a2n  
     ⋮ ⁡      ⋮ ⁡    ⋱    ⋮ ⁡       a
m1    am2    ⋯  amn                                                                            ]  [    x1  
    x2  
     ⋮ ⁡      x
n                                                                                                    ] =  [    b1  
    b2  
     ⋮ ⁡      b
m                                                                                                   ]



The expression  Ax = B
is also known as the Matrix Form of the corresponding system of linear equations. The
matrix  A
is simply the coefficient matrix of the system, the vector 
x is the
column vector constructed from the variables of the system, and finally the vector 
B
is the column vector constructed from the constants of the system. It is
important to note that any system of linear equations can be written in this
form.

 
Notice that if we write a homogeneous system of equations in matrix form, it would have the
form  Ax = 0, for the
zero vector  0.

 
You can see from this definition that a vector 
 
	
                                                                  

                                                                  
 
x =  [    x1  
    x2  
     ⋮ ⁡      x
n                                                                                                    ]



will satisfy the equation  Ax = B
only when the entries  x1,x2,⋯,xn
of the vector  x
are solutions to the original system.

 
Now that we have examined how to multiply a matrix by a vector, we wish to consider
the case where we multiply two matrices of more general sizes, although these sizes still
need to be appropriate as we will see. For example, in Example C.12, we multiplied a 
3 × 4 matrix
by a  4 × 1
vector. We want to investigate how to multiply other sizes of matrices.

 
We have not yet given any conditions on when matrix multiplication is possible! For matrices
 A and 
B, in order to form the
product  AB, the number of
columns of  A must equal
the number of rows of  B.
Consider a product  AB
where  A
has size  m × n
and  B has
size  n × p.
Then, the product in terms of size of matrices is given by 
 
	
 
                       (m ×n)(n^ × pthese must match!) = m × p



                                                                  

                                                                  
Note the two outside numbers give the size of the product. One of the most
important rules regarding matrix multiplication is the following. If the two middle
numbers don’t match, you can’t multiply the matrices!

 
When the number of columns of  A
equals the number of rows of  B
the two matrices are said to be conformable and the product 
AB is
obtained as follows.


 
Definition C.14: Multiplication of Two Matrices

 
Let  A be an 
m × n matrix
and let  B
be an  n × p
matrix of the form 
 
	
 
                                            B =  [B1⋯Bp]



where  B1,...,Bp
are the  n × 1
columns of  B.
Then the  m × p
matrix  AB
is defined as follows: 
 
	
                                                                  

                                                                  
 
                             AB = A  [B1⋯Bp] =  [(AB)1⋯(AB)p]



where  (AB)k is an 
m × 1 matrix or column
vector which gives the  kth
column of  AB.

 
Consider the following example.


 
Example C.15: Multiplying Two Matrices

 
Find  AB
if possible. 
 
	
 
A =  [    1   2   1     0    2    1                                                                                        ],B =  [       1   2   0     0    3    1
     − 2   1   1                                                                                      ]



Solution

 
The first thing you need to verify when calculating a product is
whether the multiplication is possible. The first matrix has size 
2 × 3 and the second matrix
has size  3 × 3. The inside
numbers are equal, so  A
and  B
are conformable matrices. According to the above discussion 
AB will
be a  2 × 3
matrix. Definition C.14 gives us a way to calculate each column of 
AB, as
follows. 
 
	
                                                                  

                                                                  
 
 [  [   1   2   1     0    2    1                                                                                        ]  [       1     0
     − 2                                                                                               ]︷First column,  [   1   2   1     0    2    1                                                                                        ]  [    2     3
    1                                                                                                  ]︷Second column,  [   1   2   1     0    2    1                                                                                        ]  [    0     1
    1                                                                                                  ]︷Third column]



You know how to multiply a matrix times a vector, using Definition C.11 for each of
the three columns. Thus 
 
	
 
 [   1   2   1     0    2    1                                                                                        ]  [       1   2   0     0    3    1
     − 2   1   1                                                                                      ] =  [     − 1   9   3     − 2    7    3                                                                                     ]



Since vectors are simply  n × 1
or  1 × m
matrices, we can also multiply a vector by another vector.


 
Example C.16: Vector Times Vector Multiplication

 
Multiply if possible    [    1     2
    1                                                                                                  ]  [    1   2   1   0                                                                                     ].

 
Solution

 
In this case we are multiplying a matrix of size 
3 × 1 by a matrix
of size  1 × 4.
The inside numbers match so the product is defined. Note that the product will be a matrix
of size  3 × 4.
Using Definition C.14, we can compute this product as follows 


 
	
                                                                  

                                                                  
 
 [   1     2
    1                                                                                                  ]  [    1   2   1   0                                                                                     ] =  [  [    1     2
    1                                                                                                  ]  [    1                                                                                                  ]︷First column,  [   1     2
    1                                                                                                  ]  [    2                                                                                                  ]︷Second column,  [   1     2
    1                                                                                                  ]  [    1                                                                                                  ]︷Third column,  [   1     2
    1                                                                                                  ]  [    0                                                                                                  ]︷Fourth column]



You can use Definition C.11 to verify that this product is 
 
	
 
 [   1  2  1  0     2    4    2    0
   1  2  1  0                                                                                     ]




Example C.17: A Multiplication Which is Not Defined

 
Find  BA
if possible. 
 
	
 
B =  [     1    2  0     0    3    1
    − 2  1  1                                                                                      ],A =  [   1  2  1     0    2    1                                                                                        ]



                                                                  

                                                                  
Solution

 
First check if it is possible. This product is of the form 
  (3 × 3)  (2 × 3). The
inside numbers do not match and so you can’t do this multiplication.

 
In this case, we say that the multiplication is not defined. Notice that these are the
same matrices which we used in Example C.15. In this example, we tried to calculate 
BA instead
of  AB.
This demonstrates another property of matrix multiplication. While the product 
AB
maybe be defined, we cannot assume that the product 
BA will
be possible. Therefore, it is important to always check that the product is defined
before carrying out any calculations.

 
Earlier, we defined the zero matrix  0
to be the matrix (of appropriate size) containing zeros in all entries. Consider the
following example for multiplication by the zero matrix.


 
Example C.18: Multiplication by the Zero Matrix

 
Compute the product  A0
for the matrix 
 
	
 
A =  [    1   2     3    4                                                                                             ]



and the  2 × 2
zero matrix given by 
 
	
                                                                  

                                                                  
 
0 =  [    0   0     0    0                                                                                             ]



Solution

 
In this product, we compute 
 
	
 
 [   1   2     3    4                                                                                             ]  [    0   0     0    0                                                                                             ] =  [    0   0     0    0                                                                                             ]



Hence,  A0 = 0.

 
Notice that we could also multiply  A
by the  2 × 1 zero vector
given by    [    0     0                                                                                                 ].The
result would be the  2 × 1
zero vector. Therefore, it is always the case that 
A0 = 0, for
an appropriately sized zero matrix or vector.

 

C.1.4    The  ijth
Entry of a Product 

In previous sections, we used the entries of a matrix to describe the action of matrix
addition and scalar multiplication. We can also study matrix multiplication using the
entries of matrices.

 
What is the  ijth
entry of  AB? It is the
entry in the  ith row
and the  jth column
of the product  AB.
                                                                  

                                                                  

 
Now if  A
is  m × n and 
B is 
n × p, then we know
that the product  AB
has the form 
 
	
 
 [    a11    a12    ⋯   a1n  
    a21    a22    ⋯   a2n  
     ⋮ ⁡      ⋮ ⁡    ⋱    ⋮ ⁡       a
m1    am2    ⋯  amn                                                                            ]  [    b11    b12    ⋯  b1j    ⋯  b1p  
    b21    b22    ⋯  b2j    ⋯  b2p  
     ⋮ ⁡    ⋮ ⁡        ⋮ ⁡        ⋮ ⁡      b
n1    bn2    ⋯  bnj    ⋯  bnp                                                                   ]



The  jth
column of  AB
is of the form 
 
	
 
 [    a11    a12    ⋯   a1n  
    a21    a22    ⋯   a2n  
     ⋮ ⁡      ⋮ ⁡    ⋱    ⋮ ⁡       a
m1    am2    ⋯  amn                                                                            ]  [    b1j  
    b2j  
     ⋮ ⁡      b
nj                                                                                                   ]



which is an  m × 1
column vector. It is calculated by 
 
	
                                                                  

                                                                  
 
b1j  [    a11  
    a21  
      ⋮ ⁡       a
m1                                                                                                                      ]+b2j  [    a12  
    a22  
      ⋮ ⁡       a
m2                                                                                                                      ]+⋯+bnj  [    a1n  
    a2n  
     ⋮ ⁡       a
mn                                                                                                  ]



Therefore, the  ijth entry
is the entry in row  i
of this vector. This is computed by 
 
	
 
                      ai1b1j + ai2b2j + ⋯ + ainbnj = ∑
  k=1na
ikbkj



The following is the formal definition for the 
ijth entry
of a product of matrices.


 
Definition C.19: The  ijth
Entry of a Product

 
Let  A =  [aij] be an 
m × n matrix and
let  B =  [bij] be an 
n × p matrix.
Then  AB is an 
m × p matrix and
the    (i,j)-entry
of  AB is
defined as 
 
	
                                                                  

                                                                  
 
                                    (AB)ij = ∑
  k=1na
ikbkj



Another way to write this is 
 
	
 
(AB)ij =  [   ai1    ai2    ⋯  ain                                                                                ]  [    b1j  
    b2j  
     ⋮ ⁡      b
nj                                                                                                   ] = ai1b1j+ai2b2j+⋯+ainbnj



In other words, to find the    (i,j)-entry
of the product  AB,
or  (AB)ij, you multiply
the  ith row of 
A, on the left by
the  jth column of
 B. To express 
AB in terms of its
entries, we write  AB =  [(AB)ij].

 
Consider the following example.


 
Example C.20: The Entries of a Product

 
Compute  AB if possible.
If it is, find the    (3,2)-entry
of  AB
using Definition C.19. 
 
	
                                                                  

                                                                  
 
A =  [   1  2     3    1
   2  6                                                                                              ],B =  [   2  3  1     7    6    2                                                                                        ]



Solution

 
First check if the product is possible. It is of the form 
  (3 × 2)  (2 × 3) and since
the inside numbers match, it is possible to do the multiplication. The result should be a 
3 × 3 matrix. We can
first compute  AB:

 
	
 
 [ [   1   2     3    1
    2   6                                                                                              ]  [    2     7                                                                                                 ],  [   1   2     3    1
    2   6                                                                                              ]  [    3     6                                                                                                 ],  [   1   2     3    1
    2   6                                                                                              ]  [    1     2                                                                                                 ]]



where the commas separate the columns in the resulting product. Thus the above
product equals 
 
	
                                                                  

                                                                  
 
 [   16   15    5     13    15    5
    46   42   14                                                                                     ]



which is a  3 × 3 matrix as
desired. Thus, the    (3,2)-entry
equals 42.

 
Now using Definition C.19, we can find that the 
  (3,2)-entry
equals

 
 

 ∑
  k=12a
3kbk2     =    a31b12 + a32b22      
                              =    2 × 3 + 6 × 6 = 42 
                                                                                                       


Consulting our result for  AB
above, this is correct!

 
You may wish to use this method to verify that the rest of the entries in 
AB are
correct.

 
Here is another example.


 
Example C.21: Finding the Entries of a Product

 
Determine if the product  AB is
defined. If it is, find the    (2,1)-entry
                                                                  

                                                                  
of the product. 
 
	
 
A =  [    2   3   1     7    6    2
    0   0   0                                                                                         ],B =  [    1   2     3    1
    2   6                                                                                              ]



Solution

 
This product is of the form    (3 × 3)  (3 × 2).
The middle numbers match so the matrices are conformable and it is possible to
compute the product.

 
We want to find the    (2,1)-entry
of  AB,
that is, the entry in the second row and first column of the product. We will use
Definition C.19, which states 
 
	
 
                                 (AB)ij = ∑
  k=1na
ikbkj



In this case,  n = 3, 
i = 2 and 
j = 1. Hence the
   (2,1)-entry
is found by computing 
 
	
                                                                  

                                                                  
 
(AB)21 = ∑
  k=13a
2kbk1 =  [   a21    a22    a23                                                                                                     ]  [    b11  
    b21  
    b31                                                                                                                       ]



Substituting in the appropriate values, this product becomes 
 
	
 
 [   a21    a22    a23                                                                                                     ]  [    b11  
    b21  
    b31                                                                                                                       ] =  [   7  6  2                                                                                         ]  [   1     3
   2                                                                                                  ] = 1×7+3×6+2×2 = 29



Hence,  (AB)21 = 29.

 
You should take a moment to find a few other entries of 
AB. You
can multiply the matrices to check that your answers are correct. The product 
AB is
given by 
 
	
 
AB =  [   13  13     29    32
    0    0                                                                                            ]



                                                                  

                                                                  


 

C.1.5    Properties of Matrix Multiplication 

As pointed out above, it is sometimes possible to multiply matrices
in one order but not in the other order. However, even if both 
AB and 
BA are
defined, they may not be equal.


 
Example C.22: Matrix Multiplication is Not Commutative

 
Compare the products  AB
and  BA, for
matrices  A =  [    1   2     3    4                                                                                             ],B =  [    0   1     1    0                                                                                             ]

 
Solution

 
First, notice that  A
and  B are both of
size  2 × 2. Therefore,
both products  AB and
 BA are defined. The
first product,  AB
is 
 
	
 
AB =  [    1   2     3    4                                                                                             ]  [    0   1     1    0                                                                                             ] =  [    2   1     4    3                                                                                             ]



The second product,  BA
is 
 
	
                                                                  

                                                                  
 
 [   0   1     1    0                                                                                             ]  [    1   2     3    4                                                                                             ] =  [    3   4     1    2                                                                                             ]



Therefore,  AB≠BA.

 
This example illustrates that you cannot assume 
AB = BA
even when multiplication is defined in both orders. If for some matrices 
A and 
B it is true
that  AB = BA, then
we say that  A
and  B
commute. This is one important property of matrix multiplication.

 
The following are other important properties of matrix multiplication. Notice that
these properties hold only when the size of matrices are such that the products are
defined.

 



Proposition C.3.  Properties of Matrix Multiplication The following hold for
matrices  A,B,
and  C
and for scalars  r
and  s,

 
	
 
                               A  (rB + sC) = r  (AB) + s  (AC)
	(C.6)


	
                                                                  

                                                                  
 
                                      (B + C)A = BA + CA
	(C.7)


	
 
                                          A  (BC) =  (AB)C
	(C.8)






 


 

C.1.6    The Transpose 

Another important operation on matrices is that of taking the transpose. For a matrix 
A, we denote the
transpose of  A
by  AT.
Before formally defining the transpose, we explore this operation on the following
matrix. 
 
	
                                                                  

                                                                  
 
 [    1  4     3    1
   2  6                                                                                              ]T =  [   1  3  2 
   4  1  6                                                                                         ]



What happened? The first column became the first row
and the second column became the second row. Thus the 
3 × 2 matrix became
a  2 × 3 matrix.
The number  4
was in the first row and the second column and it ended up in the second row and
first column.

 
The definition of the transpose is as follows.


 
Definition C.23: The Transpose of a Matrix

 
Let  A be an 
m × n matrix.
Then  AT, the
transpose of  A,
denotes the  n × m
matrix given by 
 
	
 
                                        AT =  [a
ij] T =  [a
ji]



The    (i,j)-entry
of  A becomes
the    (j,i)-entry
of  AT.

 
Consider the following example.


 
Example C.24: The Transpose of a Matrix

 
Calculate  AT
                                                                  

                                                                  
for the following matrix 
 
	
 
A =  [    1   2    − 6     3    5    4                                                                                     ]



Solution

 
By Definition C.23, we know that for  A =  [aij],
 AT =  [aji]. In
other words, we switch the row and column location of each entry. The 
  (1,2)-entry becomes
the    (2,1)-entry.

 
Thus, 
 
	
 
AT =  [       1   3     2    5
     − 6   4                                                                                          ]



Notice that  A
is a  2 × 3 matrix,
while  AT
is a  3 × 2
matrix.

 
The transpose of a matrix has the following important properties .

 



                                                                  

                                                                  
Lemma C.1.  Properties of the Transpose of a Matrix Let 
A be an
 m × n matrix, 
B an 
n × p matrix,
and  r
and  s
scalars. Then
     
 
	
  1. 
	   (AT) T = A
     
	
  2. 
	   (AB)T = BTAT
     
     
	
  3. 
	   (rA + sB)T = rAT + sBT
     






 
The transpose of a matrix is related to other important topics. Consider the following
definition.


 
Definition C.25: Symmetric and Skew Symmetric Matrices

 
An  n × n matrix 
A is said to be symmetric
if  A = AT. It is said to be
skew symmetric if  A = −AT.

 
We will explore these definitions in the following examples.


 
Example C.26: Symmetric Matrices

 
Let 
 
	
                                                                  

                                                                  
 
A =  [    2      1      3     1    5    − 3
    3    − 3      7                                                                                  ]



Use Definition C.25 to show that  A
is symmetric.

 
Solution

 
By Definition C.25, we need to show that 
A = AT. Now,
using Definition C.23, 
 
	
 
AT =  [    2      1      3     1    5    − 3
    3    − 3      7                                                                                  ]



Hence,  A = AT,
so  A is
symmetric.


 
Example C.27: A Skew Symmetric Matrix

 
Let 
 
	
                                                                  

                                                                  
 
A =  [       0      1   3     − 1    0    2
     − 3    − 2   0                                                                                  ]



Show that  A
is skew symmetric.

 
Solution

 
By Definition C.25, 
 
	
 
AT =  [    0    − 1    − 3     1    0    − 2
    3      2      0                                                                                  ]



You can see that each entry of  AT
is equal to   − 1 times
the same entry of  A.
Hence,  AT = −A and so by
Definition C.25,  A
is skew symmetric.

 


 

C.1.7    The Identity and Inverses 

There is a special matrix, denoted  I,
which is called to as the identity matrix. The identity matrix is always a
square matrix, and it has the property that there are ones down the main
diagonal and zeroes elsewhere. Here are some identity matrices of various sizes.

 
	
                                                                  

                                                                  
 
 [1],  [   1  0     0    1                                                                                             ],  [   1  0  0     0    1    0
   0  0  1                                                                                         ],  [   1  0  0  0     0    1    0    0
   0  0  1  0     0    0    0    1                                                                                    ]



The first is the  1 × 1 identity
matrix, the second is the  2 × 2
identity matrix, and so on. By extension, you can likely see what the 
n × n
identity matrix would be. When it is necessary to distinguish which
size of identity matrix is being discussed, we will use the notation 
In for
the  n × n
identity matrix.

 
The identity matrix is so important that there is a special symbol to denote the 
ijth
entry of the identity matrix. This symbol is given by 
Iij = δij where
 δij is
the Kronecker symbol defined by 
 
	
 
δij =  {   1 if i = j     0 if  i≠ j                                                                          



 In is
called the identity matrix because it is a multiplicative identity in the following
sense.

 



                                                                  

                                                                  
Lemma C.2.  Multiplication     by     the     Identity     Matrix     Suppose     
A
is                                              an                                              
m × n
matrix                                          and                                          
In
is                                             the                                             
n × n
identity                        matrix.                     Then                        
AIn = A.
If                                                                                               
Im
is                                             the                                             
m × m
identity          matrix,          it          also          follows          that          
ImA = A.

 




 
We now define the matrix operation which in some ways plays the role of
division.


 
Definition C.28: The Inverse of a Matrix

 
A square  n × n matrix 
A is said to have
an inverse  A−1
if and only if 
 
	
 
                                      AA−1 = A−1A = I
n



In this case, the matrix  A
is called invertible.
                                                                  

                                                                  

 
Such a matrix  A−1 will have the
same size as the matrix  A.
It is very important to observe that the inverse of a matrix, if it exists, is
unique. Another way to think of this is that if it acts like the inverse, then it 
is the
inverse.


 
Theorem C.29: Uniqueness of Inverse

 
Suppose  A is an
 n ×n matrix such
that an inverse  A−1
exists. Then there is only one such inverse matrix. That is, given any matrix 
B such
that  AB = BA = I,
 B = A−1.

 
The next example demonstrates how to check the inverse of a matrix.


 
Example C.30: Verifying the Inverse of a Matrix

 
Let  A =  [    1   1     1    2                                                                                             ]. Show
  [       2    − 1     − 1    1                                                      ]is the
inverse of  A.

 
Solution

 
To check this, multiply 
 
	
 
 [   1   1     1    2                                                                                             ]  [       2    − 1     − 1    1                                                                                     ] =  [    1   0     0    1                                                                                             ] = I



and 
 
	
                                                                  

                                                                  
 
 [       2    − 1     − 1    1                                                                                     ]  [    1   1     1    2                                                                                             ] =  [    1   0     0    1                                                                                             ] = I



showing that this matrix is indeed the inverse of 
A.

 
Unlike ordinary multiplication of numbers, it can happen that 
A≠0 but 
A may
fail to have an inverse. This is illustrated in the following example.


 
Example C.31: A Nonzero Matrix With No Inverse

 
Let  A =  [    1   1     1    1                                                                                             ]. Show
that  A
does not have an inverse.

 
Solution

 
One might think  A
would have an inverse because it does not equal zero. However, note that

 
	
 
 [   1   1     1    1                                                                                             ]  [     − 1     1                                                                                              ] =  [    0     0                                                                                                 ]



If  A−1
existed, we would have the following
                                                                  

                                                                  

 
 

  [   0     0                                                                                                 ]    =    A−1  ( [    0 
    0                                                                                                  ])    
                                                                                                             =    A−1  (A  [    − 1 
       1                                                                                               ]) 
                                                                                                             =     (A−1A)  [    − 1 
       1                                                                                               ]  
                                                                                                             =    I  [    − 1     1                                                                                              ]         
                                                                                                             =     [     − 1     1                                                                                              ]           


This says that 
 
	
 
 [   0     0                                                                                                 ] =  [     − 1     1                                                                                              ]



which is impossible! Therefore,  A
does not have an inverse.

 
In the next section, we will explore how to find the inverse of a matrix, if it
exists.

 


 

C.1.8    Finding the Inverse of a Matrix 

                                                                  

                                                                  
In Example C.30, we were given  A−1
and asked to verify that this matrix was in fact the inverse of 
A. In this section, we
explore how to find  A−1.

 
Let 
 
	
 
A =  [    1   1     1    2                                                                                             ]



as in Example C.30. In order to find  A−1,
we need to find a matrix    [    x   z     y    w                                                                              ]
such that 
 
	
 
 [    1   1     1    2                                                                                             ]  [    x   z     y    w                                                                              ] =  [    1   0     0    1                                                                                             ]



We can multiply these two matrices, and see that in order for this equation to be
true, we must find the solution to the systems of equations, 
 
	
                                                                  

                                                                  
 
    x + y = 1  
   x + 2y = 0 



and 
 
	
 
    z + w = 0      z + 2w = 1




Writing the augmented matrix for these two systems gives 
 
	
 
 [    1   1   1     1    2    0                                                                                        ]



for the first system and 
 
	
                                                                  

                                                                  
 

 [    1   1   0     1    2    1                                                                                        ]	(C.9)


for the second.

 
Let’s solve the first system. Take   − 1
times the first row and add to the second to get 
 
	
 
 [    1   1      1     0    1    − 1                                                                                     ]



Now take   − 1
times the second row and add to the first to get 
 
	
 
 [    1   0      2     0    1    − 1                                                                                     ]



Writing in terms of variables, this says 
x = 2 and 
y = −1.

 
Now solve the second system, C.9 to find 
z and 
w. You will
find that  z = −1
and  w = 1.
                                                                  

                                                                  

 
If we take the values found for  x,y,z,
and  w
and put them into our inverse matrix, we see that the inverse is 
 
	
 
A−1 =  [    x   z     y    w                                                                              ] =  [       2    − 1 
     − 1      1                                                                                       ]



After taking the time to solve the second system, you may have
noticed that exactly the same row operations were used to solve both
systems. In each case, the end result was something of the form 
  [I|X ] where 
I is the
identity and  X
gave a column of the inverse. In the above, 
 
	
 
 [    x     y                                                                                  ]



the first column of the inverse was obtained by solving the first system and then the
second column 
 
	
                                                                  

                                                                  
 
 [    z      w                                                                                  ]



To simplify this procedure, we could have solved both systems at once! To do so, we
could have written 
 
	
 
 [    1   1   1   0     1    2    0    1                                                                                    ]



and row reduced until we obtained 
 
	
 
 [    1   0      2    − 1     0    1    − 1    1                                                                             ]



and read off the inverse as the  2 × 2
matrix on the right side.

 
This exploration motivates the following important algorithm.

 
Matrix Inverse Algorithmmatrixinversionalgorithm Suppose 
A is an 
n × n matrix. To find 
A−1 if it exists, form
the augmented  n × 2n
matrix 
 
	
                                                                  

                                                                  
 
                                                  [A|I ]



If possible do row operations until you obtain an 
n × 2n
matrix of the form 
 
	
 
                                                  [I|B]



When this has been done,  B = A−1.
In this case, we say that  A
is invertible. If it is impossible to row reduce to a matrix of the form 
  [I|B], then 
A has
no inverse.

 
This algorithm shows how to find the inverse if it exists. It will also tell you if 
A does
not have an inverse.

 
Consider the following example.


 
Example C.32: Finding the Inverse

 
Let  A =  [    1   2      2     1    0    2
    3   1    − 1                                                                                      ].
Find  A−1
if it exists.
                                                                  

                                                                  

 
Solution

 
Set up the augmented matrix 
 
	
 
 [A|I ] =  [    1   2      2   1   0   0     1    0    2    0    1    0
    3   1    − 1   0   0   1                                                                        ]



Now we row reduce, with the goal of obtaining the 
3 × 3 identity matrix on the left
hand side. First, take   − 1
times the first row and add to the second followed by 
 − 3 times
the first row added to the third row. This yields 
 
	
 
 [   1      2      2      1   0   0     0    − 2    0    − 1    1    0
    0    − 5    − 7    − 3   0   1                                                                 ]



Then take 5 times the second row and add to -2 times the third row. 
 
	
                                                                  

                                                                  
 
 [   1        2    2      1   0      0     0    − 10    0    − 5    5    0
    0        0   14      1   5    − 2                                                              ]



Next take the third row and add to   − 7
times the first row. This yields 
 
	
 
 [    − 7    − 14    0    − 6   5    − 2     0    − 10    0    − 5    5    0
       0        0   14      1   5    − 2                                                          ]



Now take   −7 
5
times the second row and add to the first row. 
 
	
 
 [    − 7        0    0      1    − 2    − 2     0    − 10    0    − 5    5    0
       0        0   14      1      5    − 2                                                      ]



Finally divide the first row by -7, the second row by -10 and the third row by 14 which
yields 
 
	
                                                                  

                                                                  
 
 [   1   0   0    −1 
7        2 
7        2 
7  
    0   1   0      1 
2     −1 
2         0 
    0   0   1      1 
14        5 
14     −1 
7  
                                                                                                                                ]



Notice that the left hand side of this matrix is now the 
3 × 3 identity matrix 
I3. Therefore, the
inverse is the  3 × 3
matrix on the right hand side, given by 
 
	
 
 [    −1 
7        2 
7        2 
7  
        1 
2     −1 
2         0 
       1 
14        5 
14     −1 
7  
                                                                                                                                ]



It may happen that through this algorithm, you discover that the left hand side
cannot be row reduced to the identity matrix. Consider the following example of this
situation.


 
Example C.33: A Matrix Which Has No Inverse

 
Let  A =  [    1   2   2     1    0    2
    2   2   4                                                                                         ].
Find  A−1
if it exists.
                                                                  

                                                                  

 
Solution

 
Write the augmented matrix    [A|I ]

 
	
 
 [   1   2   2   1   0   0     1    0    2    0    1    0
    2   2   4   0   0   1                                                                            ]



and proceed to do row operations attempting to obtain 
  [I|A−1] . Take 
 − 1
times the first row and add to the second. Then take 
 − 2 times
the first row and add to the third row. 
 
	
 
 [   1      2   2      1   0   0     0    − 2    0    − 1    1    0
    0    − 2   0    − 2   0   1                                                                    ]



Next add   − 1
times the second row to the third row. 
 
	
                                                                  

                                                                  
 
 [   1      2   2      1      0   0     0    − 2    0    − 1    1    0
    0      0   0    − 1    − 1   1                                                                 ]



At this point, you can see there will be no way to obtain 
I
on the left side of this augmented matrix. Hence, there is no
way to complete this algorithm, and therefore the inverse of 
A does not exist. In
this case, we say that  A
is not invertible.

 
If the algorithm provides an inverse for the original matrix, it is always possible to check
your answer. To do so, use the method demonstrated in Example C.30. Check that the
products  AA−1
and  A−1A both
equal the identity matrix. Through this method, you can always be sure that you have
calculated  A−1
properly!

 
One way in which the inverse of a matrix is useful is to find the solution
of a system of linear equations. Recall from Definition C.13 that we
can write a system of equations in matrix form, which is of the form 
AX = B. Suppose you find the
inverse of the matrix  A−1.
Then you could multiply both sides of this equation on the left by 
A−1 and
simplify to obtain 
 
	
 
      (A−1) AX = A−1B 
     (A−1A)X = A−1B 
       IX = A−1B     
       X = A−1B     



Therefore we can find  X,
the solution to the system, by computing 
                                                                  

                                                                  
X = A−1B. Note that once
you have found  A−1,
you can easily get the solution for different right hand sides (different 
B). It is
always just  A−1B.

 
We will explore this method of finding the solution to a system in the following
example.


 
Example C.34: Using the Inverse to Solve a System of Equations

 
Consider the following system of equations. Use the inverse of a suitable matrix to
give the solutions to this system. 
 
	
 
      x + z = 1        x − y + z = 3
   x + y − z = 2 



Solution

 
First, we can write the system of equations in matrix form 
 
	
 
AX =  [    1      0      1     1    − 1    1
    1      1    − 1                                                                                  ]  [    x     y
   z                                                                                   ] =  [    1     3
    2                                                                                                  ] = B
	(C.10)


The inverse of the matrix 
 
	
                                                                  

                                                                  
 
A =  [    1      0      1     1    − 1    1
    1      1    − 1                                                                                  ]



is 
 
	
 
A−1 =  [    0      1 
2        1 
2  
    1    − 1       0 
    1    −1 
2     −1 
2  
                                                                                                                                ]



Verifying this inverse is left as an exercise.

 
From here, the solution to the given system C.10 is found by 
 
	
 
 [   x     y
   z                                                                                   ] = A−1B =  [    0      1 
2        1 
2  
    1    − 1       0 
    1    −1 
2     −1 
2  
                                                                                                                                ]  [    1     3
    2                                                                                                  ] =  [       5 
2  
     − 2 
     −3 
2                                                                                                                     ]



                                                                  

                                                                  
What if the right side,  B,
of C.10 had been    [    0     1
    3                                                                                                  ]?
In other words, what would be the solution to 
 
	
 
 [    1      0      1     1    − 1    1
    1      1    − 1                                                                                  ]  [    x     y
   z                                                                                   ] =  [    0     1
    3                                                                                                  ]?



By the above discussion, the solution is given by 
 
	
 
 [    x     y
   z                                                                                   ] = A−1B =  [    0      1 
2        1 
2  
    1    − 1       0 
    1    −1 
2     −1 
2  
                                                                                                                                ]  [    0     1
    3                                                                                                  ] =  [       2     − 1
     − 2                                                                                               ]



This illustrates that for a system  AX = B
where  A−1
exists, it is easy to find the solution when the vector 
B is
changed. 

 
Theorem C.35: Inverses of Transposes and Products

 

     
 
	
  1. 
	
     
	
  2. 
	
                                                                  

                                                                  
     
	
  3. 
	



Theorem C.36: Properties of the Inverse

 

     
 
	
  1. 
	
     
	
  2. 
	
     
	
  3. 
	
     
	
  4. 
	


                                                                  

                                                                  



 




Appendix D
  ℝn


D.1    Vectors in  ℝn


Learning Outcomes

 

     
 
	
  A. 
	Find       the       position       vector       of       a       point       in       
     ℝn.


The notation  ℝn refers to the
collection of ordered lists of  n
real numbers, that is 
 
	
 
                            ℝn =  { (x
1⋯xn) : xj ∈ ℝ for j = 1,⋯,n}



In this chapter, we take a closer look at vectors in 
ℝn. First, we will
consider what  ℝn
looks like in more detail. Recall that the point given by 
0 =  (0,⋯,0) is
called the origin.

 
Now, consider the case of  ℝn
for  n = 1. Then from the
definition we can identify  ℝ
with points in  ℝ1
as follows: 
 
	
                                                                  

                                                                  
 
                                     ℝ = ℝ1 =  { (x
1) : x1 ∈ ℝ}



Hence,  ℝ
is defined as the set of all real numbers and geometrically, we can describe this as all
the points on a line.

 
Now suppose  n = 2.
Then, from the definition, 
 
	
 
                              ℝ2 =  { (x
1,x2) : xj ∈ ℝ for j = 1,2}



Consider the familiar coordinate plane, with an 
x axis and
a  y axis.
Any point within this coordinate plane is identified by where it is located along the 
x axis, and also where it
is located along the  y
axis. Consider as an example the following diagram.

 




 
[image: Two-dimensional plot of the xy-plane showing two points P = (2,1) and Q = (-3,4) marked as red dots, with light helper lines dropped to the axes to indicate each point's coordinates.]



 
Figure D.1: Two-dimensional plot of the xy-plane showing two points P = (2,1)
and Q = (-3,4) marked as red...                                       
                                                                  

                                                                  


Hence, every element in  ℝ2 is
identified by two components,  x
and  y, in the usual
manner. The coordinates  x,y
(or  x1,
x2)
uniquely determine a point in the plan. Note that while the definition uses 
x1 and 
x2
to label the coordinates and you may be used to 
x and 
y, these
notations are equivalent.

 
Now suppose  n = 3.
You may have previously encountered the 
3-dimensional
coordinate system, given by 
 
	
 
                           ℝ3 =  { (x
1,x2,x3) : xj ∈ ℝ for j = 1,2,3}



Points in  ℝ3
will be determined by three coordinates, often written 
  (x,y,z) which correspond
to the  x, 
y, and 
z axes.
We can think as above that the first two coordinates determine a point in a plane.
The third component determines the height above or below the plane, depending on
whether this number is positive or negative, and all together this determines a point
in space. You see that the ordered triples correspond to points in space just as the
ordered pairs correspond to points in a plane and single real numbers correspond to
points on a line.

 
The idea behind the more general  ℝn
is that we can extend these ideas beyond 
                                                                  

                                                                  
n = 3. This discussion regarding
points in  ℝn leads into a
study of vectors in  ℝn.
While we consider  ℝn
for all  n, we will
largely focus on  n = 2,3
in this section.

 
Consider the following definition.


 
Definition D.1: The Position Vector

 
Let  P =  (p1,⋯,pn) be the coordinates
of a point in  ℝn. Then
the vector  0P⃗ ⁡ with its
tail at  0 =  (0,⋯,0) and its tip at 
P is called the position
vector of the point  P.
We write 
 
	
 
0P⃗ ⁡ =  [    p1  
     ⋮ ⁡      p
n                                                                                                    ]



For this reason we may write both  P =  (p1,⋯,pn) ∈ ℝn
and  0P⃗ ⁡ =  [p1⋯pn] T ∈ ℝn.

 
This definition is illustrated in the following picture for the special case of 
ℝ3.

 




 
[image: Three-dimensional diagram of the position vector 0P: a thick blue arrow from the origin along the x-, y-, z-axes to a red point P=(p_1,p_2,p_3), labelled with the column-vector form [p_1,p_2,p_3]^T.]



 
Figure D.2: Three-dimensional diagram of the position vector 0P: a thick blue
arrow from the origin along the...                                      


                                                                  

                                                                  
Thus every point  P in 
ℝn determines its position
vector  0P⃗ ⁡. Conversely, every
such position vector  0P⃗ ⁡
which has its tail at  0
and point at  P
determines the point  P
of  ℝn.

 
Now suppose we are given two points, 
P,Q whose
coordinates are    (p1,⋯,pn)
and    (q1,⋯,qn)
respectively. We can also determine the position vector from 
P to 
Q (also called the
vector from  P
to  Q)
defined as follows. 
 
	
 
PQ⃗ ⁡ =  [    q1 − p1  
         ⋮ ⁡         q
n − pn                                                                                             ] = 0Q⃗ ⁡−0P⃗ ⁡



Now, imagine taking a vector in  ℝn
and moving it around, always keeping it pointing in the same direction as shown in
the following picture.

 




 
[image: Three-dimensional diagram with two parallel blue arrows of equal length and direction: the position vector 0P from the origin and a translated copy AB from point A to point B, illustrating that translating a vector preserves its identity.]



 
Figure D.3: Three-dimensional diagram with two parallel blue arrows of equal
length and direction: the position...                                    


                                                                  

                                                                  
After moving it around, it is regarded as the same vector. Each vector, 
0P⃗ ⁡ and 
AB⃗ ⁡ has
the same length (or magnitude) and direction. Therefore, they are equal.

 
Consider now the general definition for a vector in 
ℝn.


 
Definition D.2: Vectors in  ℝn

 
Let  ℝn =  { (x1,⋯,xn) : xj ∈ ℝ for j = 1,⋯,n}.
Then, 
 
	
 
x→ =  [    x1  
     ⋮ ⁡      x
n                                                                                                    ]



is called a vector. Vectors have both size (magnitude) and direction. The numbers 
xj are called the
components of  x→.

 
Using this notation, we may use  p→
to denote the position vector of point 
P. Notice that in
this context,  p→ = 0P⃗ ⁡.
These notations may be used interchangeably.

 
You can think of the components of a vector as directions for obtaining the vector. Consider 
n = 3. Draw a vector with its tail
at the point    (0,0,0) and its tip at
the point    (a,b,c). This vector it is
obtained by starting at    (0,0,0),
moving parallel to the  x axis
to    (a,0,0) and then from here,
moving parallel to the  y
axis to    (a,b,0) and finally
parallel to the  z
axis to    (a,b,c).
Observe that the same vector would result if you began at the point 
  (d,e,f ), moved parallel
                                                                  

                                                                  
to the  x axis to
   (d + a,e,f ), then parallel
to the  y axis to
   (d + a,e + b,f ), and finally
parallel to the  z
axis to    (d + a,e + b,f + c).
Here, the vector would have its tail sitting at the point determined by 
A =  (d,e,f ) and its
point at  B =  (d + a,e + b,f + c).
It is the same vector because it will point in the same direction and have the same
length. It is like you took an actual arrow, and moved it from one location to another
keeping it pointing the same direction.

 
We conclude this section with a brief discussion regarding notation.
In previous sections, we have written vectors as columns, or 
n × 1 matrices.
For convenience in this chapter we may write vectors as the transpose of row vectors,
or  1 × n
matrices. These are of course equivalent and we may move between both notations.
Therefore, recognize that 
 
	
 
 [    2     3                                                                                                 ] =  [    2   3                                                                                              ]T



Notice that two vectors  u→ =  [u1⋯un] T
and  v→ =  [v1⋯vn] T
are equal if and only if all corresponding components are equal. Precisely,

 
	
                                                                  

                                                                  
 
     u→ = v→if and only if   
    uj = vjfor allj = 1,⋯,n 



Thus    [    1   2   4                                                                                         ]T ∈ ℝ3
and    [    2   1   4                                                                                         ]T ∈ ℝ3
but    [    1   2   4                                                                                         ]T≠  [   2   1   4                                                                                         ]T
because, even though the same numbers are involved, the order of the numbers is
different.

 
For the specific case of  ℝ3,
there are three special vectors which we often use. They are given by 
 
	
 
i→ =  [    1   0   0                                                                                         ]T



	
 
j→ =  [    0   1   0                                                                                         ]T



	
                                                                  

                                                                  
 
k→ =  [    0   0   1                                                                                         ]T



We can write any vector  u→ =  [    u1    u2    u3                                                                                                          ] T
as a linear combination of these vectors, written as 
u→ = u1i→ + u2j→ + u3k→. This
notation will be used throughout this chapter.

 

D.2    Algebra in  ℝn


Learning Outcomes

 

     
 
	
  A. 
	Understand vector addition and scalar multiplication, algebraically.
     
	
  B. 
	Introduce the notion of linear combination of vectors.


Addition and scalar multiplication are two important algebraic operations
done with vectors. Notice that these operations apply to vectors in 
ℝn, for any
value of  n.
We will explore these operations in more detail in the following sections.

 

D.2.1    Addition of Vectors in  ℝn


Addition of vectors in  ℝn
is defined as follows.


 
Definition D.3: Addition of Vectors in 
ℝn

 
If  u→ =  [    u1  
     ⋮ ⁡      u
n                                                                                                    ] ,v→ =  [    v1  
     ⋮ ⁡      v
n                                                                                                    ] ∈ ℝn
                                                                  

                                                                  
then  u→ + v→ ∈ ℝn
and is defined by

 
 

 u→ + v→   =     [    u1  
     ⋮ ⁡      u
n                                                                                                    ] +  [    v1  
     ⋮ ⁡      v
n                                                                                                    ]  
                =     [    u1 + v1  
         ⋮ ⁡         u
n + vn                                                                                             ]                                                                                                                



 
To add vectors, we simply add corresponding components. Therefore, in order to add
vectors, they must be the same size.

 
Addition of vectors satisfies some important properties which are outlined in the
following theorem.


 
Theorem D.4: Properties of Vector Addition

 
The following properties hold for vectors 
u→,v→,w→ ∈ ℝn.

 

     
     	
     The Commutative Law of Addition 
 
	
                                                                  

                                                                  
      
                                       u→ + v→ = v→ + u→



     

     	
     The Associative Law of Addition 
 
	
      
                                (u→ + v→) + w→ = u→ +  (v→ + w→)



     

     	
     The Existence of an Additive Identity 
 
	
      
                                            u→+ 0→ = u→
	(D.1)


     

     	
     The Existence of an Additive Inverse 
 
	
                                                                  

                                                                  
      
                                         u→ +  (−u→) = 0→



     


The additive identity shown in equation D.1 is also called the zero vector, the 
n × 1 vector in which all
components are equal to  0.
Further,   −u→
is simply the vector with all components having same value as those of 
u→ but opposite
sign; this is just  (−1)u→.
This will be made more explicit in the next section when we explore
scalar multiplication of vectors. Note that subtraction is defined as 
u→ −v→ = u→ +  (−v→)
.

 

D.2.2    Scalar Multiplication of Vectors in 
ℝn


Scalar multiplication of vectors in  ℝn
is defined as follows.


 
Definition D.5: Scalar Multiplication of Vectors in 
ℝn

 
If  u→ ∈ ℝn and 
k ∈ ℝ is a scalar,
then  ku→ ∈ ℝn
is defined by 
 
	
                                                                  

                                                                  
 
ku→ = k  [   u1  
     ⋮ ⁡      u
n                                                                                                    ] =  [    ku1  
      ⋮ ⁡       ku
n                                                                                                  ]



Just as with addition, scalar multiplication of vectors satisfies several important
properties. These are outlined in the following theorem.


 
Theorem D.6: Properties of Scalar Multiplication

 
The following properties hold for vectors 
u→,v→ ∈ ℝn and 
k,p
scalars. 
 

     
     	
     The Distributive Law over Vector Addition 
 
	
      
                                    k  (u→ + v→) = ku→ + kv→



     

     	
     The Distributive Law over Scalar Addition 
 
	
                                                                  

                                                                  
      
                                       (k + p)u→ = ku→ + pu→



     

     	
     The Associative Law for Scalar Multiplication 
 
	
      
                                          k  (pu→) =  (kp)u→



     

     	
     Rule for Multiplication by  1
     
 
	
      
                                              1u→ = u→



     


                                                                  

                                                                  
We now present a useful notion you may have seen earlier combining vector addition
and scalar multiplication


 
Definition D.7: Linear Combination

 
A vector  v→
is said to be a linear combination  of the vectors 
u→1,⋯,u→n if there exist
scalars,  a1,⋯,an
such that 
 
	
 
                                    v→ = a1u→1 + ⋯ + anu→n



For example, 
 
	
 
3  [     − 4     1
       0                                                                                               ]+2  [     − 3     0
       1                                                                                               ] =  [     − 18     3
         2                                                                                             ].



Thus we can say that 
 
	
                                                                  

                                                                  
 
v→ =  [     − 18     3
         2                                                                                             ]



is a linear combination of the vectors 
 
	
 
u→1 =  [     − 4     1
       0                                                                                               ] and u→2 =  [     − 3     0
       1                                                                                               ]





 

D.3    Geometric Meaning of Vector Addition 

Learning Outcomes

 

     
 
	
  A. 
	Understand vector addition, geometrically.


Recall that an element of  ℝn
is an ordered list of numbers. For the specific case of 
n = 2,3 this
can be used to determine a point in two or three dimensional space. This point is
specified relative to some coordinate axes.

 
Consider the case  n = 3.
Recall that taking a vector and moving it around without changing its length or
direction does not change the vector. This is important in the geometric
representation of vector addition.
                                                                  

                                                                  

 
Suppose we have two vectors,  u→
and  v→
in  ℝ3.
Each of these can be drawn geometrically by placing the tail of each vector at 
0 and its point
at    (u1,u2,u3) and 
  (v1,v2,v3) respectively. Suppose we
slide the vector  v→ so that its
tail sits at the point of  u→.
We know that this does not change the vector 
v→. Now, draw a new
vector from the tail of  u→
to the point of  v→.
This vector is  u→ + v→.

 
The geometric significance of vector addition in 
ℝn for
any  n
is given in the following definition.


 
Definition D.8: Geometry of Vector Addition

 
Let  u→ and 
v→ be two vectors.
Slide  v→ so that
the tail of  v→ is on
the point of  u→.
Then draw the arrow which goes from the tail of 
u→ to the point of
 v→. This arrow
represents the vector  u→ + v→.

 




 
[image: Two-dimensional vector diagram illustrating the tip-to-tail rule for vector addition: arrow u along the x-axis, arrow v starting at the tip of u and going to the upper right, and a third arrow from the tail of u to the tip of v labelled u+v.]



 
Figure D.4: Two-dimensional vector diagram illustrating the tip-to-tail rule for
vector addition: arrow u along...                                       


This definition is illustrated in the following picture in which 
u→ + v→ is shown for the
special case  n = 3.
                                                                  

                                                                  

 
[image: PICT]




Figure D.5: Vector addition in three dimensions: u + v as the diagonal of the
parallelepiped.

Notice the parallelogram created by  u→
and  v→ in the above
diagram. Then  u→ + v→
is the directed diagonal of the parallelogram determined by the two vectors 
u→ and 
v→.
When you have a vector  v→,
its additive inverse   −v→
will be the vector which has the same magnitude as 
v→ but the opposite direction.
When one writes  u→ −v,→
the meaning is  u→ +  (−v→)
as with real numbers. The following example illustrates these definitions and
conventions.


 
Example D.9: Graphing Vector Addition

 
Consider the following picture of vectors 
u→ and 
v→.

 



                                                                  

                                                                  

 
[image: Two-dimensional sketch of vectors u (blue, up and right) and v (red, down and right) drawn as separate arrows, presented as the setup for graphing the linear combinations u+2v and u-1/2 v.]



 
Figure D.6: Two-dimensional sketch of vectors u (blue, up and right) and v
(red, down and right) drawn as...                                      


Sketch a picture of  u→ + v→,u→ −v→.

 
Solution

 
We will first sketch  u→ + v→.
Begin by drawing  u→ and
then at the point of  u→,
place the tail of  v→
as shown. Then  u→ + v→
is the vector which results from drawing a vector from the tail of 
u→ to the tip
of  v→.

 




 
[image: Two-dimensional vector diagram of u+v drawn tip-to-tail: blue u from the origin to the upper right, red v continuing from the tip of u, and the purple resultant u+v drawn from the tail of u to the tip of v.]



 
Figure D.7: Two-dimensional vector diagram of u+v drawn tip-to-tail: blue u
from the origin to the upper right...                                    


Next consider  u→ −v→.
This means  u→ +  (−v→).
From the above geometric description of vector addition, 
 −v→ is the
vector which has the same length but which points in the opposite direction to 
v→. Here
is a picture.

 




 
[image: Two-dimensional vector diagram of u-v: blue u from the origin, red -v starting at the tip of u and pointing in the reverse direction of v, and a purple arrow from the origin to the tip of -v representing u-v=u+(-v).]


                                                                  

                                                                  

 
Figure D.8: Two-dimensional vector diagram of u-v: blue u from the origin, red
-v starting at the tip of u and...                                       



                                                                  

                                                                  

 

D.4    Length of a Vector 

Learning Outcomes

 

     
 
	
  A. 
	Find  the  length  of  a  vector  and  the  distance  between  two  points  in  
     ℝn.
     
	
  B. 
	Find    the    corresponding    unit    vector    to    a    vector    in    
     ℝn.
     


In this section, we explore what is meant by the length of a vector in 
ℝn. We
develop this concept by first looking at the distance between two points in 
ℝn.

 
First, we will consider the concept of distance for 
ℝ, that is, for points in
 ℝ1. Here, the distance
between two points  P
and  Q
is given by the absolute value of their difference. We denote the distance between 
P and 
Q by 
d(P,Q) which
is defined as 
 
	
 
                                      d(P,Q) =  (P − Q ) 2
	(D.2)


Consider now the case for  n = 2,
demonstrated by the following picture.
                                                                  

                                                                  

 
[image: PICT]




Figure D.9: The distance between two points in the plane.

There are two points  P =  (p1,p2)
and  Q =  (q1,q2)
in the plane. The distance between these points is shown in the picture as a solid line.
Notice that this line is the hypotenuse of a right triangle which is half of the rectangle
shown in dotted lines. We want to find the length of this hypotenuse which will give
the distance between the two points. Note the lengths of the sides of this triangle are 
  |p1 − q1| and 
  |p2 − q2|, the
absolute value of the difference in these values. Therefore, the Pythagorean
Theorem implies the length of the hypotenuse (and thus the distance between 
P and 
Q)
equals 	
 
                   ( |p1 − q1| 2 +  |p
2 − q2| 2)1∕2 =  ( (p
1 − q1) 2 +  (p
2 − q2) 2) 1∕2
	(D.3)


Now suppose  n = 3
and let  P =  (p1,p2,p3) and 
Q =  (q1,q2,q3) be two points
in  ℝ3. Consider
the following picture in which the solid line joins the two points and a dotted line joins the
points    (q1,q2,q3)
and    (p1,p2,q3) .
                                                                  

                                                                  

 
[image: PICT]




Figure D.10: The distance between two points in three dimensions.

Here, we need to use Pythagorean Theorem twice in order to find the length of the
solid line. First, by the Pythagorean Theorem, the length of the dotted line joining 
  (q1,q2,q3) and 
  (p1,p2,q3)
equals 	
 
                                     ( (p1 − q1) 2 +  (p
2 − q2) 2) 1∕2



while the length of the line joining    (p1,p2,q3)
to    (p1,p2,p3) is
just    |p3 − q3| .
Therefore, by the Pythagorean Theorem again, the length of the line joining the points 
P =  (p1,p2,p3) and 
Q =  (q1,q2,q3)
equals 
 
	
                                                                  

                                                                  
 
                         ( ( ( (p1 − q1) 2 +  (p
2 − q2) 2) 1∕2) 2 +  (p
3 − q3) 2) 1∕2



	
 
                                =  ( (p1 − q1) 2 +  (p
2 − q2) 2 +  (p
3 − q3) 2) 1∕2
	(D.4)


This discussion motivates the following definition for the distance between points in 
ℝn.


 
Definition D.10: Distance Between Points

 
Let  P =  (p1,⋯,pn) and 
Q =  (q1,⋯,qn) be two
points in  ℝn.
Then the distance between these points is defined as 
 
	
 
           distance between P and Q  = d(P,Q) =  (∑
  k=1n  |p
k − qk| 2) 1∕2



                                                                  

                                                                  
This is called the distance formula. We may also write 
  |P − Q| as the distance
between  P
and  Q.

 
From the above discussion, you can see that Definition D.10 holds for the special cases 
n = 1,2,3, as in Equations
D.2, D.3, D.4. In the following example, we use Definition D.10 to find the distance between
two points in  ℝ4.


 
Example D.11: Distance Between Points

 
Find the distance between the points  P
and  Q
in  ℝ4,
where  P
and  Q
are given by 
 
	
 
                                          P =  (1,2,−4,6)



and 
 
	
 
                                          Q =  (2,3,−1,0)



                                                                  

                                                                  
Solution

 
We will use the formula given in Definition D.10 to find the distance between 
P and 
Q. Use
the distance formula and write 
 
	
 
            d(P,Q) =  ( (1 − 2)2 +  (2 − 3)2 +  (−4 − (−1))2 +  (6 − 0)2) 1 
2  = 47



Therefore,  d(P,Q) = 47.

 
There are certain properties of the distance between points which are important in
our study. These are outlined in the following theorem.


 
Theorem D.12: Properties of Distance

 
Let  P and 
Q be points in 
ℝn, and let the distance
between them,  d(P,Q),
be given as in Definition D.10. Then, the following properties hold . 
 

     
     	
      d(P,Q) = d(Q,P)
     
 


     	
      d(P,Q) ≥ 0,
     and equals 0 exactly when  P = Q.
 



There are many applications of the concept of distance. For instance, given two
points, we can ask what collection of points are all the same distance between the
given points. This is explored in the following example.

                                                                  

                                                                  

 
Example D.13: The Plane Between Two Points

 
Describe the points in  ℝ3 which are
at the same distance between    (1,2,3)
and    (0,1,2).

 
Solution

 
Let  P =  (p1,p2,p3) be such a point.
Therefore,  P is the
same distance from    (1,2,3)
and    (0,1,2).
Then by Definition D.10, 
 
	
 
        (p1   − 1 ) 2   +  (p2   − 2 ) 2   +  (p3   − 3 ) 2 =  (p1   − 0 ) 2   +  (p2   − 1 ) 2   +  (p3   − 2 ) 2



Squaring both sides we obtain 
 
	
 
              (p1 − 1)2 +  (p
2 − 2)2 +  (p
3 − 3)2 = p
12 +  (p
2 − 1)2 +  (p
3 − 2)2



and so 
 
	
                                                                  

                                                                  
 
    p12 − 2p
1 + 14 + p22 − 4p
2 + p32 − 6p
3 = p12 + p
22 − 2p
2 + 5 + p32 − 4p
3



Simplifying, this becomes 
 
	
 
                       −2p1 + 14 − 4p2 − 6p3 = −2p2 + 5 − 4p3



which can be written as 
 
	
 
                                   2p1 + 2p2 + 2p3 = −9
	(D.5)


Therefore, the points  P =  (p1,p2,p3)
which are the same distance from each of the given points form a plane whose
equation is given by D.5.

 
We can now use our understanding of the distance between two points to define what
is meant by the length of a vector. Consider the following definition.

                                                                  

                                                                  

 
Definition D.14: Length of a Vector

 
Let  u→ =  [u1⋯un] T be a vector
in  ℝn. Then, the
length of  u→,
written  ∥u→∥
is given by 
 
	
 
                                    ∥u→∥ = u1    2   + ⋯ + un    2



This definition corresponds to Definition D.10, if you consider the vector 
u→ to have its tail at the
point  0 =  (0,⋯,0) and its tip at
the point  U =  (u1,⋯,un). Then the
length of  u→ is equal to
the distance between  0
and  U, 
d(0,U). In
general,  d(P,Q) = ∥PQ⃗ ⁡∥.

 
Consider Example D.11. By Definition D.14, we could also find the distance between 
P and 
Q as the
length of the vector connecting them. Hence, if we were to draw a vector 
PQ⃗ ⁡ with its tail at 
P and its point at 
Q, this vector would
have length equal to  47.

 
We conclude this section with a new definition for the special case of vectors of length
 1.


 
Definition D.15: Unit Vector

 
Let  u→ be a
vector in  ℝn.
Then, we call  u→
a unit vector if it has length 1, that is if 
 
	
                                                                  

                                                                  
 
                                              ∥u→∥ = 1



Let  v→ be a vector in
 ℝn. Then, the vector 
u→ which has the same direction
as  v→ but length equal to
 1 is the corresponding
unit vector of  v→.
This vector is given by 
 
	
 
                                           u→ =    1 
∥v→∥v→



We often use the term normalize to refer to this process. When we
normalize a vector, we find the corresponding unit vector of length 
1.
Consider the following example.


 
Example D.16: Finding a Unit Vector

 
Let  v→
be given by 
 
	
                                                                  

                                                                  
 
v→ =  [    1    − 3   4                                                                                      ]T



Find the unit vector  u→ which
has the same direction as  v→
.

 
Solution

 
We will use Definition D.15 to solve this. Therefore, we need to find the length of 
v→
which, by Definition D.14 is given by 
 
	
 
                                 ∥v→∥ = v1    2   + v2    2   + v3    2



Using the corresponding values we find that
                                                                  

                                                                  

 
 

 ∥v→∥  =    12   +  (−3 ) 2   + 42 
              =    1 + 9 + 16        
           =    26                                                                                


In order to find  u→,
we divide  v→
by  26.
The result is

 
 

 u→   =       1 
∥v→∥v→                                                                                        
       =      1 
26  [    1    − 3   4                                                                                      ]T 
         =     [      1 
26     − 3 
26      4 
26  
                                                                                                                                ] T        



 
You can verify using the Definition D.14 that 
∥u→∥ = 1.
                                                                  

                                                                  

 


 

D.5    Geometric Meaning of Scalar Multiplication 

Learning Outcomes

 

     
 
	
  A. 
	Understand scalar multiplication, geometrically.
     


Recall that the point  P =  (p1,p2,p3)
determines a vector  p→
from  0 to 
P. The
length of  p→,
denoted  ∥p→∥, is
equal to  p1    2   + p2    2   + p3    2
by Definition D.10.

 
Now suppose we have a vector  u→ =  [    u1    u2    u3                                                                                                          ] T
and we multiply  u→
by a scalar  k. By
Definition D.5,  ku→ =  [    ku1    ku2    ku3                                                                                                   ] T.
Then, by using Definition D.10, the length of this vector is given by 
 
	
 
                     ( (ku1   ) 2   +  (ku2   ) 2   +  (ku3   ) 2  ) =  |k|u1    2   + u2    2   + u3    2



Thus the following holds. 
 
	
                                                                  

                                                                  
 
                                         ∥ku→∥ =  |k|∥u→∥



In other words, multiplication by a scalar magnifies or shrinks the length of the vector by a
factor of    |k|.
If    |k| > 1,
the length of the resulting vector will be magnified. If 
  |k| < 1, the length
of the resulting vector will shrink. Remember that by the definition of the absolute
value,    |k| > 0.

 
What about the direction? Draw a picture of 
u→ and 
ku→ where
 k is
negative. Notice that this causes the resulting vector to point in the opposite direction
while if  k > 0
it preserves the direction the vector points. Therefore the direction can either reverse, if 
k < 0, or remain
preserved, if  k > 0.

 
Consider the following example.


 
Example D.17: Graphing Scalar Multiplication

 
Consider the vectors  u→
and  v→
drawn below.

 




 
[image: Two-dimensional sketch of vectors u (blue, up and right) and v (red, down and right) drawn as separate arrows, presented as the setup for graphing the linear combinations u+2v and u-1/2 v.]



 
Figure D.11: Two-dimensional sketch of vectors u (blue, up and right) and v
(red, down and right) drawn as...                                      


Draw   −u→, 
                                                                  

                                                                  
2v→, and 
 −1 
2v→.

 
Solution

 
In order to find   −u→, we preserve
the length of  u→ and simply reverse
the direction. For  2v→, we double
the length of  v→, while preserving
the direction. Finally   −1 
2v→ is found
by taking half the length of  v→
and reversing the direction. These vectors are shown in the following diagram.

 




 
[image: Two-dimensional diagram showing scalar multiples of two vectors: blue vector u and its negative -u (same length, opposite direction), plus red vector v together with 2v (twice as long, same direction) and -1/2 v (half-length, reversed).]



 
Figure D.12: Two-dimensional diagram showing scalar multiples of two vectors:
blue vector u and its negative -u...                                     


Now that we have studied both vector addition and scalar multiplication, we
can combine the two actions. Recall Definition D.7 of linear combinations
of column matrices. We can apply this definition to vectors in 
ℝn. A linear combination
of vectors in  ℝn
is a sum of vectors multiplied by scalars.

 
In the following example, we examine the geometric meaning of this concept.


 
Example D.18: Graphing a Linear Combination of Vectors

 
Consider the following picture of the vectors 
u→ and 
v→

 




 
[image: Two-dimensional sketch of vectors u (blue, up and right) and v (red, down and right) drawn as separate arrows, presented as the setup for graphing the linear combinations u+2v and u-1/2 v.]



 
Figure D.13: Two-dimensional sketch of vectors u (blue, up and right) and v
(red, down and right) drawn as...                                      
                                                                  

                                                                  


Sketch a picture of  u→ + 2v→,u→ −1 
2v→.

 
Solution

 
The two vectors are shown below.

 




 
[image: Two-dimensional vector diagram of the linear combination u + 2v: blue vector u from the origin, red vector 2v drawn tip-to-tail starting at u's head, and the purple resultant u+2v from the origin to the final tip.]



 
Figure D.14: Two-dimensional vector diagram of the linear combination u +
2v: blue vector u from the origin, red...                                 





 
[image: Two-dimensional vector diagram of the linear combination u - 1/2 v: blue u from the origin, the short red vector -1/2 v placed tip-to-tail at u's head, and the purple resultant u - 1/2 v drawn from the origin to the final tip.]



 
Figure D.15: Two-dimensional vector diagram of the linear combination u - 1/2
v: blue u from the origin, the...                                        




 

D.6    The Dot Product 

Learning Outcomes

 

     
 
	
  A. 
	Compute  the  dot  product  of  vectors,  and  use  this  to  compute  vector
     projections.


                                                                  

                                                                  


 

D.6.1    The Dot Product 

There are two ways of multiplying vectors which are of great importance in
applications. The first of these is called the dot product. When we take the dot
product of vectors, the result is a scalar. For this reason, the dot product is also
called the scalar product and sometimes the inner product. The definition is as
follows.


 
Definition D.19: Dot Product

 
Let  u→,v→ be two vectors
in  ℝn. Then we define
the dot product  u→ ∙v→
as 
 
	
 
                                    u→ ∙v→ = ∑
  k=1nu
kvk



The dot product  u→ ∙v→ is
sometimes denoted as  (u→,v→)
where a comma replaces  ∙.
It can also be written as    ⟨u→,v→⟩.
If we write the vectors as column or row matrices, it is equal to the matrix product 
v→w→T.

 
Consider the following example.


 
Example D.20: Compute a Dot Product

 
Find  u→ ∙v→
for 
 
	
                                                                  

                                                                  
 
u→ =   [   1     2
   0     −1                                                                                              ],v→ =   [ 0   1
 2   3                                                                                                ]



Solution

 
By Definition D.19, we must compute 
 
	
 
                                  u→ ∙v→ = ∑
  k=14u
kvk



This is given by

 
 

 u→ ∙v→   =    (1)(0) + (2)(1) + (0)(2) + (−1)(3) 
               =    0 + 2 + 0 + −3                          
               =    −1                                                                              

                                                                  

                                                                  


 
With this definition, there are several important properties satisfied by the dot
product.

 



Proposition D.1.  Properties of the Dot Product Let 
k and 
p denote scalars and 
u→,v→,w→ denote vectors. Then
the dot product  u→ ∙v→
satisfies the following properties. 
 

     
     	
      u→ ∙v→ = v→ ∙u→
     
 


     	
      u→ ∙u→ ≥ 0 and equals zero if and only if u→ = 0→
     
 


     	
        (ku→ + pv→) ∙w→ = k  (u→ ∙w→) + p  (v→ ∙w→)
     
 


     	
      u→ ∙ (kv→ + pw→) = k  (u→ ∙v→) + p  (u→ ∙w→)
     
 


     	
      ∥u→∥2 = u→ ∙u→
 







 
The proof is left as an exercise. This proposition tells us that we can also use the dot
product to find the length of a vector.


 
Example D.21: Length of a Vector

 
Find the length of 
 
	
                                                                  

                                                                  
 
u→ =  [    2     1
    4     2                                                                                                 ]



That is, find  ∥u→∥.

 
Solution

 
By Proposition D.1,  ∥u→∥2 = u→ ∙u→.
Therefore,  ∥u→∥ = u→ ∙ u→.
First, compute  u→ ∙u→.

 
This is given by

 
 

 u→ ∙u→   =    (2)(2) + (1)(1) + (4)(4) + (2)(2) 
               =    4 + 1 + 16 + 4                        
               =    25                                                                                



 
Then,
                                                                  

                                                                  

 
 

 ∥u→∥  =    u→ ∙ u→ 
         =    25        
            =    5                                                                                    



 
You may wish to compare this to our previous definition of length, given in Definition
D.14.

 
The Cauchy Schwarz inequality is a fundamental inequality satisfied by the dot
product. It is given in the following theorem.


 
Theorem D.22: Cauchy Schwarz Inequality

 
The dot product satisfies the inequality 
 
	
 
                                        |u→ ∙v→|≤∥u→∥∥v→∥
	(D.6)


Furthermore equality is obtained if and only if one of 
u→ or 
v→ is a
scalar multiple of the other.

 
Notice that this proof was based only on the properties of the dot
product listed in Proposition D.1. This means that whenever an
                                                                  

                                                                  
operation satisfies these properties, the Cauchy Schwarz inequality holds.
There are many other instances of these properties besides vectors in 
ℝn.

 
The Cauchy Schwarz inequality provides another proof of the triangle inequality for
distances in  ℝn.


 
Theorem D.23: Triangle Inequality

 
For  u→,v→ ∈ ℝn

 
	
 
                                    ∥u→ + v→∥≤∥u→∥ + ∥v→∥
	(D.7)


and equality holds if and only if one of the vectors is a non-negative scalar multiple of
the other.

 
Also 
 
	
 
                                  |∥u→∥−∥v→∥|≤∥u→ −v→∥
	(D.8)




 

D.6.2    The Geometric Significance of the Dot Product 

Given two vectors,  u→
and  v→,
the included angle is the angle between these two vectors which is given by 
𝜃 such that 
                                                                  

                                                                  
0 ≤ 𝜃 ≤ π. The dot
product can be used to determine the included angle between two vectors. Consider the following
picture where  𝜃
gives the included angle.

 




 
[image: Two-dimensional sketch of two vectors emanating from a common origin: a blue vector v pointing up and to the right and a red vector u pointing down and to the right, with the included angle theta marked between them.]



 
Figure D.16: Two-dimensional sketch of two vectors emanating from a common
origin: a blue vector v pointing up...                                   





Proposition D.2.  The Dot Product and the Included Angle Let 
u→ and 
v→ be two
vectors in  ℝn,
and let  𝜃
be the included angle. Then the following equation holds. 
 
	
 
                                 u→ ∙v→ = ∥u→∥∥v→∥cos ⁡ 𝜃







 
In words, the dot product of two vectors equals the product of the magnitude (or
length) of the two vectors multiplied by the cosine of the included angle. Note this
                                                                  

                                                                  
gives a geometric description of the dot product which does not depend explicitly on
the coordinates of the vectors.

 
Consider the following example.


 
Example D.24: Find the Angle Between Two Vectors

 
Find the angle between the vectors given by 
 
	
 
u→ =  [       2     1
     − 1                                                                                               ],v→ =  [    3     4
    1                                                                                                  ]



Solution

 
By Proposition D.2, 
 
	
 
                                 u→ ∙v→ = ∥u→∥∥v→∥cos ⁡ 𝜃



Hence, 
 
	
                                                                  

                                                                  
 
                                     cos ⁡ 𝜃 =   u→ ∙v→ 
∥u→∥∥v→∥



First, we can compute  u→ ∙v→.
By Definition D.19, this equals 
 
	
 
                        u→ ∙v→ = (2)(3) + (1)(4) + (−1)(1) = 9



Then, 
 
	
 
    ∥u→∥ = (2)(2) + (1)(1) + (1)(1) = 6  
   ∥v→∥ = (3)(3) + (4)(4) + (1)(1) = 26 



Therefore, the cosine of the included angle equals 
 
	
                                                                  

                                                                  
 
                              cos ⁡ 𝜃 =     9 
266 = 0.7205766...



With the cosine known, the angle can be determined by
computing the inverse cosine of that angle, giving approximately 
𝜃 = 0.76616
radians.

 
Another application of the geometric description of the dot product is in
finding the angle between two lines. Typically one would assume that the
lines intersect. In some situations, however, it may make sense to ask this
question when the lines do not intersect, such as the angle between two
object trajectories. In any case we understand it to mean the smallest angle
between (any of) their direction vectors. The only subtlety here is that if 
u→
is a direction vector for a line, then so is any multiple 
ku→, and
thus we will find complementary angles among all angles between direction vectors
for two lines, and we simply take the smaller of the two.


 
Example D.25: Find the Angle Between Two Lines

 
Find the angle between the two lines 
 
	
 
L1 :   [    x     y
   z                                                                                   ] =  [    1     2
    0                                                                                                  ]+t  [    − 1     1
       2                                                                                               ]



and 
 
	
                                                                  

                                                                  
 
L2 :   [    x     y
   z                                                                                   ] =  [       0     4
     − 3                                                                                               ]+s  [      2     1
     − 1                                                                                               ]



Solution

 
You can verify that these lines do not intersect, but as discussed above this does not
matter and we simply find the smallest angle between any directions vectors for these
lines.

 
To do so we first find the angle between the direction vectors given above:

 
	
 
u→ =  [     − 1     1
       2                                                                                               ],v→ =  [       2     1
     − 1                                                                                               ]



In order to find the angle, we solve the following equation for 
𝜃

 
	
                                                                  

                                                                  
 
                              u→ ∙v→ = ∥u→∥∥v→∥cos ⁡ 𝜃



to obtain  cos ⁡ 𝜃 = −1
2 and since we choose
included angles between  0
and  π we
obtain  𝜃 = 2π 
 3 .

 
Now the angles between any two direction vectors for these lines will either be 
2π
 3  or its
complement  ϕ = π −2π 
 3  = π 
3 .
We choose the smaller angle, and therefore conclude that the angle between the two lines
is  π
3 .

 
We can also use Proposition D.2 to compute the dot product of two vectors.


 
Example D.26: Using Geometric Description to Find a Dot Product

 
Let  u→,v→ be vectors
with  ∥u→∥ = 3 and 
∥v→∥ = 4. Suppose the
angle between  u→
and  v→
is  π∕3.
Find  u→ ∙v→.

 
Solution

 
From the geometric description of the dot product in Proposition D.2 
 
	
 
                      u→ ∙v→ = (3)(4)cos ⁡   (π∕3) = 3 × 4 × 1∕2 = 6



Two nonzero vectors are said to be perpendicular, sometimes also called orthogonal, if the
included angle is  π∕2
                                                                  

                                                                  
radians ( 90∘).

 
Consider the following proposition.

 



Proposition D.3.  Perpendicular Vectors Let 
u→ and 
v→ be nonzero
vectors in  ℝn.
Then,  u→
and  v→
are said to be perpendicular exactly when 
 
	
 
                                         u→ ∙v→ = 0







 
Consider the following example.


 
Example D.27: Determine if Two Vectors are Perpendicular

 
Determine whether the two vectors, 
 
	
                                                                  

                                                                  
 
u→ =  [       2     1
     − 1                                                                                               ],v→ =  [    1     3
    5                                                                                                  ]



are perpendicular.

 
Solution

 
In order to determine if these two vectors are perpendicular, we compute the dot
product. This is given by 
 
	
 
                        u→ ∙v→ = (2)(1) + (1)(3) + (−1)(5) = 0



Therefore, by Proposition D.3 these two vectors are perpendicular.
                                                                  

                                                                  

 



 




Appendix E
Optimization Software Resources   

This appendix provides a comprehensive list of optimization software packages
organized by problem type. Many commercial solvers offer free academic licenses,
making them accessible for educational and research purposes.

 

E.1    Software by Problem Type 


                                                                  

                                                                  

 

                                                                  

                                                                  
 	
	
	

	 Problem class         
 
	 Open-source solvers                   
 
	 Commercial solvers1             
 


	
	
	

	 Linear programming      
 
	 HiGHS, CLP, GLPK, SoPlex              
 
	 Gurobi, CPLEX, Xpress, COPT,
  MOSEK                                 
 


	 	 	 
	 Mixed-integer    linear
  programming               
 
	 HiGHS, CBC, SCIP2                        
 
	 Gurobi, CPLEX, Xpress, COPT,
  MOSEK                                 
 


	 	 	 
	 Quadratic
  programming               
 
	 OSQP, HiGHS, Clarabel                    
 
	 Gurobi,     CPLEX,     MOSEK,
  KNITRO                                
 


	 	 	 
	 General       nonlinear
  programming               
 
	 IPOPT,    Bonmin    (mixed-integer),
  NLopt                                           
 
	 KNITRO,    BARON    (global),
  SNOPT                                  
 


	
	
	

	                      




Table E.1: Optimization Software and their Licenses

                                                                  

                                                                  






 
 


  1Most commercial solvers offer free academic licenses; check each vendor’s current
terms.
 
 


  2SCIP is free for academic use and source-available; its license has changed over time, so check
the current one.
 
 
                                                       
 
The
solver landscape changes quickly. For comprehensive, actively maintained solver lists,
see the YALMIP solver page maintained by Johan Löfberg and the COIN-OR
project.

 

E.2    Recommended Solvers for This Book 

For the examples in this book, we primarily use:
     
 
	
     
Gurobi: 
 

	
     A  high-performance  commercial  solver  with  excellent  support  for  LP,
     MIP,  and  QP  problems.  Free  for  academic  use  with  registration  at
     https://www.gurobi.com/academia/academic-program-and-licenses/.
     
 

	
     
GLPK (GNU Linear Programming Kit): 
 

	
     A  free,  open-source  solver  for  LP  and  MIP  problems.  Available  at
     https://www.gnu.org/software/glpk/.
     
 

	
     
CBC (COIN-OR Branch and Cut): 
 

	
     A  free,  open-source  MIP  solver.  Part  of  the  COIN-OR  project  at
     https://github.com/coin-or/Cbc.
     
 

	
     
SCIP: 
 

	
     One of the fastest non-commercial solvers for MIP. Free for academic use
     at https://www.scipopt.org/.
 



                                                                  

                                                                  


 

E.3    Modeling Languages and Interfaces 

In addition to solvers, you’ll need a way to formulate your optimization problems. We
use:
     
 
	
     
Python with PuLP: 
 

	
     A  free,  open-source  library  for  formulating  LP  and  MIP  problems  in
     Python. Install with pip install pulp.
     
 

	
     
Python with Gurobipy: 
 

	
     Gurobi’s native Python interface, providing direct access to all Gurobi
     features. Included with Gurobi installation.
     
 

	
     
Excel Solver: 
 

	
     Built into Microsoft Excel, suitable for small problems and educational
     purposes.
     
 

	
     
AMPL: 
 

	
     A widely used algebraic modeling language. The AMPL Book is available
     for                        free                        download                        at
     https://ampl.com/resources/the-ampl-book/chapter-downloads/.
     
 

	
     
AIMMS: 
 

	
     A      commercial      modeling      system      with      free      academic
     licenses.      Optimization      modeling      resources      available      at
     https://www.aimms.com/english/developers/resources/manuals/optimization-modeling/.
 



                                                                  

                                                                  


 

E.4    Gurobi Tutorials and Resources 

Gurobi provides extensive free educational materials:

 

     
     	
     Example files and code: https://github.com/Gurobi
     
 


     	
     Linear Programming Tutorial
     
 


     	
     Mixed Integer Linear Programming Tutorial
     
 


     	
     Python I: Modeling with Gurobi in Python
     
 


     	
     Python II: Advanced Algebraic Modeling
     
 


     	
     Python III: Optimization and Heuristics
     
 


     	
     All Gurobi Tutorials
 



                                                                  

                                                                  
                                                                  

                                                                  



 




Answers to Learning Checkpoints   

The Learning Checkpoint boxes throughout the book are meant to be attempted
before reading on, and certainly before reading this appendix. Try to write your
answer down first; comparing your own words against the answer is where the
learning happens.

 
Checkpoint 2.2.1. Proportionality, additivity, and certainty are reasonable
here: profit and resource use scale with production, and the data are
treated as known. Divisibility, however, is violated: you cannot print 
2
3 of a
t-shirt. The linear program is still a useful model: when production quantities are
large, rounding a fractional plan changes little, and when whole-number
answers truly matter, integer programming (Part III) adds that requirement
explicitly.

 
Checkpoint 5.3.1. Maximizing: infinitely many. The level lines 
4x + 2y = c are parallel to the
constraint boundary  2x + y = 4, so
the maximum  c = 8 is attained
along the entire edge from  (1.5,1)
to  (2,0);
every point of that edge, not just its endpoints, is optimal. Minimizing: exactly one, the
origin  (0,0)
with  c = 0.

 
Checkpoint 4.0.1. The index  j
appears in  yij but is never
defined: the sum runs over  i,
leaving  j free. The statement
needs a quantifier, e.g.  ∑ ⁡
  i∈Iyij = 1for all j ∈ J,
which is not one constraint but one constraint per element of 
J.

 
Checkpoint 7.1.1. At most  m,
the number of linearly independent equality constraints. In a basic solution the 
n − m nonbasic variables are
set to zero, so only the  m
basic variables can be nonzero, and under degeneracy some of those are zero as
well.

 
Checkpoint 7.4.1. The ratio test identifies which basic variable reaches zero
first as the entering variable increases. If you instead pivot on a row with
a larger ratio, the entering variable rises past the point where the tighter
row’s basic variable hits zero, driving that variable negative. The algebra
still produces a basic solution, but one that violates nonnegativity, hence
infeasible.
                                                                  

                                                                  

 
Checkpoint 7.5.1. Because at this point the artificial variable is nonbasic and equal
to zero, the original constraints are satisfied without any help from it. Deleting
its column therefore removes no feasible solutions of the original problem;
keeping it could only allow it to re-enter the basis, which would defeat its
purpose.

 
Checkpoint 10.2.1. The shadow price is 
1:
each extra hour raises the optimal profit by $1. It is valid for 
7 ≤ b1 ≤ 10 (that is, 
 − 2 ≤Δ ≤ 1). At 
b1 = 10 the basic
variable  s2
reaches zero, the optimal basis changes, and beyond that point the marginal value of
additional hours is set by a different basis: the price of $1 expires.

 
Checkpoint 10.3.1. Both statements are true on different sides of the
allowable range. While the perturbed reduced cost stays nonpositive, the current
solution remains optimal and unchanged: the variable stays out of the basis.
Push the coefficient past the range boundary and the reduced cost turns
positive: the variable now improves the objective, enters the basis, and a new
optimal solution (with that variable positive) takes over. “Never changes the
current solution” holds only within the range; the basis change happens at its
edge.

 
Checkpoint 11.1.1. With  y1 = 3,y2 = 0:
the dominance conditions read  3 + 0 = 3 ≥ 3
and  3 + 0 = 3 ≥ 2, both satisfied,
giving the bound  4(3) + 5(0) = 12.
With  y1 = 1,y2 = 1:
conditions  1 + 2 = 3 ≥ 3 and
 1 + 1 = 2 ≥ 2 hold, giving
the bound  4(1) + 5(1) = 9.
The second certificate is better (smaller). No certificate can do better: 
y = (1,1)
is optimal for the dual, and indeed the primal optimum 
(x1,x2) = (1,3) achieves
profit  9,
so by strong duality the bound is tight.

 
Checkpoint 11.3.1. The dual is a maximization problem, 
 max ⁡ b⊤ ⁡y s.t. 
A⊤ ⁡y ≤c, 
y ≥ 0. The dual variables
are sign-restricted ( yi ≥ 0)
because the primal constraints are inequalities, and the dual constraints are inequalities
(  ≤)
because the primal variables are sign-restricted. Only equalities in the primal
                                                                  

                                                                  
produce free dual variables, and only free primal variables produce dual
equalities.

 
Checkpoint 11.5.1. Complementary slackness forces the shadow price of flour to be
zero. Economically: if flour is already left over at the optimum, an extra unit of flour
is worth nothing; it would just sit unused, so the marginal value of the resource is
$0.

 
Checkpoint 14.3.1. (a) 5 vertices and 10 edges: every pair of cities is connected, so this is the
complete graph  K5.
(b) Yes, it is connected. (c) The degree of LA is 4. (d) Seattle–Dallas–Atlanta is a path:
no vertex repeats and it does not return to its start. (e) LA–Chicago–Dallas–LA is a
circuit: it starts and ends at the same vertex.
                                                                  

                                                                  

 



 




Further Reading and Resources   

The following free textbooks and notes serve as useful alternative or supplementary
references for the topics covered in this book.

 

Optimization and Linear Programming 

 

     
     	
     A First Course in Optimization by Jon Lee
     
 


     	
     Convex Optimization by Boyd and Vandenberghe
     
 


     	
     Understanding and Using Linear Programming by Matousek and Gärtner
     (free via Springer with university account)
     
 


     	
     Linear Programming Notes by Michel Goemans (MIT)
     
 


     	
     Decision Modelling by David M. Tulett (open text on decision analysis
     and optimization modeling)
 



Discrete Mathematics and Combinatorics 

 

     
     	
     Discrete   Mathematics:   An   Open   Introduction   by   Oscar   Levin
     (CC-BY-SA)
     
 


     	
     Applied Combinatorics by Keller and Trotter (CC-BY-SA 4.0)
 



                                                                  

                                                                  
Mathematical Background 

 

     
     	
     Book of Proof by Richard Hammack (proof techniques)
     
 


     	
     A First Course in Linear Algebra by Robert Beezer
 



Programming 

 

     
     	
     A Byte of Python (CC-BY-SA, free online textbook)
     
 


     	
     PuLP Documentation and Tutorials
 



For optimization software, solver tutorials, and modeling language
resources, see Appendix E. Additional example code is available at
https://github.com/open-optimization/open-optimization-or-examples.

 

About the Linear Algebra Appendix 

The linear algebra appendix adapts material from A First Course in Linear Algebra
by Ken Kuttler and Ilijas Farah, with adaptations by the Lyryx Learning
Team, used under the Creative Commons Attribution license (CC BY 4.0,
https://creativecommons.org/licenses/by/4.0/). The original open text is
available at https://lyryx.com/first-course-linear-algebra/. As adapted for
this book, the material is distributed under the book’s CC BY-SA 4.0 license. See
the Sources and Attribution chapter in the front matter for complete source and
license details.

 

About the Foundations of Applied Mathematics Material 

                                                                  

                                                                  
Portions of the Python and simplex lab material adapt Foundations of Applied
Mathematics (Volume 2: Algorithms, Approximation, and Optimization) by Jeffrey
Humpherys and Tyler Jarvis, developed with E. Evans, R. Evans, J. Grout,
J. Whitehead, and more than sixty student contributors at Brigham Young
University. The material is used under the Creative Commons Attribution license
(CC BY 3.0 US, https://creativecommons.org/licenses/by/3.0/us/) and, as
adapted here, is distributed under this book’s CC BY-SA 4.0 license.

 
The source labs and the complete contributor list are available at
https://github.com/Foundations-of-Applied-Mathematics. See the Sources
and Attribution chapter in the front matter for complete source and license
details.
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